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Preface 

The search for new materials is one of the defining characteristics of mod­
ern science and technology. Novel mechanical, electrical, magnetic, chemical, 
biological, and optical devices are often the result of the fabrication of new 
materials. Of specific interest to this book, recent advances in optical sci­
ence and technology, such as the development of new lasers, detectors, and 
photonic devices, have relied heavily on advances in materials research. 

This book is the result of collective efforts of leading experts in the field 
of nonlinear optics of nanostructured materials. The authors try to address, 
in particular, the fundamental problem of the way the symmetry of nanos­
tructured materials affects their physical properties. In other words, given 
nanometer-size particles, what geometrical structure should be chosen for 
fabricating a material with desired properties. Typically, different symme­
tries are best suited for different applications. For some properties a periodic 
structure is ideal, whereas for others different types of symmetries, often 
random ones, would result in better performance of a material. Modern nan­
otechnology allows one to fabricate materials with almost any structure; this 
opens new avenues in engineering nanomaterials with desired properties. 

Much of science is dominated by questions of symmetry. This is especially 
obvious in condensed matter physics where translational symmetry dominates 
both concept and language. And with justification; the elegance of symmetry 
arguments is so appealing that it tends to push aside many other issues. 
Yet there is a host of phenomena whose symmetries, if they exist at all, 
are hidden: the dynamics of a pile of sand; the growth through accretion 
of clusters such as soot particles and algal colonies; thin film growth and 
surface etching; the structures of cermets, porous media, globular polymers 
and proteins, randomly branched objects, and so on. These have always been 
items of fascination. However, their complexity had, in the past, forestalled 
the same level of deep dynamic and structural understanding as for crystals. 
All that is changing; interest in "disordered" systems is growing rapidly owing 
to the advent of powerful and plentiful computational resources which have 
dragged in their wake the theoretical innovations needed to truly understand 
these phenomena. Among the resulting insights are, ironically, the discovery 
of new symmetries: a seemingly unsymmetrical cluster, for example, might, 
pos:;ess dilation symmetry � when portions of it are magnified or reduced 
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they look structurally similar to the whole. The fascination with nonlinear 
systems has even led to the insight that order is often a parametric accident 
of chaos. 

The symmetry of a nanostructured material plays a key role in its prop­
erties. For example, periodically arranged dielectric nanoparticles in pho­
tonic band crystals, with certain types of defects, can be used for fabricating 
waveguides and microcavities with superb properties. On the other hand, 
in a number of applications, disordered nanomaterials may surpass their 
geometrically ordered counterparts. For example, random but statistically 
scale-invariant structures of metal nanoparticles, such as fractal aggregates 
of colloidal particles and percolation metal-dielectric films, permit achieving 
the largest local-field enhancements in a broad spectral range. This property 
is crucial for designing optical materials with the broadband amplification of 
nonlinear responses and for various types of spectroscopy. 

Thus, although in many cases geometrically ordered nanostructured ma­
terials have superb performance, in some other cases, their disordered coun­
terparts, or materials combining both ordered and disordered components, 
may have better properties. The optics of disordered nanomaterials displays 
a rich variety of effects some of which are hardly intuitive. Field localization 
of various sorts occur and recur in a wide gamut of disordered systems, most 
strikingly in those possessing dilation symmetry, leading to the enhancement 
of many optical phenomena, especially nonlinear processes. Making judicious 
use of these enhancement effects and of other aspects of the many complex 
resonances that distinguish these systems can lead to new and unexpected 
physics and to such applications as very low threshold lasers (whose cavities 
are self-organizing loops of coherently scattered events in highly unconven­
tional media) , superspectroscopy of single molecules and nanocrystals, and 
new classes of optical amplifiers and switchers. W hen developed, in the full­
ness of time, these disordered materials may attain a level of practical im­
portance and versatility surpassing their geometrically ordered counterparts 
in certain areas of applications. 

I need to say a few words as a guide to the contents of the book. The first 
four chapters (Sipe and Boyd; Bergman and Stroud; Ma et al.; Sibilia et al. ) 
describe recent theoretical and experimental studies on optical nonlinearities 
of various composite materials. The most important message here is that 
nonlinear optical responses of a nanocomposite comprising several materials 
can significantly exceed the individual nonlinearities of the materials. The 
resultant enhancement of optical nonlinearities depends strongly on the sym­
metry of nanostructured composites. As mentioned, the dilation symmetry of 
fractal aggregates (Shalaev; Drachev et al.; Kim et al. ) and percolation metal­
dielectric composites (Sarychev and Shalaev; Gadenne and Rivoal) may result 
in particularly large optical nonlinearities in a very broad spectral range, from 
the near ultraviolet to the midinfrared. The enhanced local responses of ran­
dom nanocomposites can be used for various types of spectroscopy, including 



Preface VII 

Raman and hyper-Raman spectroscopy of single molecules (Moskovits et al.; 
Kneipp et al. ) . Magneto-optical phenomena in ferromagnetic cermets are dis­
cussed in the chapter by Gadenne. Several chapters of this book address the 
problem of multiple light scattering in random media. The role of magnetic 
field in light scattering and propagation is considered in the chapter by van 
Tiggelen and Rikken . Random lasers with coherent feedback provided by 
multiple scattering are discussed in the Chapter by Cao. The Chapter by 
Bozhevolnyi describes scattering and localization of surface plasmon polari­
tons studied by scanning near-field optical microscopy. Multiple scattering 
phenomena in linear and nonlinear optical processes on rough metal films are 
reviewed in the Chapter by Leskova et al. . Altogether, the chapters review 
important recent advances in nonlinear optics of random media. 

Finally, I would like to express my deep appreciation for the time and ef­
fort that the authors invested in writing their excellent chapters. I thank all 
the authors for their genuine interest in this publication and for their cooper­
ation. I am also grateful to Viktor Podolskiy at New Mexico State University 
who helped with the editorial work. 

West Lafayette, Indiana, USA 
September 2001 Vladimir M. Shalaev 
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Based on Local Field Effects
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Abstract. The intent of this article is to give an overview of composite materials
for nonlinear optics. Our goal is to avoid the details of both the theorist’s formalisms
and the experimentalist’s techniques and try to convey instead the spirit of the kind
of work that has been done in this area. We will begin by identifying the class of
composite materials we will discuss, reviewing their linear optical properties, and
then discussing their nonlinear optical properties. Finally, we will briefly consider
two new developments, the presence of optical bistability in composite materials
and the importance of photonic band gap effects.

1 Introduction

In this article (see also Gehr and Boyd [1]), we are interested primarily in
composite structures of the sort shown generically in Fig. 1, where any length
scales that are present (here a and b), are reasonably well-defined and all much
less than the wavelength of light, λ. This condition guarantees that scattering
due to the inhomogeneities resulting from the composite nature of the mate-
rial will be negligible, and one is led to move to an effective medium picture:
On length scales larger than a or b, but still less than λ, the real composite
material, with host dielectric constant εh and inclusion dielectric constant εi,
can for the purposes of calculating the propagation of light be replaced by a
uniform effective medium with a dielectric constant εeff . The goal is to relate

2a

λ

b

Fig. 1. Distance scales relevant to the analysis of nanocomposite optical materials

V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
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εeff to εh and εi, and so also for the effective nonlinear response coefficients
that will characterize the composite material. Though we will assume that a
and b are much less than λ, we will also assume that they are typically much
larger than the underlying interatomic spacing of the materials. Hence, ex-
cept for perhaps small corrections, the use of expressions for the macroscopic
dielectric constants εh and εi appropriate for uniform samples of the host
and inclusion media is taken to be accurate. That notwithstanding, the de-
scription of the fields and geometry of the material at the level of εh and εi
is typically referred to as the “mesoscopic” level of description, whereas the
phrase “macroscopic” is reserved for description at the level of the effective
medium. Thus, we can say that our goal is to understand the macroscopic
linear and nonlinear optical properties of composite materials in terms of
their mesoscopic optical properties. The restriction to (essentially) transpar-
ent constituent materials ensures that absorption losses will be negligible.
The extension of the work we discuss here to instances where macroscopic
physics cannot be used to describe the response of the constituent materials
takes one into the study of the nonlinear optical properties of superlattices,
quantum wells, and quantum dots; this is an interesting area of research that
we will pass over in this review.

Fig. 2. Composite material structures for use in nonlinear optics

One naturally expects that the relation of macroscopic optical proper-
ties to the mesoscopic will depend on the topology of the composite material.
Three simple models are shown in Fig. 2. The first, with well-defined spherical
inclusions in a host background, is called the Maxwell Garnett composite ge-
ometry, after the pioneering work by Maxwell Garnett [2] on colloidal metal-
lic solutions. The second topology, still disordered but where the constituent
materials are more or less interspersed, is referred to as the Bruggeman [3]
geometry. Finally, one can consider an ordered, layered composite geometry.
We stress that in this last geometry, as in all of them, the length scales are
all assumed to be much less than the wavelength of light. Hence, interference
effects in these multilayered geometry do not arise, and an effective medium
description is completely adequate. Only in the last section do we relax this
assumption and close with a few comments on phenomena that arise if the
layer spacing is comparable to the wavelength of light.
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2 Linear Optical Properties

Roughly speaking, there are two approaches to deriving the effective medium
properties from those of the constituent media properties. The first approach,
and in some sense the more straightforward, is to examine, at some level of
approximation, the nature of the actual mesoscopic fields in the composite
material and perform spatial averages over them to identify the values of the
macroscopic fields [4,5]; expressions for the effective medium response coef-
ficients then result, as we will see in examples below. The second approach
relies on writing an expression for the internal energy of the composite ma-
terial and comparing it with an expression for an effective medium [6]. The
extraction of effective medium response coefficients can then be done at var-
ious levels of approximation.

Of these two methods, the second is the more formal and the more general,
and with it the study of the optical properties of composite materials can be
set in the context of the study of other ( e. g., acoustic) properties of composite
materials. The advantage of the first is that in many instances the underlying
physics is more easily grasped and the dependence of the effective medium
properties on constituent properties is made clearer. Hence, we will use it in
this review.

We begin with Maxwell Garnett geometry, where the topology naturally
leads one to think of an analogy to the problem of determining the optical
properties of an amorphous collection of atoms in vacuum. We will briefly
review this classic problem of early twentieth-century physics, for the benefit
of readers who might not have seen it since their graduate student days; it
provides an easy introduction to the optical properties of composite materials.

Consider first an ordered lattice of atoms, as illustrated in Fig. 3, each
supposed to be characterized by a polarizability α [7]. The atomic polariz-
ability α relates the dipole moment p induced in a typical atom to the local
electric field at the atomic site. But that local field differs from the macro-
scopic Maxwell electrical field E for two reasons. The first is that a lattice site
is not a typical point in the medium but a very special one; the second is that
the field of a given dipole moment p certainly contributes to the macroscopic
Maxwell field but not, except for radiation reaction, to the field to which the
dipole responds. These two effects are sometimes referred to as “local field
corrections,” and we can write schematically

p = α (E+ local field corrections) . (1)

To estimate the second correction described above, we note that the inte-
gral of the microscopic electric field e over a sphere surrounding a charge
distribution with a dipole moment p is given in the electrostatic limit by [8]∫

e dV = −4π
3

p . (2)
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Fig. 3. An ordered array of polarizable point particles (adapted from Fig. 4.9 Jack-
son [7])

If the lattice consists of N atoms in a volume V , one would then be led to
estimate at least the second local–field correction by writing

p = α


E −

(
−4π

3
p
)

(V/N)


 , (3)

since V/N is the volume associated with each atom in the lattice. More rig-
orous arguments show that, for a cubic lattice or an amorphous material [9],
this procedure leads to the correct result without any further modification
due to the first correction described above. Hence the dipole moment per unit
volume, P, is given by

P =
N

V
p =

N

V
α

(
E+

4π
3

P
)
. (4)

Then writing D = E+ 4πP ≡ εE, we find that the dielectric constant ε can
be obtained by solving the so-called Clausius–Mossotti equation,

ε− 1
ε+ 2

=
4π
3
N

V
α , (5)

also referred to as the Lorentz–Lorenz relation when the relation between the
index of refraction n and the dielectric constant, ε = n2, is used.

To apply arguments like this to the Maxwell Garnett topology, one first
has to identify the effective polarizability of an inclusion sphere. Clearly, the
polarization Pi within the inclusion is given by

Pi =
εi − 1
4π

Ei , (6)
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Fig. 4. An inclusion sphere in a host dielectric; the field inside the sphere differs
from E0 due to the field from the polarization charge

where Ei is the field within the inclusion. But Ei is not equal to the field E0
far from the inclusion (see Fig. 4) because of the depolarization field in the
sphere due to Pi itself. An electrostatic calculation leads to the result [10]

Pi =
3
4π

εi − εh
εi + 2εh

E0 . (7)

Thus, the dipole moment of the inclusion sphere within the host medium is

pi =
4π
3
a3Pi = a3

εi − εh
εi + 2εh

E0 , (8)

where a is the radius of the sphere, and we can identify an effective polariz-
ability as

α = a3
εi − εh
εi + 2εh

. (9)

The actual field lines in the neighborhood of the sphere are shown in Fig. 5,
when εi > εh. This result illustrates the general feature that electrostatic
fields are concentrated in the host region near a spherical inclusion if εi > εh.
We will see later that this has important consequences for nonlinear optical
properties.

To apply these results to determine the effective dielectric constant εeff
in the Maxwell Garnett topology, one would naturally use this expression for
the polarizability and take into account the fact that the inclusion spheres
are not in vacuum but in a host material with dielectric constant εh, to write

εeff − εh
εeff + 2εh

=
4π
3
N

V

(
a3

εi − εh
εi + 2εh

)
(10)

= f
εi − εh
εi + 2εh

,
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Fig. 5. Field lines and equipotential surfaces inside and outside a spherical inclusion
particle, plotted for εi > εh

[cf. (5)], where f = 4πNa3/V is the fill fraction of the inclusion. More rigorous
arguments [4] justify this simple one; the result (10) is the Maxwell Garnett
relation.

One can apply these same arguments to consider two (or more) inclusions
with fill fractions f1 and f2 and dielectric constants ε1 and ε2, respectively,
in a host medium. Not surprisingly, the result is

εeff − εh
εeff + 2εh

= f1
ε1 − εh
ε1 + 2εh

+ f2
ε2 − εh
ε2 + 2εh

. (11)

This equation provides a convenient bridge to the Bruggeman topology. For
there, the two constituents are to be thought of on an equal footing, each
interspersed with the other. Thus, one might expect that the “host” medium
should here be thought of as the effective medium itself, for it is only within
this effective medium that each constituent can be properly thought of as
embedded. So one would write eq. (11), with εh = εeff ,

0 = f1
ε1 − εeff
ε1 + 2εeff

+ f2
ε2 − εeff
ε2 + 2εeff

. (12)

More sophisticated arguments confirm this result [11], which is the Brugge-
man expression for the effective dielectric constant εeff .

For a given material in the laboratory, it is not always clear whether
the Maxwell Garnett or the Bruggeman topology is a better approxima-
tion of the mesostructure of the composite. Further, the careful reader will
have noted even from the above simple, heuristic arguments leading to the
Maxwell Garnett and Bruggeman expressions that these are essentially mean
field results. Hence, even if the topology is well known, there are still clearly
approximations inherent in (10) and (12). It is at least comforting that, in the
limit f1 � f2, the Bruggeman result (12) reduces to the Maxwell Garnett ex-
pression (10), with f = f1 and εh = ε2. But for f1 ≈ f2, typically neither the
Maxwell Garnett expression (10) nor the Bruggeman expression (12) gives a
particularly good description of the effective medium dielectric constant εeff .
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Fig. 6. Optical absorption spectrum of silver in a silica glass composite, compared
with the predictions of the Maxwell Garnett and Bruggeman (labeled effective
medium theory) models. After Gittleman and Abeles [12]

An example [12] is shown in Fig. 6, where the experimentally observed optical
density of silver in a silica glass composite is shown. For metallic inclusions,
the Maxwell Garnett expression leads to a surface plasmon resonance when
εi + 2εh is close to zero; no such resonance occurs in the Bruggeman expres-
sion. The experimental data shows, perhaps not surprisingly for a 39% fill
fraction of silver, that the truth is somewhere in between. Ping Sheng [13]
and others have developed mean field models that attempt to extrapolate
between the Maxwell Garnett and Bruggeman topologies and have achieved
some success. Of course, if the topology is well specified, it is possible nowa-
days to solve the Maxwell equations numerically for the composite material
and determine the effective dielectric constant directly.

There is more certainty in the results for the effective dielectric constant
of a layered medium than for that of a disordered one. In the layered case [5]
(see Fig. 1), the continuity of the tangential component of the mesoscopic
electric field leads immediately to an expression for the effective medium
dielectric constant ε‖ appropriate for an electric field in the plane defined by
the layers,

ε‖ = faεa + fbεb , (13)

where the dielectric constants of the layers are denoted εa and εb and their fill
fractions by fa and fb, respectively. Similarly, the continuity of the normal
component of the mesoscopic electric displacement leads to an expression for
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the effective medium dielectric constant ε⊥ appropriate for an electric field
perpendicular to that plane,

1
ε⊥

=
fa

εa
+
fb

εb
. (14)

Here it is assumed that the constituent media themselves are isotropic at the
mesoscopic level (at least with respect to their dielectric constants); the re-
sulting composite material is obviously anisotropic at the macroscopic level.
Interestingly, these results illustrate the two extremes for an effective dielec-
tric constant that are identified by the Wiener limits; for a constituent with
fill fraction fi and dielectric constant εi, these rigorous bounds for the effective
dielectric constant εeff are given by [14]

∑
i

fiεi ≥ εeff ≥
[∑

i

fi

εi

]−1
. (15)

3 Nonlinear Optical Properties

Now we turn to the nonlinear optical properties of a composite and consider
first contributions to the nonlinear index of refraction. For fields

E(r)e−iωt + c.c. , (16)

in the Maxwell Garnett topology, we take the mesoscopic constitutive relation
for inclusion particles as

Di = εiEi + 4πPNLi , (17)

where the nonlinear polarization PNLi in the inclusion is given by [15]

PNLi = Ai(Ei · E∗
i )Ei +

Bi

2
(Ei · Ei)E∗

i , (18)

where the i denotes the inclusion and Ai and Bi are the usual constants
specifying the nonlinear optical response of an isotropic medium. Similar
expressions can be written for the host. We then seek an effective medium
description of the nonlinear response of the composite; that is, at the macro-
scopic level we want to write

D = εeffE+ 4πPNLeff , (19)

with

PNLeff = Aeff(E ·E∗)E+
Beff
2

(E ·E)E∗, (20)

where εeff is the effective dielectric constant discussed in the preceding sec-
tion, E is the macrocopic Maxwell field, averaged over the inhomogeneities,
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and Aeff and Beff characterize the nonlinear optical response of the compos-
ite as an effective medium; the goal is to find Aeff and Beff in terms of the
mesoscopic optical properties.

The simplest case is if nonlinearity need only be considered in the inclu-
sions. Then the linear Maxwell Garnett analysis leads to the result that the
linear field in the inclusion is uniform and given by

Ei =
εeff + 2εh
εi + 2εh

E . (21)

If the nonlinearity is weak, this expression can be used as an approximation
for the full electrical field in the composite in Eq. (18); completing the analysis
and working out the expressions for Aeff and Beff , we find that

Aeff = f

∣∣∣∣εeff + 2εh
εi + 2εh

∣∣∣∣
2(

εeff + 2εh
εi + 2εh

)2
Ai , (22)

Beff = f

∣∣∣∣εeff + 2εh
εi + 2εh

∣∣∣∣
2(

εeff + 2εh
εi + 2εh

)2
Bi ,

where εeff is the Maxwell Garnett result (10). A small surprise, perhaps, is
that four powers of (εeff +2εh)/(εi+2εh) appear here. From (18), one might
expect only three powers to appear. A detailed analysis shows that the fourth
arises because the presence of the nonlinear polarization modifies the linear
response of the composite itself [4].

The results predicted by (22) are graphed in Fig. 7 as a function of f
for various ratios of εi/εh; these Maxwell Garnett results are shown for all f ,
but should be trusted only for reasonably small f where the Maxwell Garnett
model has some chance of providing a good description of the optical response.
We note that for εi/εh < 1 the effective nonlinearity rises faster as a function

Fig. 7. Predicted enhancement in the nonlinear coefficient A + 1
2
B, which is pro-

portional to χ(3), as a function of the volume fill fraction of nonlinear material for
nonlinear inclusion particles embedded in a linear host material. After Sipe and
Boyd [4]
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of f than one would expect simply on the basis of increasing fill fraction of
nonlinear material; this can be attributed to the effective concentration of
electrical fields in regions where the dielectric constant is small, as indicated
by Eq. (21). Still, the effective nonlinear optical constants Aeff , Beff are never
predicted to be larger than those of pure inclusion material.

The situation is qualitatively different if the host medium is nonlinear
and the index of the inclusion is greater than the host. Then, as is clear from
Fig. 4, there will be a “dressing” region around each spherical inclusion where
the linear electric field will be large; thus, there will be an enhanced nonlinear
polarization induced in the nonlinear host material. The expressions for Aeff
and Beff are more complicated than (22); we refer the reader to the literature
for them and present here only the results in Fig. 8 for the effective Aeff/Beff .
Note that for εi � εh, the addition of a small amount of linear material to
a nonlinear host will lead to an increase in the effective nonlinearity of the
composite!

Almost as striking is the fact that the nature of the nonlinear response can
be changed as well. For example, if the nonlinear response in the host material
is due to electrostriction (Bh = 0) or molecular orientation (Bh = 6Ah), a
wide range of Beff/Aeff ratios can be achieved by adding linear inclusion
material at reasonably large values of εi/εh (see Fig. 9). Only in the limit of
electronic nonlinear response in the low frequency limit (Bh = Ah) will the
qualitative nature of the nonlinear response be independent of the addition
of any inclusion material.

A particularly striking example of the ability to modify the qualita-
tive nature of the nonlinear response was demonstrated experimentally by
Smith et al. [16] who added gold colloids to a solvent containing the nonlinear
molecule 1, 1′, 3, 3, 3′, 3′-hexamethylindotricarbocyanine iodide. Although the

Fig. 8. Predicted enhancement in the nonlinear coefficient A + 1
2
B, which is pro-

portional to χ(3), as a function of the volume fill fraction of nonlinear material for
linear inclusion particles embedded in a nonlinear host material. After Sipe and
Boyd [4]
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Fig. 9. Illustration of the dependence of the ratio B/A on fill fraction of nonlinear
material for three different situations. After Sipe and Boyd [4]

nonlinear absorption is positive for both the pure solvent and the gold col-
loids, a range of positive and negative nonlinear absorption coefficients could
be obtained by varying the gold content. Some of their results are shown in
Fig. 10.

In the presence of nonlinearity in both the host and the inclusions, ex-
pressions have been worked out for the effective coefficients Aeff and Beff .
Extensions to other structures — i. e., Maxwell Garnett-like models with el-
lipsoids rather than spheres — and other nonlinear optical properties besides
the nonlinear index of refraction have been considered by a number of authors
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Fig. 10. Z-scan results for the imaginary part of χ(3) for a composite material
consisting of gold nanoparticles suspended in a dye solution. The curves are num-
bered in order of increasing gold concentration. Note that curve 6, which refers to
a gold fill fraction of 1.3 × 10−6, shows nearly complete cancellation between the
two contributions to Imχ(3). After Smith et al. [16]

within the kind of mean field description outlined here, and numerical studies
by Zhang and Stroud [17] and Stockman et al. [18] have considered the exact
nonlinear optical response of specified topologies. For transparent materials
of the sort that we consider here, these latter authors find good agreement
with the Maxwell Garnett results quoted above in the limit that f is small.
For larger f , there can be significant deviations, particularly if the inclusion
particles are metallic. For metallic inclusion particles, the kind of surface
plasmon response that enhances the linear absorption (see Fig. 6) can lead
to enhanced fluctuations in the local field from inclusion to inclusion even
at small f , and significant deviations from the Maxwell Garnett results. But
this takes us away from our regime of interest of transparent materials.

The very interesting Maxwell Garnett predictions for transparent con-
stituents (Figs. 7–9) still await detailed experimental verification in the lab-
oratory, in large part due to the difficulty of producing well-defined Maxwell
Garnett topologies of constituents with significantly different dielectric con-
stants. In the case of the Bruggeman geometry, the indications are that results
somewhere between the “nonlinear inclusion” and “nonlinear host” limits of
the Maxwell Garnett model should be found. This is as one might expect from
an interdispersed structure, where the “dressing” of high electrical fields sur-
rounding the high index element will be perturbed by neighboring high index
elements, unlike the situation in Maxwell Garnett geometry with a small fill
fraction where the “dressing” can extend well into the host. The nonlinear
optical properties of composite materials of the Bruggeman geometry, in the
form of nonlinear liquids impregnated into porous glass, have recently been
reported by Gehr et al. [19].
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Materials difficulties are a bit less of a limitation in a layered geometry
structure. Here interesting effects arise in the response to an electrical field
perpendicular to the layers, where the linear optical response is characterized
by (14). The field within medium a is easily found to be Ea = (ε⊥/εa)E,
where E is the macroscopic field, and if medium a is the nonlinear medium,
there will thus be an enhancement factor [5]

L(ω) = ε⊥(ω)
εa(ω)

(23)

that will enter for each frequency component. For the general four wave mix-
ing susceptibility, one finds

χ
(3)
eff (ω4 = ω1 + ω2 + ω3)

= faχ
(3)
a (ω4 = ω1 + ω2 + ω3)L(ω4)L(ω3)L(ω2)L(ω1) .

If εb > εa, the electrical field will be concentrated in medium a, and in
fact the effective composite nonlinearity will be increased by decreasing the
amount of nonlinear material over a wide range, until of course there is so
little nonlinear material that there is essentially no nonlinear response (see
Fig. 11). Experiments by Fischer et al. [20] confirmed this behavior for the
nonlinear index of refraction (ω1 = ω2 = −ω3 = ω), but for materials reasons,
a ratio εb/εa = 1.77 was the largest that could be achieved; nonetheless, a 35%
enhancement in the nonlinear optical response was observed. More striking
results have been achieved by Nelson and Boyd [21] for the electro-optic effect
(ω1 = ω, ω2 = ω3 = 0), where the large static dielectric constants available
can be used to achieve a large enhancement factor L(0). In a layered structure
of AF-30/polycarbonate and BaTiO3, an enhancement of the electro-optic
effect of about 3 was achieved (see Fig. 13).
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Fig. 11. Theoretically predicted enhancement of the third-order susceptibiliity of
a layered composite material. After Boyd and Sipe [5]
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Fig. 12. Measurement of the enhanced nonlinear optical response of a layered com-
posite optical materials. After Fischer et al. [20]

Fig. 13. Sample geometry and experimental arrangement used to study an electro-
optic composite material. The measured nonlinear response is 3.2 times larger than
that of the pure nonlinear material. After Nelson and Boyd [21]

4 Recent Advances

In the analytic expressions derived above, we have assumed throughout that
the nonlinearity is sufficiently small that the fields in the nonlinear medium
could be taken as those that result from the solution of the linear problem.
But now suppose that one goes beyond this approximation. As a simple
example, consider an ellipsoid in vacuum subject to an electrical field E0
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along one of its principal axes. The full equation that one would need to
solve is

P = χ(1)E + 3χ(3)|E|2E , (24)

where χ(1) and χ(3) characterize the nonlinear response of the medium making
up the ellipsoid and E is the field in the ellipsoid. It is related to the applied
field E0 by a relation of the form

E = E0 + γP , (25)

where γ describes the depolarization fields; for a sphere, for example, γ =
−4π/3. Combining (24) and (25) we find an equation for E alone,

E0 =
[
1− γχ(1) − 3γχ(3)|E|2E

]
, (26)

which is cubic in E; thus it offers the possibility of more than one solution,
and hence bistability. Note that the bistability arises through the “feedback
effect” of the depolarization field (25), not because saturation or higher order
terms in the nonlinear optical response are included.

This kind of scenario was considered theoretically by Kalyani-
walla et al. [22], and later by Bergman et al. [23]. The former actually studied
ellipsoids of CuCl coated with silver and predicted that bistability should oc-
cur for incident intensities on the order of 50 kW/ cm2. Neuendorf et al. [24]
investigated just such a system experimentally and observed a signal indica-
tive of bistability at about the expected incident intensity. Their experiments,
however, are subject to thermal effects whose consequences have not been
fully investigated.

Very recently, Yoon et al. [25] theoretically considered an even simpler ge-
ometry, a slab of nonlinear material subject to an incident electrical field with
a component E0 perpendicular to the slab. Here, because of the continuity
of the normal component of the electric displacement, the particular form of
the feedback equation (25) is just

E = E0 − 4πP . (27)

It was found that optical bistability should result if χ(3) is nearly opposite ε
in phase and if the incident field is large enough that

∣∣χ(3)∣∣ |E0|2 ≈ 10−3|ε|3.
There appear to be a number of possibilities for observing optical bistability
in this simple geometry.

Finally, we consider new directions involving photonic band gap materials.
In a recent communication, Bennink et al. [26] proposed using the high χ(3) of
copper, usually inaccessible for optical switching because of the high reflectiv-
ity of copper. They showed theoretically that by interspersing thin layers of
copper between thin films of silica on the order of the wavelength of light, they
could engineer the structure to take advantage of the nonlinear χ(3) of cop-
per, while letting most of the incident energy proceed through the structure.
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Fig. 14. Illustration of the proposal of Bennink et al. [26] to utilize metal-
lic/dielectric photonic-band gap structures to access the large optical nonlinearities
of metals. Part (a) shows that an incident wave is nearly completely attenuated
in propagating through 80 nm of pure copper. However, if the same amount of
metal is incorporated in a photonic bandgap structure part (b), it can allow good
transmission and consequently a large nonlinear optical response

This idea is illustrated in Fig. 14. Adopting a value of χ(3) = i(1.5 × 10−6)
esu for copper, they showed that a multilayer slab could be designed to yield
an effective nonlinear index of refraction n2,eff , of (3 + 6i) × 10−9 cm2/W.
This would lead to a large nonlinear phase change of ∆φ ≈ 5π/(GW/cm2),
with little absorption.

Such considerations lead naturally to the general field of nonlinear optical
properties of photonic band gap materials. Of course, the periodicity of a
photonic band gap (PBG) material is necessarily of a scale of the order of the
wavelength of light. Nonetheless, perhaps somewhat surprisingly, an “effective
medium” description of the composite material is still possible, though of a
rather different nature than in the kinds of composites we have discussed
in the earlier sections of this paper. In PBG materials the linear optical
properties are characterized by the dispersion relations of the photonic Bloch
functions, just as the single-electron properties of metals and semiconductors
are described by the dispersion relations of the electronic Bloch functions.
A pulse of light propagating through a PBG material near the band gap
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can be thought of, to first approximation, as a modulated Bloch function.
The envelope function of this pulse propagates with the group velocity and
suffers the group velocity dispersion of the Bloch function it modulates. If
nonlinear effects are taken into account, it also suffers a nonlinear phase
change determined by the way the underlying Bloch function samples the
nonlinearity of the periodic structure. The group velocity, group velocity
dispersion, and effective nonlinearity so derived can be taken to define an
“effective medium,” whose properties, even for a given PBG structure, can
be chosen to some extent by choosing the frequency of the incident pulse and
therefore the particular Bloch function that is modulated by the envelope
function.

The details of this kind of description have been worked out already for
one-dimensional PBG materials [27], and a number of groups are currently
looking at higher dimensional geometries. Thus, there should be even more
opportunities for constructing interesting structures and bringing geometry
to the aid of the designer — or chemical engineer — who wishes to go beyond
the kind of nonlinear response coefficients presented by nature in uniform
media.
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Abstract. Electrical and optical properties of weakly nonlinear composite media
are reviewed. A simple perturbation theory can account for many properties, includ-
ing enhancement of macroscopic nonlinear response near a quasi-static resonance
of a metal/dielectric mixture. However, to describe properties like intrinsic opti-
cal bistability, a more elaborate approach is used. Approximations and tools are
described for analyzing the properties of composites with generic microstructures,
but some solvable microstructures are treated in greater detail, exploiting the exis-
tence of closed form expressions for the macroscopic response. The self-consistent
effective medium approximation for the weakly nonlinear response of composites
is shown to be problematic, but its detailed analysis indicates how an improved
self-consistent approximation scheme might be developed in the future.

1 Introduction

In standard texts on electrodynamics, the emphasis is placed entirely on lin-
ear media. In such media, the electric displacement D is linearly related to
the electric field E; the coefficient of proportionality is called the dielectric
function ε, and at finite frequencies it will typically be a complex, frequency-
dependent quantity. There is typically no mention of materials in which D
and E have a nonlinear relationship. But such materials are very common,
have numerous technological applications, and are of fundamental interest.
A comprehensive review of linear electrical and optical properties of compos-
ite media can be found in [1].

This chapter is concerned with certain types of weak nonlinearity in com-
posite materials. A linear composite is a material in which, as stated above,
D and E are linearly related, but the constant of proportionality ε, is complex
and frequency-dependent, and also a function of position. Thus, a nonlinear
composite is one in which there is a nonlinear and position-dependent rela-
tion between D and E. The relationship is taken to be local in space, though
not necessarily in time.

V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 19–41 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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2 Perturbation Theory

In this section, we will discuss some cases in which the nonlinearity can
be treated as a weak perturbation of the predominant linear relationship
between D and E. We begin by discussing the zero-frequency case, then the
generalization to finite frequencies. We will also restrict ourselves, for the
most part, to cubic nonlinearities and discuss other cases briefly at the end
of this section.

In the cubic case at zero frequency, the relation between D and E is
assumed to be of the form

D(r) = ε(r)E(r) + χ(r)|E(r)|2E(r) . (1)

This cubic nonlinearity is often called a Kerr nonlinearity. Both the dielectric
constant ε and cubic nonlinear susceptibility χ are functions of position r.
We assume, in this zero-frequency case, that both εe and χe are real.

Two important quantities in this composite are the bulk effective ormacro-
scopic dielectric constant εe and the bulk effective or macroscopic Kerr non-
linear susceptibility χe. These may be defined in various ways. For example,
if we are considering a large system, the relation between the space averages
〈D〉 and 〈E〉 may be expressed as

〈D〉 ≡ εe〈E〉+ χe|〈E〉|2〈E〉 , (2)

where 〈. . .〉 denotes a space average. It can be considered that this relation-
ship defines εe and χe. In a sufficiently strong applied field, the relationship
between 〈D〉 and 〈E〉 will acquire fifth-order terms, in addition to the first
and third-order terms which appear in this equation, but the higher order
terms will have no effect on εe and χe.

A remarkable theorem can be proven about χe, namely, it can be evalu-
ated exactly in terms of certain properties of a related linear medium. This
theorem was first proven by Stroud and Hui [2], and a similar theorem was
also described by Butenko et al. [3]. A mathematically analogous result, for
the special case where only one of the constituent media has a cubic nonlin-
earity, was obtained earlier in the context of velocity-dependent corrections
to the superfluid density of liquid helium flowing in a superleak [4].

To specify this theorem, we introduce a “related linear medium” in which
D(r) = ε(r)E(r), with no third-order nonlinearity. We imagine that this
medium has volume V and that an external electric field E0 is applied to the
medium (by fixing the potential on the surface at −E0 · r). Then it can be
shown that the space average electric field inside the medium is just E0. The
theorem of interest then states that

χeE
4
0 =

1
V

∫
V

χ(r)|E(r)|4d3r , (3)

that is, the effective cubic susceptibility is the space average of the suscep-
tibility inside the medium, weighted by the fourth power of the local electric
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field. Thus, those points where the electric field is largest are most emphasized
in the average.

Although the proof of this theorem is given in [2], we give a brief sketch of
the argument here. The idea is to write the total electrostatic energy stored
in the medium as∫ [

ε(r)|E|2 + χ(r)|E|4] d3r . (4)

This is then evaluated through first order in χ. The first-order term consists
of two parts. One is the integral of χ(r) multiplied by the fourth power of
|Elin(r)|, the local electric field that would have existed had the medium been
strictly linear. The other part involves δE(r), the first-order change in the
local electric field due to χ. The key point is that the integral of this second
term is exactly zero (this is proven in [2]). The proof that this second term
vanishes is also a special case of a mathematical result known as Tellegen’s
theorem [5], which is a straightforward consequence of the variational proper-
ties of the linear dielectric or conductivity problem. Hence, χe is given exactly
by an integral involving the local electric field in the linear medium.

For a random medium, it is not possible, in general, to compute the
electric field exactly, even if the medium is linear. Therefore, one usually
needs to use approximations. One simple approximation which immediately
suggests itself is to decouple the field average according to the rule

〈|E|4〉i ∼= 〈|E|2〉2i , (5)

where 〈. . .〉i denotes a space average of the quantity in brackets within the
constituent i (we are now assuming that we have an n-constituent compos-
ite). Equation (5) is usually called the nonlinear decoupling approximation
(NDA) [6]. This approximation has the advantage that the quantity 〈. . .〉i is
simply related to the macroscopic linear properties of the composite. Specif-
ically, it can be shown that

pi〈|E|2〉i = ∂εe
∂εi

E2
0 , (6)

where ∂εe/∂εi means a derivative of εe with respect to εi, holding the dielectric
functions of the other constituents fixed (and keeping the microstructure of
the composite also fixed), and pi is the volume fraction of constituent i. Thus,
in this approximation,

(χe)NDA =
∑

i

χi

pi

(
∂εe
∂εi

)2

. (7)

Another result follows immediately from this decoupling approximation,
namely, since 〈|E|4〉i ≥ 〈|E|2〉2i , it follows that χe ≥ (χe)NDA, provided that
the derivative ∂εe/∂εi is calculated exactly in evaluating the NDA. Thus, the
NDA gives a lower bound to the true χe.
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Finally, we point out that the above formalism is not limited to treating
nonlinear dielectrics. Any divergence-free field (not just D) which is related to
a curl-free field (not just E) by a relation of the form of (1) has a macroscopic
cubic nonlinear susceptibility, which can be defined and discussed similarly
to the discussion given above. There are many relations of this kind in many
branches of physics: Nonlinear relations between electric current and electric
field, between heat current and thermal gradient, and between magnetic in-
duction B and magnetic field H, to name three well known examples, are in
this class of problems and can be treated similarly.

Up to this point, we have discussed only zero-frequency relations between
D and E. In discussing optical properties, one will of course be concerned
with finite frequencies. In that case, we must consider the fact that ε and χ
will each be both complex and frequency-dependent, in general. For example,
an optical Kerr material will be described by a relation of the form of (1),
but with a frequency-dependent, complex dielectric function ε(ω) and sus-
ceptibility χ(ω). In a composite, these quantities will be position-dependent
as well.

Even in this finite-frequency case, where the bulk effective susceptibil-
ity χe is also complex and frequency-dependent, it is still given by a relation
involving the fourth power of the local electric field. Specifically, one finds
that the finite-frequency generalization of (3) is [2]

χeE
4
0 = 〈χ(E · E)(E · E∗)〉 , (8)

where the angular brackets again denote a space average and χ and E depend
on position. The somewhat strange looking combination of E and E∗ comes
about because of the particular form of the Kerr relation, which involves the
square of the magnitude of the electric field. This relation has been discussed
further by Stroud and Wood [7].

Stroud and Wood also proposed a generalization of the NDA to finite
frequencies. The decoupling is then written as

〈(E ·E)(E ·E∗)〉i ∼= 〈E ·E〉i〈E · E∗〉i . (9)

They also expressed each of the quadratic electric field averages as a derivative
involving εe, with the approximate result

χe
∼=
∑

i

χi

pi

∂εe
∂εi

∣∣∣∣∂εe∂εi

∣∣∣∣ . (10)

Here the derivative ∂εe/∂εi is equal to 〈E ·E〉i, but the absolute value of that
derivative is only a lower bound on 〈E · E∗〉i. Accurate expressions for aver-
ages of the second type are in fact obtainable for two-constituent composite
media from the spectral representation for εe which was first introduced by
Bergman [1,8], as shown by Ma et al. [9]. Those expressions can be written in
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the form

p1〈|Elin|2〉1 =
∑

n

|s|2Fn

|s− sn|2 |E0|2 , (11)

p2〈|Elin|2〉2 =

{
1−

∑
n

(|s|2 − sn)Fn

|s− sn|2
}
|E0|2 , (12)

where p1 and p2 ≡ 1 − p1 are the volume fractions of the two constituents
and sn and Fn are the positions and weights of the poles in the spectral
representation of εe. That representation takes the form

F (s) ≡ 1− εe
ε2

=
∑

n

Fn

s− sn
, s ≡ ε2

ε2 − ε1
, (13)

0 ≤ sn < 1 , 0 < Fn ,
∑

n

Fn = p1 , (14)

which achieves a useful separation of the dependence of εe on microstructural
details from its dependence on the physical properties of the constituents,
namely, ε1, ε2: The poles and residues depend only on the microstructure,
and the physical properties of the two constituents enter only through the
parameter s. Using this representation, similar expressions for 〈E · E〉i can
also be written: One has only to replace all absolute value symbols in (11)
and (12) by simple parentheses.

Although it is not directly relevant to the topic of optical response, we
conclude this section by mentioning the connection between the cubic non-
linear response and the problem of flicker noise [1,2,10]. Flicker noise, as it is
known, arises from conductance fluctuations in a linear composite material.
Such fluctuations can occur for many reasons, including thermal noise. We
will characterize flicker noise in terms of fluctuations in the local dielectric
function ε(r). Suppose we have a material in which D and E are connected
by the local relation

D(r) = ε′(r)E(r) , (15)

where ε′(r) is taken from an ensemble with mean value ε(r) and fluctuation
δε(r). The mean value ε(r) is the same as that which appears in the nonlinear
problem discussed above. The fluctuating part δε(r), it is assumed, has a
vanishing ensemble average at each point r and satisfies the relationship
〈δε(r)δε(r′)〉av = λχ(r)δ(r − r′), where 〈. . .〉av denotes an ensemble average
and λ is some constant. Then the ensemble average of the fluctuating part
of the bulk effective dielectric function δεe also vanishes, and its mean-square
fluctuation is given by [2]

〈(δεe)2〉av =
λχe

V
, (16)
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where V is the system volume. Thus, 〈(δεe)2〉av for this linear problem is
given, to within a constant of proportionality, by the value of χe for the
analogous weakly nonlinear problem.

Although (16) was originally derived for the static case, it will probably
continue to be valid even at finite frequencies, provided that the fluctuations
in ε occur at a frequency scale much lower than ω, that is, if ε(r, ω) has very
slow fluctuations, then (16) will continue to relate 〈[δεe(ω)]2〉av to χe(ω).
However, this relationship at finite frequencies does not appear to have been
discussed in the literature.

Before concluding this section, we mention that all of the results described
here for cubic nonlinearity can readily be extended to other powers of weak
nonlinearity, i.e., to cases where D = εE + χ|E|βE, where β(> −1) is a
(not necessarily integral) constant. The case of cubic nonlinearity (β = 2)
is, however, usually the most relevant to experiments. The reason is that the
seemingly more important case (β = 1) does not appear in media with a
center of inversion. Hence, the first nonlinear term that actually appears in
a Taylor series expansion of D in terms of E is often the cubic term. We
should also note that we have omitted discussion of the tensorial nature of
the susceptibility χ. Even the cubic case (β = 2) may have other terms in the
expansion beyond simply a term involving the square of the absolute value
of the electric field. In most cases in which the constituents have reasonably
high point group symmetry, most of these terms do not contribute; so our
discussion is adequate for most cases of interest.

3 Limiting Cases and Exactly Solvable Microstructures

In this section, we discuss several limiting cases in which the linear response
of a composite material can be calculated in closed form, and we proceed to
find their weakly nonlinear response, too.

3.1 Parallel Cylinders and Parallel Slabs

The simplest kind of solvable microstructure is parallel cylinders, where all
of the interfaces are parallel to a fixed direction and the external or average
field E0 is applied in that direction (see Fig. 1a). For simplicity, we consider
such a composite made of two constituents, with volume fractions p1 and p2 =
1 − p1 and with dielectric constants and Kerr susceptibilities ε1, χ1 and ε2,
χ2. The electric field is uniform and equal to E0 everywhere; therefore the
macroscopic dielectric constant and Kerr susceptibility are given by

ε
(e)
cyls = p1ε1 + p2ε2 , χ

(e)
cyls = p1χ1 + p2χ2 . (17)

Another kind of solvable microstructure is parallel slabs, where all of the
interfaces are flat planes perpendicular to a fixed direction and the external or
average field E0 is applied in that direction (see Fig. 1b). Again we consider,
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(a) (b) (c)

Fig. 1. Simple solvable microstructures: (a) Parallel cylinders microstructure. The
local fields E (which has the same value everywhere) and D lie along the cylindrical
axis of symmetry. (b) Parallel slabs microstructure. The applied field, as well as the
local fields, are all perpendicular to the slabs. (c) Coated sphere assemblage [12]:
The entire system is made up of coated particles, each comprised of a spherical
core and a concentric spherical shell. The coated spheres must come in an infinite
hierarchy of decreasing sizes to fill up the entire volume, but they all have the same
core-to-shell volume ratio, equal to p1/p2

for simplicity, the two-constituent case. Now, the displacement field D is
uniform everywhere, and the electric field is uniform in each constituent. The
macroscopic dielectric constant and Kerr susceptibility are therefore given by

ε
(e)
slabs =

(
p1

ε1
+
p2

ε2

)−1

, (18)

χ
(e)
slabs =

(
χ1p1

ε21|ε1|2
+

χ2p2

ε22|ε2|2
)(

p1

ε1
+
p2

ε2

)−2 ∣∣∣∣p1

ε1
+
p2

ε2

∣∣∣∣
−2

. (19)

It is easy to check that, in the two cases discussed here, NDA leads to the
same results. This is due to the fact that the local electric field has a constant
value in each constituent. Thus (5) and (9) cease to be approximations and
become exact.

3.2 Dilute Regime and Clausius–Mossotti Approximation

An important special case is the dilute limit, when a low density of particles
is embedded in a host medium. We assume that the particles are spherical,
and have dielectric function and Kerr susceptibility ε1 and χ1, and the host
is characterized by ε2, χ2.

For such a system, a well known approximation for εe that is exact to first
order in the volume fraction of the inclusions p1, and to second order in the
difference of dielectric constants ε1 − ε2, is the Maxwell-Garnett or Clausius–
Mossotti approximation (CMA). The strict “dilute limit” expressions, which
are exact to first order in p1, can always be obtained by expanding the CMA
results up to that same order. When the microstructure is isotropic, then a
convenient representation for εe in that approximation is the following simple
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relation, which is easy to remember and also to transform into an explicit
expression for εe [1]

εe − ε2
εe + 2ε2

= p1
ε1 − ε2
ε1 + 2ε2

. (20)

The spectral representation for εe in this case is even simpler, namely,

F (s) ≡ 1− εe
ε2

=
p1

s− p2/3
. (21)

Using (11) and (12) from the previous section, the following result is ob-
tained for the macroscopic nonlinear susceptibility in the NDA (this result
was obtained in [6] for the special case where all of the constituent moduli,
and hence also s, are real)

(χe)NDA = χ1p1

(
s

s− p2/3

)2 ∣∣∣∣ s

s− p2/3

∣∣∣∣
2

+χ2p2
(s− 1/3)2 + 2p1/9

(s− p2/3)2
|s− 1/3|2 + 2p1/9

|s− p2/3|2 . (22)

In this case, it is also possible to calculate the local field E(r) both inside
and outside of the particles, if they are assumed to be spherical: Interactions
between dipole moments induced in such particles are taken into account, but
all higher order induced moments are neglected in this CMA. That field can
be used for a direct calculation of the fourth moment of E(r) which appears
in (3) or (8). The expression obtained in this way for χe is more exact, since
it involves no further approximations beyond those made to obtain the CMA
([11], where the analogous result is obtained for the static case, when all the
fields and moduli are real and positive):

(χe)CMA = [p2ε1 + (2 + p1)ε2]−2|p2ε1 + (2 + p1)ε2|−2

×
{
p1χ1(3ε2)2|3ε2|2 + p2χ2

[
(ε1 + 2ε2)2|ε1 + 2ε2|2

+2p1(ε1 − ε2)2|ε1 + 2ε2|2 + 2p1|ε1 − ε2|2(ε1 + 2ε2)2

+
16
5
p1(ε1 + 2ε2)|ε1 + 2ε2|2(ε1 − ε2)Re

(
ε1 − ε2
ε1 + 2ε2

)

+
4
5
p1(1 + p1)(ε1 + 2ε2)(ε1 − ε2)|ε1 − ε2|2

+
4
5
p1(1 + p1)(ε1 − ε2)2|ε1 + 2ε2|2Re

(
ε1 − ε2
ε1 + 2ε2

)

+
8
5
p1(1 + p1 + p2

1)(ε1 − ε2)2|ε1 − ε2|2
]}

. (23)

Comparison of (22) and (23) shows that the term involving χ1 is identical in
the two expressions, whereas the term involving χ2 is different. The reason is
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that, in CMA, the local field is uniform and has the same value inside all of
the inclusions; therefore (9), the basic approximation made in NDA, is exact
there. By contrast, outside the inclusions, E(r) is nonuniform, therefore use
of NDA there involves a further approximation compared with CMA.

Another fact worth noting is that the CMA results for both εe and χe

are actually exact in the case of the so-called “coated spheres assemblage” or
“Hashin–Shtrikman microstructure” [6], where the system is made up entirely
of coated spheres, with a spherical core made of the #1 constituent and a
concentric spherical shell made of the #2 constituent. Those spheres must
come in an infinitely decreasing hierarchy of sizes to fill up the entire volume,
and they all must have the same core-to-shell volume ratio, equal to p1/p2 —
see Fig. 1c and [12].

Equations (19), (22), and (23) all exhibit an enhancement of χe when the
system is near a sharp quasi-static resonance, due to a vanishing denominator.
In the parallel slabs microstructure, there is one such resonance when p1ε2 +
p2ε1 = 0, whereas in the CMA there is one such resonance when p2ε1 + (2 +
p1)ε2 = 0, which is the same as s = p2/3. More generally, any pole sn of F (s)
represents a quasi-static resonance, in whose vicinity χe will be enhanced
by a factor proportional to the inverse fourth power of s − sn. This can be
compared with the behavior of εe or F (s) itself, which is only proportional
to the inverse first power of s− sn. Since all of the poles sn lie on the semi-
closed real segment (0,1) [see (14)], such resonances can occur only when
0 ≤ s < 1, or ε1/ε2 < 0. In practice, they can most easily be approached in a
metal/dielectric composite at finite frequencies, when the metal permittivity
has a sizable negative real part and a very small imaginary part. They can
also be approached in composites of two dielectrics, provided that one of
the dielectrics has an intrinsic pole or resonance with large enough weight
that the real part of its dielectric constant becomes negative at slightly lower
frequencies.

Probably the most important consequence of these resonances is that χe

is strongly enhanced near such resonances in dilute collections of coated and
multicoated spherical particles. The very large enhancement is due to the
fourth-power effect mentioned above. Extensive discussions of this behavior,
with numerical examples, can be found, for example, in [9,13,14,15,16,17],
[18,19,20].

The resonances also have other effects on nonlinear response at finite
frequencies. These are discussed in Sect. 5 below.

4 Self-Consistent Effective Medium Approximation
and Its Breakdown

A very important and useful class of approximations in the study of macro-
scopic response of composite media, especially when the microstructure is dis-
ordered, is the “self-consistent effective medium approximations (SEMA)”.
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The first approximation of this type was put forward by Bruggeman in 1935,
for simple linear, scalar conductivity [21], and then later but independently
by Landauer in 1952 [22]. This was later extended successfully to elastic
stiffness moduli [23,24], to nonscalar electrical conductivity [25,26,27], and to
systems with a columnar microstructure [28]. Though these studies were car-
ried out in the language of dc electrical conductivity, they also apply almost
without any change to time-dependent electrical phenomena, where one can
focus on the response to a monochromatic time-dependent field at a single
frequency ω, if that frequency is not too high.

A particularly appealing feature of SEMA is that it exhibits percolation
thresholds, in whose neighborhoods dramatic effects appear in the macro-
scopic response. In disordered metal/dielectric composites, an optical ab-
sorption band appears that is due to surface plasmon excitations. This band
is absent in either of the pure bulk constituents, and its appearance and de-
tails depend on the microstructure of the composite medium. As the relative
proportion of metal and dielectric constituents is varied near the percola-
tion threshold of either constituent, this microstructure-dependent absorption
band undergoes characteristic changes, which can be quite dramatic—see the
review article [1] for details and original references.

The success of SEMA in accounting for various aspects of the linear re-
sponse of disordered composite media, despite its simplicity, made it natural
to try and extend it also to the description of nonlinear phenomena in such
media. This was done, successfully, for strongly nonlinear, pure power law
conductivity, where it was used to study critical behavior near the perco-
lation threshold of a metal/insulator random composite [29,30]. It was also
done for weakly nonlinear, power law conductivity [11]. However, in the lat-
ter case, the SEMA breaks down dramatically as the percolation threshold
is approached. Understanding the reason for this breakdown has provided
insight as to why SEMA works so well in other cases, as well as an indication
of what changes need to be made to develop a better approximation for the
macroscopic weakly nonlinear response.

Instead of viewing SEMA as an approximation for a general class of mi-
crostructures, we consider a microstructure for which it provides an exact
description [31]. That is a very artificial microstructure, characterized by an
infinite hierarchy of length scales of heterogeneity (see Fig. 2). Starting from
a two-constituent composite with an arbitrary microstructure, where only
the volume fractions p1, p2 = 1 − p1 have definite values, we embed in it
a small quantity of spherical inclusions of the same two constituents, with
radii that are much greater than the heterogeneity length scales of the initial
microstructure and with a volume ratio equal to p1/p2. The small-grain-
composite host, inside which these large inclusions are embedded, is treated
as homogeneous. The altered composite medium thus retains the original val-
ues of p1, p2, but has slightly changed values of its macroscopic linear and
nonlinear conductivities σe and be, respectively. Those small changes, dσe and
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Fig. 2. Schematic representation of the hierarchical microstructure for which SEMA
is exact [31]

dbe, can be calculated exactly to leading order in the total volume fraction
dv displaced by the large inclusions that were introduced. This procedure is
now repeated, with the altered composite used as a quasi-homogeneous host
material, inside of which we again embed a small quantity of spherical inclu-
sions, with radii that are much greater than those used in the previous step
and a volume ratio that is again equal to p1/p2. Such an iterated embedding
process changes σe and be in a manner described by the following differential
equations [11] (we have assumed, for simplicity, that σa, ba are all real):

dσe

dv
= 3σe

(
p1

σ1 − σe

σ1 + 2σe
+ p2

σ2 − σe

σ2 + 2σe

)
, (24)

dbe
dv

=
2∑

a=1

pa

[
(ba − be)

(
3σe

σa + 2σe

)4

+ be

(
66
5
A2

a − 12
5
A3

a +
13
5
A4

a

)]
,

(25)

where

Aa ≡ σa − σe

σa + 2σe
, (26)

and where we assumed conductivity with a weak quadratic dependence on
the local electric field E. This means that the current density J depends on
E as follows:

J = σE + b|E|2E , b|E|2 � σ . (27)

Equation (24) has a fixed point whenever the right-hand side (r.h.s.) van-
ishes. This occurs whenever σe is equal to a solution of the usual SEMA
equations. A careful examination of the r.h.s. near the two solutions shows
that only one of them is a stable fixed point . Thus, whatever the initial value
of σe, if the embedding procedure described above is iterated, σe will even-
tually tend to that stable fixed point. That is the physical solution of the
SEMA equations, which is thus also the exact result for the hierarchical mi-
crostructure produced by this iterated embedding procedure.

Equation (25) also has some fixed points, which can be studied after
substitution of the stable fixed point value of σe in the r.h.s. of that equation.
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In particular, in a metal/insulator mixture, that equation simplifies to (the
subscript M denotes the metallic constituent)

dbe
dv

= bM
81
16

(
pM − 1

3

)4

− be
10
(
27p3

M − 18p2
M + 2pM − 1

)
. (28)

This has a fixed point whenever the r.h.s. vanishes, which leads to a unique
value for be/bM. However, though this value is finite and positive when pM

is not much less than 1, it diverges when pM tends to the only real zero of
the cubic polynomial which multiplies be, namely, pM

∼= 0.6412, and then
takes on negative values for yet smaller values of pM. Such values are clearly
unacceptable for a quantity like 〈E4〉 [see (3)] which must be positive. More-
over, this catastrophe occurs when pM is still far above the SEMA percolation
threshold of 1/3. A careful examination of (28) near that fixed point reveals
that it is a stable fixed point only when be/bM > 0. When pM < 0.6412, the
negative fixed point value of be/bM constitutes an unstable fixed point, and
any solution of that equation which starts out from a positive value of be/bM
then tends to +∞, which is the only stable fixed point. But how can an
infinite value be the correct physical result for be?

The physical explanation is as follows: On the largest length scales in the
hierarchical microstructure, there exists a region in the quasi-homogeneous
host, near the equator of each of the largest insulating inclusions, where the
local electric field is enhanced by at least some factor that lies between 1 and
1.5. That region is of order of the inclusion size. Confining our attention to
that region, which is homogeneous on the low-resolution scale wherein only
the largest inclusions are resolved, we now increase the resolution so as to re-
solve the inclusions at the next lower length scale. Near the equators of those
inclusions that are insulating, the field is again enhanced by the same factor
in a volume similar to that of the inclusion. Iteration of those increases in res-
olution leads to the conclusion that in some exponentially small regions of the
composite medium, the local electric field E attains values that are exponen-
tially enhanced compared with its imposed volume average value 〈E〉 = E0.
That these exponentially enhanced values of E never have a dramatic effect
upon 〈E2〉 is due to the variational properties of the linear conductivity prob-
lem: Those dictate that 〈σE2〉/〈E〉2 must always lie between σ1 and σ2 [1].
Such bounds do not exist for other moments of E. Furthermore, the local
enhancements of E have a greater effect on averages of En, the larger the
exponent n. Apparently, that is why 〈E4〉 diverges in metal/insulator mix-
tures with the hierarchical microstructure when pM < 0.6412. We can also
expect that higher moments of E will exhibit even stronger divergences in
that microstructure [11].

Obviously, real materials never have the infinite hierarchy of heterogeneity
length scales which appears in the microstructure described above, and the
resulting be will always be finite and positive in real composites. From the
above discussion, we can conclude that to develop a sensible approximation
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for be or for the Kerr susceptibility χe in a dielectric composite, we must have
a scheme that excludes the possibility of such an infinite hierarchy of length
scales. More information about the microstructure must be used than just
the volume fractions p1 and p2.

5 Quasi-static Resonances: Enhancement
of Nonlinearity and Intrinsic Optical Bistability

An isolated metallic inclusion in an otherwise uniform dielectric host exhibits
a number of surface plasmon resonances in the frequency region where the
real part of the metal permittivity is negative and the imaginary part is small:

εM = ε′M + iε′′M , (29)

where ε′M < 0 and ε′′M � |ε′M|.
A good example is the surface plasmon resonance of a metal sphere of

radius R, which can be seen by considering the induced dipole moment m,
when such a sphere is embedded in an otherwise uniform dielectric host and
a uniform electric field E0 is applied:

m = R3εd
εM − εd
εM + 2εd

E0 . (30)

Here εd is the electrical permittivity of the dielectric host, assumed to be
real. The induced moment m would diverge if εM + 2εd = 0. This cannot
happen because ε′′M 
= 0, but the denominator in (30) can get very small if ε′′M
is small and if the frequency is such that ε′M + 2εd = 0. When that happens,
the induced dipole moment is very large. Consequently, the local electric field
in the neighborhood of the inclusion also becomes very large and can exceed
E0 by a large factor.

If the metal has a Drude–Lorentz conductivity σM(ω), then εM can be
written as

εM = ε0 +
4πiσM(ω)

ω
= ε0 +

ω2
p

ω2

iωτ
1− iωτ

, (31)

where ωp is the bulk plasma frequency of the charge carriers, τ is their con-
ductivity relaxation time, and ε0 is the electrical permittivity of the ionic
background, assumed to be real and positive. If ωτ � 1, then the surface
plasmon resonance frequency of the embedded metal sphere is

ωsp =
ωp√

ε0 + 2εd
, (32)

which reduces to ωsp = ωp/
√
3 if ε0 = εd = 1.

For inclusions of other shapes, the resonance occurs at a different fre-
quency, and there is usually more than one resonance frequency. In a nondi-
lute collection of inclusions, the induced polarizations in different inclusions
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also interact. This changes the isolated inclusion resonances into resonances
of the entire system, and those depend on details of the microstructure. The
mathematical expression of these resonances are the poles that appear in the
spectral expansion of F (s) or εe, as exhibited in (13). In general, a disordered
microstructure results in a broad, quasi-continuous spectrum of poles or res-
onances, and hence a broad absorption band appears, similar to that found
in SEMA [1]. Sharp resonances will appear in two cases: (a) a dilute collec-
tion of similarly shaped inclusions, e.g., spherical inclusions; (b) a periodic
microstructure.

When ω is near a sharp resonance, the local field can be greatly enhanced,
as we saw for surface plasmon resonance of an isolated spherical inclusion.
This enhancement leads to a corresponding enhancement of nonlinear be-
havior. Such enhancements were already mentioned earlier in Sect. 3.2. An
especially dramatic aspect of this is the possibility of achieving “intrinsic op-
tical bistability”. That is a situation where, with some values of the externally
applied field E0, the system can be found in two or more different internal
states, with different values of the internal local field E. It is interesting to
note that, in the quasi-static regime, resonances and bistability can occur
only if the electrical permittivity is not real and positive everywhere. In fact,
it is possible to prove that, if E · D(E) is a real, monotonically increasing
function of |E| or if D is linear in E, then the local field E has a uniquely
determined value everywhere in the system [1]. To allow for the possibility
of bistability, we must therefore have a negative real part of the electrical
permittivity in parts of the system, i.e., there must be a metallic constituent
and the frequency ω must satisfy

1
τ
< ω < ωp , (33)

as well as a nonlinear dependence of D upon E in some parts of the system.

5.1 Solvable Microstructures

Bistable behavior is most easily demonstrated in the parallel slabs microstruc-
ture, shown in Fig. 1b, where an average electric field 〈E〉 = E0 is applied
perpendicular to the slabs. We assume there are two types of slabs: metal-
lic slabs with a complex, frequency-dependent but field-independent permit-
tivity εM, as in (31), and dielectric slabs, with a real but field-dependent
permittivity εd(E), which we take as quadratic in |E|,
εd(E) = εd0 + χ|E|2 . (34)

This is an exactly solvable system, even in the nonlinear case, if we assume
that E has the same constant value in all slabs of a certain type, EM and
Ed respectively, since the electric displacement D must then have the same
value everywhere:

D ≡ D0 = εMEM = εd(Ed)Ed . (35)
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Considering the volume average of E, namely (pM, pd = 1−pM are the volume
fractions of the two types of slabs),

〈E〉 = E0 = pMEM + pdEd , (36)

and using (35) to express EM in terms of Ed, we get a complex cubic equation
for Ed, given E0

E0 =
(
pd + pM

εd0 + χ|Ed|2
εM

)
Ed . (37)

A solution for Ed can easily be found once |Ed|2 is known, and the latter
quantity satisfies a real cubic equation, obtained by taking the absolute square
of (37)

E2
0 =

∣∣∣∣pd + pM
εd0 + χ|Ed|2

εM

∣∣∣∣
2

|Ed|2 . (38)

The last equation can be brought to the “canonical form”

f(t) ≡ t3 − 2µt2 + t = α (39)

by adopting the following definitions:

t ≡ χ|Ed|2∣∣∣εd0 + pd
pM
εM

∣∣∣ > 0 , (40)

α ≡ χE2
0

|εM|2/p2
M∣∣∣εd0 + pd

pM
εM

∣∣∣3 > 0 , (41)

µ ≡ −
Re
(
εd0 + pd

pM
εM

)
∣∣∣εd0 + pd

pM
εM

∣∣∣ , |µ| < 1 . (42)

Any solution of the canonical equation (39) leads, via (37), to a unique value
for Ed and hence, also for EM. But (39) will have three real solutions for α
within a certain range of values, if µ satisfies the following inequality:

µ >

√
3
2

. (43)

In that case, we get three different solutions for the internal state of the
system, as expressed by the values of the complex fields EM, Ed.

Of course, nature will always choose just one of these states, using physical
factors that were ignored in this discussion. In particular, the history should
play a significant role, since this is not an equilibrium state. Nevertheless, we
do not expect that all three states are equally accessible. We conjecture that,
as in the case of thermodynamic equilibrium, only the two extreme values
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Fig. 3. Qualitative plot of the cubic function f(t) for a value of µ between
√
3/2

and 1. The cubic equation (39) has three real solutions whenever α lies between α+

and α−, which depend on µ but are always O(1). The same is true for the three
solutions t1, t2, t3

of Ed will be sustainable for any length of time, but not the intermediate
value. That is why this phenomenon is called bistability.

An important aspect of the intrinsic optical bistability that we have de-
scribed is that, the externally applied field E0 does not have to be very large,
and also even the local fields Ed and EM can be quite small. To see this, we
note that α = O(1) over the entire range of values for which (39) has three
solutions and that those solutions will also usually be of order 1—see Fig. 3
and [32]. Therefore, the numerators on the r.h.s. of (40) and (41) must have
magnitudes similar to those of the denominators; consequently,

χE2
0 = O

(∣∣∣∣εd0 +
pd

pM
εM

∣∣∣∣
3
)
, χ|Ed|2 = O

(∣∣∣∣εd0 +
pd

pM
εM

∣∣∣∣
)
. (44)

Clearly, the field-dependent part of εd will be small if |εd0+εMpd/pM| is small.
The factor εd0 + εMpd/pM is a “detuning parameter”: If the field-dependent
part of εd were absent, then the system would exhibit a resonance when this
detuning parameter vanished—both Ed and EM would become infinite. It
is evident from (37) that the field-dependent part of εd, namely, χ|Ed|2, is
not competing against the field-independent part εd0, but rather against the
detuning parameter. Therefore, when that parameter is small, even a weakly
nonlinear permittivity, i.e., χ|Ed|2 � εd0, can still have a major effect on
the system response, including the appearance of optical bistability. It is
important to emphasize the fact that application of (8), which is the result
of a simple perturbation treatment of weak nonlinearity, would totally miss
the important phenomenon of intrinsic optical bistability.

The requirement of (43) means that ω should not be too close to the
center of the resonance, so that 2ε′′M < |εd0 + ε′Mpd/pM|.

Similar considerations can be made for a dilute suspension of nonlinear
dielectric spherical inclusions, where each sphere is coated by a thin metallic
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shell. A system with a single inclusion of that type is also exactly solvable
and was examined carefully in [33]. Such particles have two sharp resonances,
which are zeros of the denominator in the following expression for the ratio
of the (uniform) field in the core E in to the externally applied uniform field
E0 (εd, εh are the electrical permittivities of the core and host; εM is that of
the metallic shell; pM is the volume fraction taken up by that shell as part of
the coated sphere):

|E in|
|E0| =

9εMεh
(εd + 2εM)(εM + 2εh) + 2(1− pM)(εd − εM)(εM − εh)

. (45)

If pM � 1, then one of these resonances is much stronger than the other.
This is most easily seen if one assumes εh = εd, in which case we can write

|E in|
|E0|

∼= −
9
2

εd
pM

εM + 9
2

εd
pM

−
2
9pMεd

εM + 2
9pMεd

. (46)

Clearly, the first pole or resonance has a much larger residue or weight, and
it also corresponds to a much lower frequency, if εM is given by (31). Near
that resonance, the internal field satisfies a cubic equation that can also be
brought to the canonical form of (39). Again, there is a range of values of E0

for which three different solutions exist for the internal field E in.
An experiment was performed on a dilute suspension of such spheres in

water, where each sphere had a nanometer-size core of CdS, coated by a thin
layer of metallic silver [34]. Optical bistability was observed in that system,
in agreement with the predictions of [33].

Actually, in such a dilute system of inclusions, with similar shapes and
compositions, one could contemplate a situation where different particles (in-
clusions) are found in states corresponding to different solutions of (39). This
would result in a large multiplicity of possible internal states of the sys-
tem. However, electromagnetic interactions between the different inclusions,
largely ignored in this treatment, would have to be taken into account, and
they could result in forcing different particles to be in the same internal state.
In the parallel slabs microstructure considered above, those interactions are
responsible for the fact that the resonance depends on the total volume frac-
tions pM, pd, not just on properties of an individual slab. Nevertheless, it is
not presently known whether multiple solutions can be found wherein the
local fields EM, Ed do not have the same values in all slabs of a given con-
stituent. Clearly, the intriguing possibility of multiple solutions, i.e., of “in-
trinsic optical multistability” near a sharp resonance of a metal/dielectric
composite, deserves further study.

5.2 The Principle of “Zero Virtual Work” and Its Application

For most microstructures, the local field is nowhere uniform, and even in
the linear case, it cannot be calculated in closed form, not to mention the
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nonlinear case. However, good approximations and numerical methods exist
for the linear problem [1], and it is also possible to exploit such a solution
to get a good approximation for nonlinear problems, as long as the field-
dependent part of ε is small everywhere. In doing this, we must be careful
not to try and use the naive perturbation theory of Sect. 2, since we would
thereby miss the possibility of finding nonunique solutions. A tool which
avoids that pitfall is based upon the principle of “zero virtual work” [32].
That principle asserts that the solution of the nonlinear partial differential
equation for the electric potential φ(r)

∇ · [ε(r,∇φ)∇φ] = 0 , (47)

given boundary conditions for φ on the system surface, also satisfies the
following equation:∫

dV [ε(r,∇φ)∇φ]∗ · ∇δφ = 0 , (48)

where δφ(r) is any scalar function that vanishes on that surface. To use this
variational principle, we need to restrict the functions φ and δφ to a man-
ageable subset of all functions that satisfy the required boundary conditions
and includes functions that are sufficiently close to the exact solution. Such
a subset is constructed by starting from the solution φlin of the linear prob-
lem, where the ∇φ dependent part of ε is ignored. Then, we choose our trial
function to have the form

φ(r) = φ0(r) +A[φlin(r) − φ0(r)] , δφ(r) = δA[φlin(r)− φ0(r)] , (49)

where A is a complex parameter, determined by requiring that Eq. (48) be
satisfied. The function φ0(r) must satisfy the same boundary conditions as
φ(r), so that δφ(r) vanishes at the boundary. The precise form of φ0(r) is
usually chosen to simplify computation of the integral in (48). For example,
if the microstructure is macroscopically homogeneous and the boundary con-
ditions would result in a uniform field E0 for a uniform medium, then we can
choose φ0(r) = −E0 · r, so that −∇φ0 ≡ E0.

Following this prescription, we arrive at a nonlinear algebraic equation
for A. When the field dependence of ε on E is quadratic, as in (34), then
the equation for A is cubic, and it can be reduced to the canonical form
of (39) by suitable definitions of t, α, µ. This approach has been applied
successfully to a number of situations, including a dilute suspension of metal
spheres in a nonlinear dielectric host [32], a “coated sphere assemblage” with
a nonlinear dielectric core and a metal shell [32] (see Fig. 1c), and a periodic
array of metal inclusions in a nonlinear dielectric host [35]. Experiments on
such systems remain to be done. All of these systems have sharp resonances
in their linear response. If the frequency is close enough to one of those
resonances, then bistable behavior is always possible for some range of E0,
but the field-dependent part of ε is much smaller everywhere than the field-
independent part. For that reason, the approximation described here is, in
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some sense, a lowest order perturbation theory. However, this perturbation
approximation is carried out in a fashion that allows nonunique solutions to
occur.

5.3 Harmonic Generation and Induced Nonlinearity

In general, the nonlinear dependence of D upon a monochromatic E intro-
duces higher harmonics into the time dependence of D. These effects are
enhanced near a sharp resonance of the linear response of a metal/dielectric
composite medium, because of enhancement of the ratio between local field E
and applied field E0. Another result of this local field enhancement is the
appearance of enhanced induced nonlinear behavior at the fundamental fre-
quency ω of the applied field [36].

To demonstrate this, we focus on a two-constituent, metal/dielectric par-
allel slabs microstructure, where the basic local response of the metal con-
stituent is linear, and that of the dielectric constituent is limited to linear
and quadratic dependence of D upon E:

DM,mω = εM,mωEM,mω , (50)

Dd,mω = εd,mωEd,mω +
∞∑

n=−∞
d(m+n)ω,−nωEd,(m+n)ωEd,−nω . (51)

Here EM,mω, DM,mω and Ed,mω, Dd,mω denote complex amplitudes of mo-
nochromatic local fields in the appropriate constituent at the mth multiple
of the fundamental frequency ω, and εM,mω, εd,mω, d(m+n)ω,−nω are mate-
rial coefficients at the appropriate frequencies. The fields are all assumed
to be perpendicular to the slabs, hence the use of a scalar notation for the
fields. They are also assumed to have the same values in all of the slabs of a
particular constituent. The applied or average time-dependent field E0e−iωt

induces polarization at the second-harmonic frequency, and that beats with
the fundamental frequency to produce a contribution to the local field at the
fundamental frequency, with an amplitude that is proportional to |E0|2E0.
An equation that describes this effect in the parallel slabs microstructure is(

pdεM,ω + pMεd,ω − pMχ|Ed,ω|2
)
Ed,ω = εM,ωE0,ω , (52)

where

χ ≡ 2pMdω,ωd2ω,−ω

pdεM,2ω + pMεd,2ω
. (53)

This is similar to (37), but with χ replaced by −χ. Thus, there are
similar consequences, including intrinsic optical bistability near the fun-
damental frequency resonance of the microstructure, which occurs when
pdεM,ω + pMεd,ω = 0. We note that the cubic nonlinear susceptibility or non-
linearity coefficient χ is of second order in the quadratic nonlinearity coef-
ficients dω1,ω2 , and therefore can be expected to be small. However, if the



38 David J. Bergman and David G. Stroud

system is also near resonance at the second-harmonic frequency 2ω, then the
denominator in (53) will be small, and χ will be enhanced. Consequently,
intrinsic optical bistability will appear at low applied and local fields if the
system is near resonance at both the fundamental frequency ω and at its sec-
ond harmonic. Though this may be difficult to achieve in the two-constituent
parallel slabs system, where only one microstructural parameter is at our
disposal, it should be achievable when we allow for more complicated mi-
crostructures.
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Abstract. We show experimentally and theoretically that very large enhancement
of χ(3) can be obtained in gold-cluster-containing dielectric thin films. At a high
volume fraction of gold clusters, the concentration dependence of χ(3) cannot be
accounted for by the Maxwell Garnett theory. To go beyond the MG theory, we
have derived the spectral densities of different microgeometries with related for-
mulae for calculating the effective dielectric constant and the enhancement factors
for third-order nonlinearities. It is shown that the largest enhancement source is
the anomalous dispersion, realized by the MG and the Sheng theories. Substan-
tially improved agreement between theory and experiment is obtained. Even larger
enhancement is predicted as possible by the theory.

1 Introduction

Scientific interest in the optical properties of metal-doped glasses has a long
history. But study of their nonlinear optical properties only began in the
1980s, when Flytzanis and co-workers [1] measured the third-order nonlinear
susceptibilities, χ(3), of Au-doped glasses as well as Ag colloids dispersed in
water. It was observed that χ(3)s of the composites were enhanced by sev-
eral orders over that of pure glass even when only a very small amount of
gold clusters (volume fractions of gold p ∼ 10−5 − 10−6) was incorporated.
Through a series of extensive studies by the same group [2], the fundamental
processes involved in low gold concentration composites are now fairly well
understood. In the limit of p � 1, so that each gold nanoparticle is entirely
surrounded by glass or other transparent dielectric hosts and the interpar-
ticle spacing is large with respect to the size of the nanoparticles and much
smaller than the wavelength of laser, the Maxwell–Garnett theory (MG) [3]
works quite well. MG gives the following expression for the effective nonlinear
susceptibility of the composites:

χ
(3)
eff = pf21 (ω)|f1(ω)|2 · χ(3)m , (1)

where the local field factor, f1(ω), is given by f1(ω) = 3εd/[εm(ω)+2εd], where
εm and εd are the dielectric constant of the gold particles and the surrounding
V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 41–62 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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dielectric, respectively, and χ
(3)
m is the third-order nonlinear susceptibility of

the gold nanoparticle itself. χ(3)m can be separated into three contributions:

χ(3)m = χ
(3)
intra + χ

(3)
inter + χ

(3)
he . (2)

The first and second terms result from the familiar intraband and in-
terband transitions that also play important roles in the linear susceptibil-
ity. The third contribution is due to the modification of the populations
of the electrons resulting from the large increase in the electron tempera-
ture caused by resonant absorption of photons but before the heat can be
transferred to the lattice of the surrounding dielectric. This is the so-called
“hot-electron” contribution. After the lattice is heated up, there is an ad-
ditional thermal contribution, χ(3)thermal, which is a much slower process with
a response time of nanoseconds or longer. The thermal contribution could be-
come important when nanosecond laser pulses are used in the measurements.
The susceptibilities due to these three electronic contributions are essen-
tially imaginary quantities. Their values have been estimated theoretically as
Imχ

(3)
intra ∼ −10−10 esu, Imχ

(3)
inter ∼ −2 × 10−8 esu, Imχ

(3)
he ∼ −10−7 esu. The

above theoretical expectations were largely borne out in the experimental
work of Flytzanis and co-workers [2]. A prominent enhancement of χ(3) at
the surface plasmon resonance wavelength, as predicted by the fourth power
of the local field factor in (1), was also observed in their experiments. The
measured value of χ(3)m ∼ 5×10−8 esu is consistent with theoretical estimates.

Despite the large enhancement, the χ(3) of the composite films studied
in those experiments was still in the range of 10−12 − 10−11 esu because of
the low concentration of gold (p ∼ 10−5− 10−6) in those composites. Similar
enhancement of χ(3) has also been observed in Ag cluster colloids [4,5,6].
Since, according to (1), χ(3) is proportional to the concentration of metal
clusters, this suggests the possibility that useful nonlinear optical materials
might be obtainable by increasing the gold concentration. Additionally, it
is scientifically interesting to investigate to what extent (1) continues to be
valid for large p and how the theory should be modified in that limit. In
this contribution, we review recent experimental and theoretical work that
we undertook in this direction.

2 Experimental

Several fabrication methods were used to obtain gold-nanoparticle-containing
glasses. These include melt quenching [7,8], sol-gel [9,10], ion implantation
[11,12], and sputtering [13,14].

2.1 Preparation and Characterization of Samples

Using melt quenching and sol-gel methods, the gold volume fraction that can
be incorporated in the glass is usually rather low (typically p ∼ 10−5−10−6).
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Ion implantation has been used successfully to incorporate a larger frac-
tion [12]. To further increase the metal concentration in the composite film,
sputtering is a more effective approach. Tanahashi et al. [14] used the sputter-
ing technique to deposit alternative layers of Au and SiO2. After thermal an-
nealing, composite films with a gold volume fraction of ∼ 3% were obtained.
In our work [15,16,17,18], we adopted a cosputtering technique to deposit Au
and SiO2 simultaneously to obtain composite films first in which gold atoms
are homogeneously distributed in the glass matrix. The as-deposited films
were then subject to rapid thermal annealing to allow gold atoms to diffuse
and nucleate into nanoparticles at nucleation sites. A multitarget magnetron
sputtering system, shown schematically in Fig. 1, was used for the cosputter-
ing. An Au target (purity 99.99%) and a fused SiO2 target (purity 99.999%)
were used in gun A and gun B, respectively. The two targets are diagonally
opposite each other separated by 6 in. The target surfaces are inclined about
45◦ toward the substrate holder, which is located 5 in. below the targets. Rec-
tangular quartz plates 75 × 10mm were used as a substrate, and the plates
were mounted with the long side running gun A to gun B. Codeposition onto
a substrate at a temperature of 150◦C was carried out in the presence of Ar
gas and a small amount of O2. The deposition rates of Au and SiO2 were cal-
ibrated in separate runs by sputtering Au or SiO2 to obtain pure Au or SiO2
films. The deposition rate of Au as well as that of SiO2, it was found, varies
linearly across the substrate surface, and the highest deposition rate occurs
at the edge of the substrate that is closest to the target. Thus by cosputter-
ing both materials, the Au concentration in the deposited films would vary
gradually from one edge of the rectangular film to the other. The range of

Fig. 1. Schematics of the cosputtering geometry
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Au concentration in a given composite film could be adjusted by varying the
sputtering rate of Au relative to that of SiO2. Due to the slow deposition rate
of SiO2, one to two hours were required to grow a film of about 2000 Å thick.
Typically, only two deposition runs were needed to cover Au concentrations
from 4 to 75% (volume fractions) — one film covered 4 to 40% and the other
from 35 to 75%. The composite films prepared this way are ideally suited for
composition-dependent studies because uncertainties in other growth condi-
tions are minimized. The as-deposited films were annealed at 850◦C for one
minute in a rapid annealing furnace (temperature ramped up at a rate up
to 200◦C/ s) in one atmosphere of Ar gas and then cooled down in a flow-
ing Ar atmosphere. We found that rapid thermal annealing was necessary
to keep the sizes of nanoparticles small as a result of the high volume frac-
tion of gold in the films. From TEM micrographs, the average radius of gold
clusters radius was below 10 nm in films whose volume fraction was lower
than 26%. For higher fractions, the size distribution became much broader;
average sizes were several tens of nanometers, complicating comparison of ex-
perimental results in this range with the theories. After annealing, the color
of low Au concentration films changes from light brown to ruby-like. The
optical absorption spectra of several annealed samples containing different
gold concentrations are shown in Fig. 2. With increasing Au concentration,
the resonant peak sharpens and shifts to longer wavelength from 520 nm at
5% Au to 540 nm at 45%. For still higher concentration, the resonant absorp-
tion peak decreases, and the off-resonant absorption increases. At 63%, the
absorption spectrum becomes completely different. Instead of the appearance
of an absorption peak, the absorption spectrum exhibits a transmission min-

Fig. 2. Absorption spectra of SiO2 composite films after thermal annealing
(a) 5% Au; (b) 21% Au; (c) 45% Au; (d) 59% Au; (e) 63% Au
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imum near the absorption peak seen at lower concentrations. Conductivity
measurements show a clear percolation threshold at 60; the change in the
transmission spectrum is associated with the onset of percolation, which is
consistent with the theoretical prediction of Sheng [19] (Fig. 3).

Fig. 3. Au composition dependence of electrical conductivity in the Au:SiO2 com-
posite films on a fused substrate. (a) Before annealing; (b) after annealing at 850◦ C
for 1min

2.2 Nonlinear Optical Measurements

The third-order nonlinear susceptibility χ(3) of gold-nanoparticle-composite
films was studied using degenerated four-wave mixing (DFWM) schemes
[15,16,17] using femtosecond as well as picosecond pulse durations. Fem-
tosecond pulses were provided by a UV-pumped β-barium borate optical
parametric amplifier system having a tunable wavelength range from 470 to
780 nm, pulse widths of 200 fs, and a repetition rate of 1 kHz. Two different
picosecond lasers were used — a Q-switched CW mode-locked Nd:Yag laser
emitting 70 ps pulses at a repetition rate of 500Hz and a Q-switched active-
passive mode-locked laser emitting 35ps pulses at a repetition rate of 10Hz.
The frequency-doubled outputs (532 nm) of picosecond lasers were used for
the third-order nonlinear susceptibility measurements.

A forward DFWM geometry was used for the femtosecond measurements
[16], and a backward one for the picosecond cases [15]. The pump and probe
beams were polarized in the same direction and perpendicular to the plane
containing the pump and probe beams (copolarized beam configuration), so
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that only the χ(3)xxxx component was measured. The intensity of the conjugate
beam was detected by using a Si photodiode, and the signal was averaged by
using a lock-in detection system or a boxcar integrator. The absolute value
of χ(3) was obtained using CS2 as a standard reference. χ(3) of the films was
calculated from that of CS2 by using the equation

χ(3) = χ
(3)
CS2

√
Is

ICS2

n2s
n2CS2

LCS2
Ls

ln(1/T )
(1− T )

√
T
, (3)

where Is and ICS2 are the intensities of the conjugate signals, ns and nCS2 are
the refractive indices, Ls and LCS2 are the thicknesses of the Au:SiO2 films
and the CS2, respectively, and T is the transmissivity of the film. The value
of χ(3)xxxx for CS2 is taken as 5× 10−13 esu in the femtosecond regime [20] and
2× 10−12 esu in the picosecond regime [1].

The third-order susceptibility of the annealed films is plotted in Fig. 4 as
a function of Au volume fraction. The triangles, squares, and dots represent
the results obtained using 200 fs, 35 ps, and 70 ps lasers, respectively, at the

Fig. 4. Concentration dependence of χ(3) in Au:SiO2 composite films measured
with three probe lasers (all at 532 nm) with pulse duration of (a) 200 fs; (b) 36 ps;
(c) 70 ps
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same wavelength of 532 nm. One sees that χ(3) increases rapidly with increas-
ing Au volume fraction, but the value of χ(3) depends strongly on the pulse
width of the laser used. For the 8% film, the maximum value of χ(3) obtained
using the 70 ps laser is ∼ 4 × 10−6 esu, 40% larger than that measured by
using the 35-ps laser and 10 times that measured by using the 200-fs laser.
This indicates that the measured χ(3) involves one or more mechanisms that
have a response time much longer than 200 fs. To obtain more information
about these processes, we used a three-beam forward DFWM scheme, shown
in the inset in Fig. 5, to time-resolve the conjugate signal. The measurement
was carried out using the 200-fs, 532-nm output of the parametric amplifier
system. In this scheme, b1 and b2 are the pump beams that are arranged to
arrive at the sample at exactly the same time and form a transient diffraction
grating. When the probe beam, b3, enters the sample, a signal beam, bs, is
generated as b3 is diffracted off the transient grating. In Fig. 5, the intensity
of the signal beam is shown as a function of the arrival time of the probe beam
for three samples having different gold volume fractions. For the 12% sample,
the nonlinear response has an ultrafast component with a time constant of
a few hundred femtoseconds as well as a much slower and smaller component
that has a time constant of a few picoseconds. For samples with higher Au

Fig. 5. Time-resolved signals (linearly scaled) of Au:SiO2 composite films measured
with three-beam forward DFWM and a probe laser with a pulse width of 200 fs at
Au concentrations of (a) 12%; (b) 25% Au; (c) 33% Au
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concentration, the slower response becomes relatively more important. We
attribute the picosecond component to the hot-electron contribution (χ(3)he ),
which Flytzanis et al. [2] also concluded is the dominant contribution in their
experiments on low concentration systems using a picosecond laser. The ul-
trafast component observed in our experiments could contain both intraband
and interband contributions (χ(3)intra and χ

(3)
inter) as both are ultrafast processes.

At higher volume (25 and 33%), the data in Fig. 5 suggest that the hot elec-
tron component becomes relatively larger. This could be due to fact that it is
expected to decrease rapidly with increasing nanoparticle size. Indeed, from
our TEM studies, the average size of the nanoparticles is much larger in our
high Au volume fraction films. Beyond 25%, the size of nanoparticles rapidly
increases, and average radii become much larger than 10 nm. Our observation
that the intraband process also plays an important role in small nanoparticle
samples seems to be at variance with the conclusion of Flytzanis et al., who
did not observe obvious size dependence in their measured nonlinear suscep-
tibility. A possible reason is that when picosecond laser pulses are used, the
hot electron contribution would be larger and the size dependence of the non-
linear susceptibility would become less obvious. In addition to the electronic
contributions, a very slow component with nanosecond or longer time con-
stant is also evident, especially when the 33-ns laser is used to measure χ(3)

of gold composite films; as was the case in most of the early experiments, the
contribution of thermal effect has to be considered.

We also carried out similar studies on Au-nanoparticle-embedded TiO2
and Al2O3 films [17,18]. These films were fabricated by using the same sput-
tering system described previously. The experimental results are qualitatively
the same as those obtained on SiO2 films and presented above. Readers are
referred to the original articles for details. Here, we simply want to mention
that the effect of the dielectric host on the nonlinear susceptibility is clearly
borne out by these studies. The large nonlinear optical susceptibility of gold-
nanoparticle-doped glass stems from the enhancement of the local electrical
field near and inside the gold particles at the surface plasmon resonance.
Using (1), one can obtain a rough estimate of the effect of the dielectric.
Under the resonance condition, i.e., when |εm(ω) + 2εd| ∼ 0, the local-field
factor f1(ω) is reduced to 3εd/iε2 , where ε2 is the imaginary part of the
dielectric constant of gold (εm = ε1 + iε2). Hence, the larger the refractive
index (n) of the host (εd = n2 for a nonabsorbing host), the larger the local-
field factor f1(ω). The refractive index of TiO2 is 2.7 compared to 1.5 of
SiO2. Since the enhancement is proportional to the fourth power of f1(ω), an
order of magnitude larger nonlinear susceptibility should be observed in Au-
nanoparticle TiO2 films compared to that of SiO2 films containing a compa-
rable volume fraction of Au. This was indeed borne out in our measurements.
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3 Theoretical

A key finding of our experiments is that the susceptibility increases linearly
with p up to about p = 0.15, beyond which χ(3) increases much faster than
a linear dependence. From p = 0.15 to 0.28, the dependence is described
reasonably well by a power law χ(3) ∼ pt with t approximately equal to 3
(see Fig. 6). Beyond p = 0.28, the susceptibility levels off and eventually
decreases as the percolation threshold is approached. Obviously, the Maxwell
Garnett theory breaks down badly for large p, and a better theory is needed.
The theory of Shalaev and co-workers [21,22,23,24] also predicts a linear
dependence of χ(3) on p.

Fig. 6. Concentration dependence of χ(3) measured by forward DFWM (a) and
backward DFWM (b). Both measurements yield essentially the same result. The
data between p = 0.15 to 0.28 can be fitted reasonably well by a power law χ(3) ∼ p3

3.1 General Theory

The Kerr nonlinear susceptibility of gold-cluster-doped glasses can be en-
hanced at certain frequencies through the Mie resonance of the constituent
materials. The enhancement is expected to depend on the microstructure of
the composite. We analyze this effect in the long wavelength limit through
the powerful tools of spectral representations [25].

Consider a composite with two constituent materials that form a specific
microstructure. The optical properties of the composite are described by the
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local constitutive relation of the system, given by

D = (ε+ χ(3)|E|2)E , (4)

where ε is the (spatial-dependent) dielectric constant and χ(3) is the (spatial-
dependent) third-order Kerr nonlinear susceptibility. In the long wavelength
limit, the composite acts as a effective medium for the electromagnetic waves;
the effective dielectric constant and the effective third-order susceptibility
give the refractive index and the Kerr nonlinear effects. These effective quan-
tities are defined through the spatial average of D:

1
V

∫
dVD =

1
V

∫
dV (εE+ χ(3)|E|2E) ≡ εE0 + χ(3)|E0|2E0 . (5)

Here E0 = ( 1V )
∫
dVE is the applied (averaged) electrical field, taken as real.

The factor e−iωt is dropped from the expression for simplicity. It is more
convenient to calculate the effective quantities through the energy relation
instead of the polarization relation (5). Following the general approach of
Stroud and Hui [26], in the quasi-static limit(long wavelength limit), we can
obtain the following alternative definitions of effective quantities:

1
V

∫
dVD · E = εE02 + χ(3)|E0|2E02 (6)

and
1
V

∫
dVD · E∗ =

1
V

∫
dVD ·E (7)

E∗ is the complex conjugate of E. Equation (6) is equivalent to (5) in the
quasi-static limit, as can be proved through using ∇ ·D = 0 and ∇×E = 0.
It is usually difficult to have an accurate evaluation of an effective nonlinear
optical coefficient due to the lack of an analytic solution to the nonlinear
differential equation that results from the nonlinear dielectric constant(s)
of the components. However, the magnitude of the nonlinear coefficient is
usually small, which means the problem may be treated in the perturbation
sense, i.e., the electrical field may be evaluated by ignoring the nonlinearity.
To the first order in nonlinearity, therefore,

εE20 =
1
V

∫
dV εE2lin , (8)

χ(3)|E0|2E20 =
1
V

∫
dV χ(3)|Elin|2E2lin

≡ p1χ
(3)
1 〈|Elin|2E2lin〉1 + p2χ

(3)
2 〈|Elin|2E2lin〉2

≡ (β1χ
(3)
1 + β2χ

(3)
2 )|E0|2E20 , (9)

where 〈· · ·〉i means volume averaging inside material i; χ(3)1 , χ
(3)
2 , β1, and β2

are defined as the third-order nonlinear susceptibilities and enhancement fac-
tors of material 1 and material 2, respectively;Elin is the solution of the linear
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electrostatic problem, i.e., the problem for which χ(3) is zero. We see that to
get the enhancement factors of nonlinear susceptibilities, the only knowledge
needed is the spatial distribution of the linear electrical field. A complete
solution of the linear problem is in general also very difficult except for some
very special microstructures. To avoid this difficulty, one usually decouples
the averages in (9) as

〈|Elin|2E2lin〉i � 〈|Elin|2〉i〈E2lin〉i , (10)

which implies that

βi � pi
〈|Elin|2〉i〈E2lin〉i

|E0|2E20
. (11)

This approximation is exact when the field inside material i is a constant
and becomes poor when the variation of the field inside material i is large.
The merit of this decoupling procedure is that the averages 〈|Elin|2|〉i and
〈Elin|2〉i can be obtained from the effective dielectric constant and its spectral
representation. One can easily show that

p1〈E2lin〉1 =
∂ε

∂ε1
E20 ,

p2〈E2lin〉2 =
∂ε

∂ε2
E20 . (12)

Here p1 and p2 are the volume fraction of components 1 and 2, respectively.
Equations (12) are widely used in the literature to calculate the averaged
squared electrical field. To calculate 〈|Elin|2|〉i, we go to the spectral repre-
sentation [25,27], where the electrostatic potential of the linear electrostatic
equation can be written in operator form as

φ = − s

s− Γ
z = −

∑
n

s〈n|z〉
s− sn

φn , (13)

where sn and φn are the nth eigenvalue and eigenfunction of the self-adjoint
operator Γ , defined as

Γ =
∫

dV ′η(r′)∇′G(r − r′) · ∇′ (14)

where G(r− r′) = 1/(4π|r− r′|) denote Green’s function for the Laplacian
operator. Here, s = ε2/(ε2−ε1) is the only material parameter of the problem,
and η(r) is an microstructure indicating function whose value is 1 inside
grains of component 1 and zero otherwise. The last equality of (13) is valid
only when r is inside the grains of component 1. From this solution,

p1〈|Elin|2〉1 = 1
V

∫
1

dV |Elin|2 =
∑

n

|s|2fn

|s− sn|2E
2
0 , (15)

p2〈|Elin|2〉2 = ε

ε2
E0

2 − ε1
ε2
p1〈|Elin|2〉1 =

(
1−

∑
n

(|s|2 − sn)fn

|s− sn|2
)
E20 , (16)
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with fn = |〈n|z|〉|2. To see how this expression differs from 〈E2lin〉, we also
wish to write 〈E2lin〉 in the spectral representation form. Since the effective
dielectric constant can be expressed as

ε = ε2

(
1−

∑
n

fn

s− sn

)
≡ ε2[1 − F (s)] , (17)

it follows that

p1〈E2lin〉1 =
∑

n

s2fn

(s− sn)2
E20 , (18)

p2〈E2lin〉2 =
(
1−

∑
n

(s2 − sn)fn

(s− sn)2

)
E20 . (19)

It is clear that when ε’s are real, (15) and (16) are the same as (18) and (19),
as expected. However, 〈E2lin〉 
= 〈|Elin|2〉 when ε’s are complex. A common
error in the literature is to treat them as the same even when the ε’s are
complex. When the Γ operator has a continuous spectrum, (15) and (16)
may be written as

p1〈|Elin|2〉1 =
∫

dx
|s|2µ(x)
|s− x|2 E

2
0 ,

p2〈|Elin|2〉2 =
(
1−

∫
dx

(|s|2 − x)µ(x)
|s− x|2

)
E20 ,

p1〈E2lin〉1 =
∫

dx
s2µ(x)
(s− x)2

E20 ,

p2〈E2lin〉2 =
(
1−

∫
dx

(s2 − x)µ(x)
(s− x)2

)
E20 . (20)

Here µ(x) is the spectral density of the operator Γ . It is related to F (s) by
the relation

F (s) =
∫

µ(x)
s− x

dx . (21)

By writing s as s + i0+, the right-hand side of the above equation becomes

P
∫ µ(x)
s− x

dx− iπµ(s), and thus µ(x) is given by

µ(x) = − 1
π
Im
[
F (x+ i0+)

]
. (22)

The advantage of using the spectral density to evaluate the dielectric con-
stant and the optical nonlinearities lies in the separation of the geometric
contribution from the material contribution. In effect, once a given type of
microstructure is known and its associated spectral density calculated, all
effective dielectric and optical properties can be simply evaluated from the
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material parameters of the components. Below we give explicit formulae for
the four types of microstructures associated with their respective effective
medium theories. It should be noted that with the known analytic expres-
sion of effective dielectric constant, the spectral density can be obtained from
formula (22), and most effective quantities of the system related to spectral
function can be calculated. In this respect, an analytic expression of the ef-
fective dielectric constant contains much more information than the effective
dielectric constant itself.

3.2 Application of the Theory
to Four Effective Medium Theories

3.2.1 The Dispersion Microstructure (Maxwell Garnett Theory)

The dispersion microstructure pertains to the geometry of colloidal systems,
for example. It has a dispersed component (1) in a matrix component (2).

Since the dispersed component can never form an infinite connected net-
work, this particular microstructure precludes the existence of a percola-
tion threshold, except the trivial one at p = 1. Since the dispersion mi-
crostructure may be regarded as formed by a similar “structural unit” con-
sisting of a sphere of component 1 coated by a layer of matrix material
(component 2) [28] with different sizes to fill the space, optically there can
be a so-called “anomalous dispersion” if component 1 is a metal [29]. The
Maxwell Garnett (MG) effective dielectric constant is the solution of the
equation [3,28]

ε− ε2
ε+ 2ε2

= p
ε1 − ε2
ε1 + 2ε2

. (23)

Here p1 = p, and p2 = 1− p. A representative picture of this microstructure
and its spectral function is shown in Box 1. When the spectral function is
available, χ(3) may be directly evaluated from (11).

F (s) =
p

s� (1� p)=3
:

�(x) = p Æ(x�
1

3
(1� p)):

3.2.2 The Symmetrical Microstructure
(Bruggeman’s Self-Consistent Theory)

The symmetrical microstructure is so labeled because it satisfies the symme-
try of the interchange between p1 and p2, simultaneous with the interchange
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of the material parameters of the two components. At either p −→ 0 or
p −→ 1, the symmetrical microstructure is somewhat similar to the disper-
sion microstructure. But at intermediate compositions, there can be a matrix
inversion and hence a percolation threshold for either component. At p > 1/3,
component 1 forms an infinite connected network. At p < 2/3, component 2
forms an infinite connected network. At 1/3 < p < 2/3, both components
are connected in the symmetrical microstructure. Note that the anomalous
dispersion effect is generally absent in the symmetrical microstructure, in con-
trast to the dispersion microstructure. In Bruggeman’s self-consistent theory
(EMA), the effective dielectric constant is the solution of [28,30]

p
ε1 − ε

ε1 + 2ε
= (1− p)

ε2 − ε

ε2 + 2ε
. (24)

Here, p1 = p, p2 = 1−p . A representative picture of this microstructure and
its spectral function is given in Box 2. χ(3) may be evaluated from (11).

F (s) = 1

4s

�
�1 + 3 p+ 3 s� 3

p
(s� x1)(s� x2)

�

x1 =
1

3

�
1 + p� 2

p
2p(1� p)

�
;

x2 =
1

3

�
1 + p+ 2

p
2p(1� p)

�
:

�(x) =
(3p� 1)

2
�(3p� 1) Æ(x)

+

�
3

4�x

p
(x� x1)(x2 � x) x1 < x < x2

0 otherwise:

3.2.3 The Granular Metal Microstructure (Sheng Theory)

In granular metals, both the anomalous dispersion effect and the percolation
threshold in electrical conductivity were observed. Therefore, the previous
two microstructures are inadequate for their description. The granular mi-
crostructure proposed by Sheng consists of two types of structural units [19]:
a sphere of component 1 coated by a layer of component 2, and its reverse.
This type of microstructure, it has been shown, gives the best description of
the electrical and optical properties of granular metal films [19]. For spheri-
cally shaped structural units, the effective dielectric constant is given by the
solution of the equation

fD1 + (1− f)D2 = 0 , (25)

where

D1 =
(ε− ε2)(ε1 + 2ε2) + (ε2 − ε1)(ε+ 2ε2)p
(2ε+ ε2)(ε1 + 2ε2) + 2(ε− ε2)(ε2 − ε1)p

,
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D2 =
(ε− ε1)(2ε1 + ε2) + (ε1 − ε2)(ε+ 2ε1)(1− p)
(2ε+ ε1)(2ε1 + ε2) + 2(ε− ε1)(ε1 − ε2)(1 − p)

,

f =
(1− p1/3)3(

1− (1 − p)1/3
)3 + (1− p1/3)3

. (26)

p1 = p, and p2 = 1− p. The solution in the s = ε2/(ε2 − ε1) notation can be
written as

ε

ε2
=

−b(s)
2a(s)

±
√
b(s)2 − 4a(s)c(s)

2a(s)
, (27)

where

a(s) = 2s(3s− 3 + p)(3s− 1 + p) ,
b(s) = 2(2− 3f)(1− p)p+ s(−3− 5p+ 2p2 + 12s+ 3ps− 9s2) ,
c(s) = (1− s)(2p+ 4p2 − 3s− 12ps+ 9s2) . (28)

The F (s) and µ(x) are shown in Box 3 together with a representative picture
of this microstructure. The values of x1±, x2±, x3± in the formulas in Box 3
are numerical solutions of the equation b(x)2−4a(x)c(x) = 0, which is a sixth-
order polynomial equation for [25].

�(x) =
(2� 3 f) p

3� p
�(2� 3 f) Æ(x)

+
(3 f � 1) p

2
�(3 f � 1) Æ(x�

1� p

3
)

+
(2� 3 f) (1� p) p

2 (3� p)
�(2� 3 f) Æ(x� (1�

p

3
))

+
27

2ja(x)j�

�
�3

i=1(x� xi�)(xi+ � x)
�1=2

[
3X

i=1

(�(x � xi�)� �(x � xi+)) ]:

The region where the spectral function is nonzero is shown in Fig. 7 as
a p vs. x plot. Note that the percolation threshold for component 1 is given by
the solution to the equation 2−3f = 0, i.e., at pl = 0.455070 · · ·. Similarly, the
solution of 3f−1 = 0, given by pu = 1−pl = 0.544929, denotes the percolation
threshold for component 2 in the Sheng theory. Between the two thresholds,
the microstructure is characterized by biconnectedness for both components.
From the known spectral density µ(x), 〈E2lin〉1, 〈E2lin〉2, 〈|Elin|2〉1, 〈|Elin|2〉2
can be calculated from (20); χ(3) can then be evaluated from (11).

3.2.4 The Hierarchical Microstructure
(The Differential Effective Medium Theory)

The hierarchical microstructure is best described as a dispersion of compo-
nent 1 particles in a matrix which is built up successively through a homog-
enization process whereby smaller particles of component 1 are dispersed in
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Fig. 7. The region where the spectral function is nonzero in Sheng’s theory plotted
as a function of volume fraction p. The shaded areas correspond to continuous
spectra, and the thick lines indicate delta functions

a (previously) homogenized medium. The hierarchical microstructure, it has
been shown, gives a very good description of the electrical and elastic prop-
erties of sedimentary rocks [31]. The effective dielectric constant of DEM is
given by the solution of [30,32]

1− p =
ε− ε1
ε2 − ε1

(ε2
ε

)1/3
, (29)

where p1 = p and p2 = 1− p. The spectral density is

µ(x) =




√
3(1− p)(1− x)1/3

(2x)4/3π

[
(1 +B)1/3 − (1−B)1/3

]
, xl < x < xu

0 , otherwise,
(30)

with

B =

√
1− 4(1− p)3

27(1− x)2x
. (31)

xl and xu are determined by the requirement that B should be real:

xl =
2
3

[
1− cos

(
π − φ

3

)]
,

xu =
2
3

[
1− cos

(
π + φ

3

)]
, (32)

and φ = arccos[2(1 − p)3 − 1], 0 < φ < π. The averaged field intensities and
χ(3) can be obtained from the spectral density as in the other cases.
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3.3 Illustrations and Comparison of Theory with Experiments

To illustrate the nonlinear enhancement effect, we use the derived formulae
for different microgeometries to study the AuSiO2 composite system at the
wavelength of 620 nm, where the dielectric constant of Au is 9.97+0.822i [33]
and the dielectric constant of SiO2 is taken as 2.25. Figure 8 gives plots of
the spectral densities of different microgeometries at the Au volume fraction
of 40%. A vertical line indicates a delta function, with the weight of the delta
function given by its height. We see that both the EMA and the DEM have
similar spectrum densities, but the EMA has an extra delta function with
weight (3p − 1)/2 when the volume fraction is larger than 1/3. Physically,
this reflects the fact that the EMA has a percolation threshold at p = 1/3
whereas the DEM has none. The Maxwell Garnett theory has the simplest
spectrum density, consisting of a delta function at x = p/3 with weight p. The
Sheng theory has a spectrum rich in structures; it contains three branches of
continuous spectra with a delta function in between. There is also a perco-
lating threshold at p = 0.455070 · · ·.

Plots of the effective dielectric constant as a function of Au volume frac-
tion are shown in Fig. 9. The EMA and the DEM are similar. The real
parts, it is noted, vary almost monotonically from p = 0 (SiO2) to p = 1
(Au). The imaginary parts are relatively flat as a function of p. The MG
and the Sheng theories exhibit anomalous dispersions in their effective di-
electric constant, related physically to the Mie resonance of coated spheres
and manifested here as large undulations in the real and imaginary parts of
the effective dielectric constant. This resonance is identified as the cause of
large third-order nonlinear susceptibility enhancement, as seen from Fig. 10,
where the enhancement factor βi is plotted as a function of p. It is seen that

Fig. 8. The spectral densities for the four different microstructures at p = 0.4
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Fig. 9. The composite effective dielectric constants for the four different microstruc-
tures, calculated at λ = 620 nm with material parameters given in the text. Note
the anomalous dispersions exhibited in the MG theory and the Sheng theory

Fig. 10. The third-order nonlinear enhancement factor βi plotted as function of
volume fraction p. Left side: The enhancement factor in material 1. Right side: The
enhancement factor in material 2. The calculation is for λ = 620 nm and material
parameter values given in the text

the enhancements are small for the EMA and the DEM but can be very large
in the MG and the Sheng microgeometries. At volume fractions somewhat
below that of the percolation threshold, the enhancement can be more then
four orders of magnitude!
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Our recent experiment [15] on the optical third-order nonlinearity in gran-
ular AuSiO2 films has shown very large effective |χ(3)| in this system. In
Fig. 11, the calculated |χ(3)| from the Sheng theory is plotted as a function
of Au volume fraction p, together with the measured data. The parameters
used are χ(3)Au = 8× 10−8 esu, obtained by fitting the data point at p = 0.67,
and χ

(3)
SiO2

= 2 × 10−12 esu [32]. This value of χ(3)Au itself should be regarded
as an “effective” value since the local fluctuations in the electrical field, neg-
lected in our present calculations, could cause an enhancement relative to its
true value. It is seen that the agreement between theory and experiment is
reasonably good at λ = 530 nm, aside from the composition dependence. By
using the same parameters, it is predicted that at λ = 620 nm, the effective
|χ(3)| can reach the value of 10−3 esu.

Fig. 11. Comparison of the measured third-order nonlinear susceptibility χ(3) in
AuSiO2 composites with theoretical values calculated from the Sheng theory at λ =
530 nm. The dashed line is calculated from the same parameters at λ = 620 nm. The
composition where the maximum occurs is in disagreement. However, the maximum
theory and experimental values of χ(3) are very close
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Abstract. The optical properties of self-similar optical multilayer structures are
first discussed for low input intensities, thus allowing the neglect of nonlinear ef-
fects. The structures under consideration are obtained by alternating two dielectric
layers of different refractive indexes following a fractal set. The triadic Cantor and
the Fibonacci sets are considered, and some applications of the field localization
properties of these structures are discussed. Nonlinear behavior is also discussed, re-
stricted to third-order nonlinear polarization of the dielectric materials constituting
the structures.

1 Introduction

Quasi-periodic structures with two or more incommensurate periods are inter-
mediate between periodic and random media. The interest in quasi-periodic
layered media originated in studies of analogous systems in solid-state physics.
The problem of the propagation of electrons in one-dimensional quasi-periodic
structures has revealed interesting features, such as the presence of localized,
critical, and extended states [1,2,3,4]. Theoretical studies have received great
impetus from the experimental discovery of a quasi-crystal phase in metallic
alloys [5], which was followed by the realization of quasi-periodic superlattice
structures [6].

An analogous problem in optics was addressed by Kohmoto et al. [7] who
studied a one-dimensional quasi-periodic structure involving a stack of di-
electric layers arranged in a Fibonacci sequence. The optical system exhib-
ited several advantages over its solid-state counterpart. In solid-state physics,
electron–electron and electron–phonon interactions are inevitable. On the
other hand, optical experiments are more “pure,” since photons do not inter-
act. Moreover, the polarization of light adds new features to the localization
problem which is absent in solid-state physics.

It is of interest to investigate the behavior of quasi-periodic structures
mainly because of the peculiar aspects of the localization of light inside fractal
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structures. Recently, many theoretical studies of one-dimensional (1-D) quasi-
periodic structures based on a Fibonacci or a Cantor sequence have been per-
formed [7,8,9,10], and interesting experimental work has been done [8,9]. The
properties of the structures studied [6,7,8,9,10] are linked to the properties of
self-similar spaces also because of the possibility of weak localization of pho-
tons. The treatment is so general that it can be applied to any kind of waves
propagating in a self-similar medium. Photons that localize in fractal struc-
tures have been named “fractons,” and the existence of fracton modes [11]
has been experimentally proven for acoustic waves in one-dimensional Cantor
composites [12]. In optics, scattering and diffraction from fractal objects have
also been recently investigated [13,14,15,16,17,18,19].

Generally speaking, layered, quasi-periodic structures can be classified as
a type of photonic band gap (PBG) structure or crystal. Periodic PBG struc-
tures have been recently intensively studied theoretically as well as experi-
mentally [20,21,22]. An essential property of photonic crystals is the existence
of forbidden frequency bands, from which propagating modes, spontaneous
emission, and zero-point fluctuations are all absent. On the other hand, it
has been observed that the electrical-field intensity strongly increases near
the PBG edges in the frequency domain transmission curves [23]. This is
related to a spatial field distribution localized inside the structure. Many
possible applications have been envisioned, and devices function because of
field localization effects [23]. Field localization in periodic structures has been
described through the concept of density of modes (DOM) [24], a quantity
that can be derived directly from transmission properties. The density of
modes increases sharply if defects are introduced inside the structure or if
the structure is arranged in a quasi-periodic geometry [25]. In what follows,
we will discuss in more detail the linear and nonlinear optical properties of
multilayer structures based on a Fibonacci or a Cantor code [26,27,28].

2 Something about Fractals

The term “fractal” was introduced by Mandelbrot [29] to describe geomet-
ric objects with no integral dimension. The definition given by Mandelbrot
states that a fractal is a self-similar set whose dimension is different from
the topological dimension; a self-similar set is an invariant set with respect
to a scale change. Self-similar fractals are generated mathematically by a re-
cursive operation of generators and initiators [29]. A process is defined on
an object, named initiator. For example in the Koch fractal, the initiator is
a line of unit length. A segment of length 1/3 is erased in the middle of the
initiator, and an equilateral triangle, without basis, is built on the segment.
This operation can be repeated again at the smallest scale: a line of 1/3 is
erased again in the middle of each of the four segments. This fractal has
a scale factor of 3 (Fig. 1).
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Fig. 1. Example of a self-similar fractal: the Koch fractal

The triadic Cantor set has a generation procedure very similar to the Koch
fractal; the difference is that one removes n segments of length ln = (1/3)n

from an unitary line, without adding any more. We start from a straight
line segment of unitary length. Then we “wipe away” the central middle
third and repeat the process on the remaining two segments of length 1/3.
Repeating the middle-third wiping-out process over and over again, does not
leave a single connected segment. In Fig. 2, the first five levels of the Cantor
set generation are shown [10]. The Fibonacci set will be considered later.

The optical structures that we will discuss in the following can be suitably
constructed by using the criteria used to define the set. For example, a 1-D
structure can be realized with a multilayered stack of different materials
assembled following the fractal code.

One of the interesting phenomena appearing in fractal structures of this
type is wave localization, so that the field (acoustic, electromagnetic, or
other) becomes spatially confined in some suitable regions and/or delocal-
ized in some other parts. Many theoretical papers have been written on this

Fig. 2. Example of the generation sequence of a Cantor set
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subject [13,30]. Although the problem originated in solid-state physics in
connection with the theory of electrical conductivity in disordered and quasi-
periodic media, the subsequent realization that almost any wave equation
with a random (or quasi-periodic) potential may possess localized solutions
has made the field quite general. We bring forth the analogy to the electronic
problem, where localized, extended, and critical states can be defined. Let us
recall that by a localized surface wave, or critical states, we mean that the
wave functions ψ(z) for the electron or the electrical field optical waves are
described by an envelope function that varies asymptotically as exp(−ξz) for
exponentially localized states, or as z−ξ for a critical state (z is the prop-
agation coordinate). By drawing the analogy to electronic wave functions,
one might observe that forbidden bands of energy correspond to almost null
transmission in the optics of multilayers; thus, the electrical field distribution
is expected to decay exponentially with increasing distance into the structure,
producing a “surface localized state.” On the contrary, a band of energies cor-
responding to almost complete transmission is considered an allowed region
where “extended states” are likely to be observed. The transition regions
therefore correspond to “critical states.” Depending on the number of layers
and on the spectral width of the associated transmission function, extended
states become “bulk localized states.” These states appear when the struc-
ture has a transmission spectrum that exhibits isolated peaks in the middle
of frequency band gaps, and field localization occurs [31]. All of these prop-
erties make fractal structures very attractive from the optical point of view,
and even more interesting in the framework of their nonlinear response.

One of the most interesting consequences related to the fractal nature of
quasi-periodic structures is self-similarity and scaling behavior. Self-similarity
and scaling behavior of the transmission spectra in one-dimensional Fibonacci
multilayers consisting of quarter-wave plats of SiO2/TiO2 were experimen-
tally investigated in [32].

3 Optical Properties of Filters
Based on a Fractal Code

Let us consider a structure realized by alternating two dielectric layers of
different refractive indexes such that the high-index layers belong to a tri-
adic Cantor set, as described in Figs. 2 and 3. This is obtained by al-
ternating two nondispersive, planar, dielectric layers of refractive indexes
n2 and n1(n2 > n1) whose thicknesses are such that their optical paths are
the same. Let us take the layer of refractive index n2 as the initiator. If L is
the optical thickness of the initiator, the generator is obtained by substituting
the central part of the initiator, whose optical thickness is L/3, with a layer
of refractive index n1 and optical thickness L/3. The layered structure is ob-
tained by iterating the operation up and down and stopping the iteration at
the Nth step (Fig. 3). For the sake of simplicity, the incident light is assumed
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Fig. 3. A layered structure that follows the Cantor set

to be a plane wave propagating in a direction at an angle θ with respect to
the normal at the interface planes.

We use the matrix transfer method (see [10] for applications to the Cantor-
like multilayer) for calculating the transmission characteristics. The expres-
sion of the electrical field transmission (for a linearly polarized wave, parallel
to the interface planes of the resonator) at a wavelength λ is as follows

t(k0, L) =
2

T
(N)
22 (k0, 3NL) − T

(N)
21 (k0,3N L)

ik0
− ik0T

(N)
12 (k0, 3NL) + T

(N)
11 (k0, 3NL)

, (1)

where i is the imaginary unit, k0 is the vacuum wave number, and T
(N)
hk are

the elements of the transfer matrix T (N) of the structure, obtained by the
Nth iteration of the recursive relation, which in Cantor layers is [10]

T (k)(3kϕ) = T (k−1)(3k−1ϕ)T 1(3k−1ϕ)T (k−1)(3k−1ϕ), k = 1, 2, . . . , N (2)

with

T (0)(ϕ) = T 2(ϕ) (3)

T h(ϕ) =
(

cos
(

ϕ
3

)
1

k0nh
sin
(

ϕ
3

)
−k0nh sin

(
ϕ
3

)
cos
(

ϕ
3

) )
, h = 1, 2 , (4)

where ϕ = k0L.
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Fig. 4. Examples of transmission spectra as a function of the phase ϕ for different
levels of the Cantor sequence: (a) N = 1, (b) N = 2, (c) N = 3, (d) N = 4

Examples of transmission spectra for normal incidence are shown in Fig. 4,
where the magnitude of the transmission as a function of ϕ is given for the
first four levels of the Cantor sequence.

Let us consider the spectrum. The electrical field in the layers can either
fill the whole structure or can be localized in a smaller region. This differ-
ent behavior depends on the chosen resonance frequency. If the resonance
frequency corresponds to an isolated peak of transmission, then the field is
stronger in a selected part of the layered structure. If the resonance frequency
corresponds to a broad maximum of the spectrum, then the field exists al-
most everywhere in the layers. This behavior is shown in Fig. 5a and 5c for
ϕ = 0.7π and ϕ = 3π, respectively, which correspond to isolated peaks in the
transmission spectrum. If the resonance frequency corresponds to a broad
maximum of the spectrum, the field exists almost everywhere in the layered
structure, as shown in Fig. 5b, d for ϕ = 0.7π and ϕ = 3π, respectively. Note
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Fig. 5. Electrical field spatial distribution inside the layered Cantor sequences
N = 4, for different values of ϕ. (ϕ0 = kλ): (a) ϕ = 0.4π; (b) ϕ = 0.7π; (c)
ϕ = 1.2π; (d) ϕ = 3π

that the field distribution in Fig. 5d is reminiscent of the structure, as ex-
pected. For a Cantor set, the field distribution at the band edge frequency
depends on the refractive index of the initiator, in other words, the “central”
layer. When the central layer has a low refractive index value, the Cantor
set may be considered a resonator with quasi-periodic mirrors, or multiple
coupled cavities. For this reason, when we shift the frequency from the low
to the high-frequency band edge, the symmetry of the field distribution in
the central layer changes.

Similar results can be obtained by using a Fibonacci sequence. An example
of a Fibonacci sequence is as follows:

”external medium/ BAABAABAABAABAABABAABABAABAABABAABA/ substrate,”
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where each layer has an optical thickness of one-quarter of a wavelength; the
symbol A refers to a layer of refractive index n1, and B refers to a layer of
refractive index n2.

In a Fibonacci multilayer Sj, there are Fj layers given recursively by
Fj+1 = Fj + Fj−1 (j ≥ 1, with F0 = A,F1 = B).

Transmission properties of such quasi-periodic filters have been discussed
in [33] using the method of the “dynamic map”, where the 2× 2 matrix map
can be reduced to a trace map. All of the spectral properties of the layered
structures are contained in the properties of the trace map.

Electrical field localization properties in the spatial domain can be derived
by spectral analysis of the transmission function. This can done by introduc-
ing the concept of the density of modes. The mode density in a finite one-
dimensional N -period layer stack has been studied analytically in [24], where
a correspondence has been found between the group velocity v = dω/dk in
an infinite periodic structure and the density of modes (DOM) ρN = dkN/dω
of an N -period finite 1-D lattice.

The magnitude of the density of modes ρ(ω) is expressed via the real and
imaginary parts of the complex transmission coefficient t ≡ x + iy ≡ √

T eiϕ

as follows [24]:

ρ(ω) ≡ dk
dω

=
1
D

y′x− x′y
x2 + y2

, (5)

where D is the total physical length of the structure; the prime denotes differ-
entiation with respect to ω. The analytical expression for ρ(ω) for a quarter-
wave, N -period stack composed of two layer unit cells, it has been shown,
is many times larger than that for a homogeneous medium. A finite num-
ber of unit cells instead of a periodic, infinite structure allows removing the
DOM singularity at the band edge and calculating the value of the DOM for
practical devices.

The group velocity and DOM are calculated numerically by using (5).
Once the group velocity is known, the group index ng = c/vN is also evalu-
ated. To show the main features of fractal structures, we may discuss the fol-
lowing: (a) an N -period stack, (b) a Cantor-like multilayer and (c) a Fibonacci
multilayer (see Fig. 6). The Cantor-like multilayer is generated by a material
having refractive index n1 = 2.5 (initiator). The central part of the initiator is
then replaced with a layer of refractive index n2 = 1.5, according to the law of
triadic Cantor construction, such that 1/3 of the generator has the same op-
tical path Lopt = λ0/4 [25]. Thus, the generator thicknesses are a = λ0/(4n1)
and b = λ0/(4n2). The total length of the N -stage, Cantor-like multilayer is
D = 2Na+(3N−2N)b, and its optical path is Lopt = 3N(λ0/4). The Fibonacci
multilayer is constructed recursively as the binary, quasi-periodic Fibonacci
sequence Sj+1 = Sj−1Sj} for j ≥ 1; with S0 = {B} and S1 = {A}. It follows
that S2 = {BA}, S3 = {ABA}, S4 = {BAABA}, etc. and in Fig. 6c, the se-
quence S6 = {BAABAABABAABA} is shown. The layers B and A have the
refractive indexes n1 = 2.5 and n2 = 1.5 and thicknesses a and b, respectively.
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Fig. 6. Layered structures with approx-
imately the same optical path (a) a pe-
riodic stack, (b) a Cantor sequence, (c)
a Fibonacci sequence, n1 = 1.5, n2 = 2.5.
a = λ0/4n1, b = λ0/4n2

The total thickness of the multilayer is given by D(j+1) = D(j−2) + D(j−1);
the total optical path can be easily calculated if each layer A and B has the
same optical path of one-quarter of a wavelength.

The spectral transmission characteristics TN, the DOM ρN, and the di-
mensionless group velocity vN/c = (cρN)−1 for the above structures are shown
in Figs. 7, 8, 9. Our choice in the numbers of the Cantor prefractal level and
Fibonacci sequence is somehow restricted because the total optical path Lopt

increases as 3N(λ0/4) for the Cantor-like multilayer of level N ; it also rapidly
increases with the number J for the Fibonacci sequence. One should have
a sufficiently deep band gap (obtained by using a large number of layers). On
the other hand, the total number of layers should not be too large, especially
if the structures are to be used for ultrashort pulses propagation, where suit-
able widths of resonances are required. These considerations should be taken
into account considering that, as we will see below, a three-stage Cantor-like
multilayer appears to be the most appropriate structure for the materials that
we have chosen. Therefore, we consider the three-stage Cantor-like multilayer
stack (3CS), having Lopt = 6.75λ0 and total length D = 3.79λ0, as the one for
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Fig. 7. The spectral transmission char-
acteristics TN = |t|2 and the dimension-
less DOM ρ̃N for normal incidence for the
structure shown in Fig. 6 (a) for the 14-
period stack (14PS), (b) for the 3CS, and
(c) for the FMS8

our discussion. We compare it with a 14-periodic stack, having Lopt = 7λ0,
D = 3.73λ0 and with a Fibonacci multilayer S8 (FMS8) with Lopt = 8.5λ0,
D = 4.8λ0 (the use of S7 with Lopt = 5λ0 does not allow us to achieve
sufficient depth in the band gap).

The spectral transmission characteristics TN = |t|2 and the dimensionless
DOM ρ̃N for normal incidence are presented in Fig. 7 for (a) a 14-period
stack (14PS), which has approximately the same thickness of the Cantor
and Fibonacci layered structures, (b) for the 3CS, and (c) the FMS8. We
have normalized the DOM for each structure considered to the dimensionless
quantity ρ̃N = vbulkρN, as in [24], where vbulk = cD/Lopt represents the
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Fig. 8. The dimensionless group velocity vN/c = (cρN)
−1 for the same structures

as in Fig. 6

Fig. 9. Example of the behavior of the “effective index” (real part) for a Cantor set
layered structure with N = 3, n1 = 1.5, n2 = 2.3, minimum optical path of λ0/4,
initiator n2

distance D over the travel time (neglecting reflections), and c is the speed
of light; this quantity is different for each structure; it is not a constant for
the Cantor sequence but depends on the Cantor set level. However, for the
structures that we consider, the value of vbulk is approximately the same.

As we can see from Fig. 7, the 3CS has the narrowest band gap among
all of the structures being considered, and the largest DOM at the band
edges: it exceeds the DOM’s maxima for both the periodic and Fibonacci S8

multilayers by over 50%.
The FMS8 has the smallest maximum in the DOM; however, the transmis-

sion spectrum also exhibits two sufficiently wide band gaps within the same
spectral range. This property of the Fibonacci multilayer may be compared
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with the λ/4−λ/2 layered structures of [24]; the location of the second-order
gap is separated from the first-order gap by approximately a factor of 2, as
it is for a mixed half-quarter-wave N -period stack [24]. In contrast, a factor
of 3 separates the first- and the second-order band edges in both an ordinary
quarter-wave N -period stack and the Cantor-like multilayer.

We may also show the behavior of the inverse Cantor-like multilayer,
which means that the initiator is chosen as the material with smaller refrac-
tive index, i.e., n1 = 1.5 and n2 = 2.5. All of the characteristics of the inverse
structure are similar to the previous ones; in this case, only a modest decrease
of DOM is observed, as it is in all cases in which a weak contrast of refractive
indexes exists [25].

The DOM maximum at the band edge increases proportionally to N2 for
a periodic structure, for fixed n1 and n2 and for a moderately large value
of N [24]. A more complicated scaling law can be found for the Cantor set
level: the ratio of the DOM maximum over the optical path increases approx-
imately by a factor 2. The maximum DOM at the band edge corresponds to
a “bulk localized state” inside the structure.

The dimensionless group velocity vN/c = (cρN)−1 for the same structures
of Fig. 6 is shown in Fig. 8. The group velocity within the band gap corre-
sponds to “superluminal” tunneling velocities of a wave packet through a 1-D
photonic band-gap structure [24], which was experimentally measured in [34].
In the middle of the band gap for all structures considered, there are peaks
where vN/c > 1. The peak for a Cantor-like structure is the largest.

We find instead a decreased group velocity at the band edge for the Cantor
sequence [25] where v/cmin = 0.045, and the group index ng = 1/0.045,
with a different shape and location compared with the periodic structure
(v/cmin = 0.06); this makes the Cantor set a good candidate for applications
in the pulsed and steady-state regime.

If we increase the level of the multilayer structures, the fourth level of
Cantor has optical path Lopt = 20.25λ0 and D = 12.4λ0. A 41-period stack
has Lopt = 20.5λ0. The peaks of transmittance are very narrow for both
structures, much more so for the Cantor-like sequence. The group velocity
peak inside the band gaps of a Cantor-like multilayer exceeds the group ve-
locity for an N periodic structure by a factor of 2. At the band edge, the
group velocity also decreases sharply (v/cmin = 0.0025) for the Cantor-like
multilayer (for periodic structures, the minimum value of the group velocity
is v/cmin = 0.0093).

4 Dispersive Properties of One-Dimensional Filters

Now we seek an explicit geometric dispersion relation for a multilayer, one-
dimensional fractal filter of finite length; this has been proposed in [35] for
periodical layered structures. The treatment is general, and it can be applied
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to any kind of filter, periodic or not. Here, we report the main features of the
discussion presented in [35].

We begin by writing the complex transmission coefficient for the structure,
obtained via the matrix transfer method:

t = x + iy =
√
T eiφt = eiϕ , (6)

ϕ = φt − i ln
√
T ,

where

ϕt = tg−1(y/x) ±mπ

is the total phase accumulated as light propagates through the medium. The
transmission t = x+iy is obtained via the matrix transfer method. ϕt contains
all information relating to the layered structure, such as refractive indexes,
number of layers, and layer thickness. The integer m is uniquely defined by
assuming that ϕt(ω) is a monotonically increasing function with the condition
that m = 0 as ω → 0. This is important for calculating the effective phase of
the field.

Beginning with the analogy of propagation in a homogeneous medium,
we can express the total phase associated with the transmitted field as

ϕ = k(ω)D =
ω

c
neff(ω)D , (7)

where k(ω) is the effective wave vector; neff is therefore the effective refractive
index that we attribute to the layered structure whose physical length is D.
Both k and neff are complex numbers.

In particular,

n̂eff(ω) = (c/ωD)
[
ϕt − (i/2) ln(x2 + y2)

]
. (8)

Equation (8) suggests that at resonance, where T = x2 + y2 = 1, the
imaginary part of the index is identically zero. Inside the gaps, where the
transmission is small, scattering losses are expected to be high, leading to
evanescent waves (“surface localized states”), and the imaginary part of neff

is large.
We can also define the effective index as the ratio between the speed of

light in vacuum and the effective phase velocity of the wave in the medium:

k̂(ω) =
ω

c
n̂eff(ω) . (9)

Once the effective index has been defined, (9) represents the dispersion
relation of the layered structure without any condition of periodicity. It is in-
teresting to note that from the dispersion equation we can also define a “group
index” in terms of the effective phase index as follows:

ng(ω) =
1
c

dk̂
dω

= neff(ω) + ω
dneff

dω
. (10)
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In (7) we have assumed an incident field of unit amplitude, and scattering
losses are taken into account by introducing an imaginary component of the
effective index of refraction. The effective index defined in (9) thus takes into
account the geometric dispersion introduced by the layered structure, includ-
ing the influence of entry and exit interfaces. An example of the behavior of
the real part of the “effective index” for a Cantor (N = 3) set layered struc-
ture is shown in Fig. 9. The initiator has refractive index n2 = 2.3, n1 = 1.4,
and the layer of minimum optical path is λ0/4.

5 Metal–Dielectric Quasi-Periodic Filters

Recently, 1-D periodical layered structures composed of dielectric/metal lay-
ers have also been proposed (MD-PBG) [36,37,38]. In [36], a metallic mul-
tilayer arrangement in a PBG geometry has been suggested for enhancing
the reflectivity with respect to bulk metal. The theoretical results showed
that the reflectivity of 96% for bulk aluminum could be improved to about
98% for a layered structure. Therefore, it may be possible to arrange metals
in a layered geometry to have better mirrors. It has been shown in [37,38]
that it is also possible to make metals transparent to visible light and opaque
to all other wavelengths of electromagnetic radiation up to UV light, even
if the total metal thickness is several tens of skin-depths, or hundreds of
nanometers.

The phenomenon, discussed at length in [37,38], is due to resonant tun-
neling of electromagnetic waves through a layered structure that may contain
thin metal layers, 30–50 nm or more. By properly spacing the metal layers
approximately λ/2 apart, where λ is the desired tunneling wavelength, the
structure displays the following unique features: the formation of transmit-
tance passbands, which allow visible light to propagate almost unattenuated;
and the presence of a huge stop band that extends on one side to cover the
entire electromagnetic spectrum down to static fields, and UV radiation on
the other. For this reason, these structures have been referred to as trans-
parent metals. The high reflectivity of the stack at low frequencies is due to
the dispersive properties of the metal; the index of refraction, and hence the
optical potential, becomes infinitely large, and is accurately described by the
Drude model. At high frequencies, near the visible and UV range, the index of
refraction of most good conductors can be of the order of unity or less. There-
fore, interference may cause the formation of photonic band gap effects, i.e.,
the formation of passbands and frequency gaps and the effective reduction
of absorption losses in the metal. Proposed applications for these structures
include sensors, UV blocking films, transparent electrodes for light-emitting
polymer stacks, and conductive displays, just to name a few.

In [37,38], the discussion and the examples focused on periodic metallo-
dielectric stacks, where individual metal layer thickness varied from 10 to
40 nm. In [39], the discussion was extended to include quasi-periodic struc-
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tures. It is possible to further increase the transmittance for a given amount
of metal by using different geometric arrangements of metallic layers (quasi-
periodic), as, for example, in Cantor or Fibonacci sets. We emphasize that
the kind of interactions we are discussing can occur in an environment once
thought completely inaccessible to light, i.e., through thick metal layers. For
comparison, we discuss below the transmission characteristics and the density
of modes for normal, TE-polarized, incident waves for periodic and quasi-
periodic structures that have approximately the same total metal thickness.

The Cantor-like multilayer is generated by a metallic material having
complex refractive index n̂1 (initiator or generator). The central part of the
initiator is then replaced with a dielectric layer of refractive index n2 =
1.4, according to the law of triadic Cantor construction, such that 1/3 of
the generator has the same optical path Lopt = λ0/x [39], where λ0 is the
wavelength in vacuum and x is a multiple of 4, to reach a suitable dimension
for the metallic layer. Thus, the generator thicknesses are a = λ0/(xn̂1)
and b = λ0/(xn2). A modified Cantor set can also be considered, in which
the geometric thicknesses of the layers (and not the optical path) follow the
Cantor law [39].

The Fibonacci multilayer is constructed recursively as the binary, quasi-
periodic Fibonacci sequence already discussed with {B} (metallic layer) and
S1 = {A} (dielectric layer). The layers B and A have refractive indexes n1

and n2 = 1.4 and thicknesses a and b, respectively.
As for the Cantor set, we can recursively generate the Fibonacci code by

using geometric thicknesses instead of optical path lengths [39].
Our choice in the numbers of Cantor prefractal level and Fibonacci se-

quence is again restricted because the total optical path Lopt rapidly in-
creases as 3N (λ0/x) for the Cantor-like multilayer of level N and also rapidly
increases with the number J of the Fibonacci sequence. For simplicity, we
do not change the thickness of all dielectric layers, although that may be
considered an additional degree of freedom.

Depending on the desired spectral behavior, it is possible to select a suit-
able rule for assembling the structures. For example, large transparent spec-
tral regions can be obtained when we use the optical path to construct
a Cantor or Fibonacci code [39]. An example is given in Fig. 10, for a three-
stage Cantor-like multilayer stack containing eight metallic layers, having
L/3 = λ0/x(λ0 = 1000 nm, x = 64), total length D = 700 nm, where the
spectral transmission characteristics TN = t2 and the dimensionless DOM ρ̃N

for normal incidence are presented. We observe a wide passband in the visible,
and a localized weak transmission peak in the IR region (∼ 1100 nm), where
we also calculate a high density of modes. This behavior has been found for
other values of metal thickness in the Cantor code layered structure: a strong
localized DOM in a region of the spectrum with low transmittivity.

Generally speaking, we remark that if the quasi-periodic sets discussed
above are realized by using optical path criteria, then the band structure
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Fig. 10. The spectral transmission characteristics TN = t2 and the dimensionless
DOM ρ̃N for normal incidence for a three-stage Cantor-set multilayer stack contain-
ing eight metallic layers, having L/3 = λ0/x(λ0 = 1000 nm, x = 64), total length
D = 700 nm

achieves a different degree of complexity with sharp transmission peaks and
a higher density of modes. In all of these filters, a suitable compromise be-
tween high transparency and high density of mode can be found, depending
on the application. In other cases, wide passbands may be enough to satisfy
device performance. So it is possible to get good transparency in the visi-
ble range even by increasing the number of metallic layer, thus making the
devices practical for many applications.

6 Nonlinear Model of the Filter

One of the advantages of field localization in fractal structures is to enhance
the nonlinear optical responce. This property has been discussed in [13,40] for
Fibonacci quasi-periodic filters, assuming third-order nonlinear polarization
in the dielectric layers. Let us discuss here the nonlinear properties of Cantor
filters when a third-order nonlinear interaction is taken into account.
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To describe nonlinear propagation in a multilayer structure in a steady-
state regime, usually a formalism based on the nonlinear transfer matrix
method [41,42,43] is applied, with the omission of spatial third harmonics
generated inside each layer and of nonlinear terms in the boundary condi-
tions. As extensively discussed in [42], the application of the nonlinear trans-
fer formalism gives reliable results even for a high-finesse structure such as
a nonlinear interferential filter, when the central spacer layer thickness ex-
ceeds the wavelength inside the material.

To take the nonlinearity into account, the refractive index of the nonlinear
layers is taken as the form n = nL +n2NLI, where nL is the linear index valid
for low light intensities, n2NL is the nonlinear coefficient of the refractive in-
dex, and I is the light intensity. We adopt the hypothesis that the electrical
field in each layer is the sum of two nearly counterpropagating plane waves.
Inside a single homogeneous material layer, we assume that the field is con-
stant in amplitude but allow its phase to change nonlinearly, provided the
following two conditions are fulfilled: n2NLICAV � nL, and D > λ0nL, where
ICAV is the cavity irradiance level, D is the length of the filter, λ0 is the
incident wavelength in vacuum (in a stratified structure, the first condition
has to be verified for each layer inside the structure). In what follows, we
assume isotropic layers, in which the chromatic dispersion of the refractive
index is taken into account.

We use the formalism described in [41,43]: the so called “transmission
line theory,” and we specialize it to our case of a Cantor multilayer struc-
ture that can be considered a cascade of nonlinear transmission lines. The
field propagating inside the multilayer structure can be modeled by using
two functions V (z) and I(z), proportional to the transverse components of
the electrical and magnetic fields, respectively, and satisfying the following
coupled differential equations:{

dV
dz = −ZI ,

dI
dz = −YNLV ,

(11)

with YNL = Y +Y (3)|V |2, where Z and YNL play the role of a linear impedance
and nonlinear admittance, respectively, and Y (3) is a third-order nonlinear
coefficient; Y is the unperturbed (linear) admittance per unit length. Note
that V (z) and I(z) are reminiscent of “voltage” and “current” in a trans-
mission line, respectively. For this reason in the following, we will refer to
these quantities in that way. However, it should be understood that there are
no ties to the electrical problem, and any such reference should be taken as
merely suggestive. Similar arguments are valid for the parameters Z and YNL

as well. It is well known that the solutions of (11) in the linear case (Y (3) = 0)
are given by

V (z) = a(z) + b(z) ,

I(z) =
1
η

[a(z) − b(z)] , (12)
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where the transmission line parameters k (propagation constant) and η (char-
acteristic impedance) are given by the following:

k2 = −ZY ,

η =
−Z

ik
.

Using a perturbative approach, in the nonlinear case (Y (3) 
= 0) also, the
solutions of (11) can be written as in (12), but now the forward and backward
waves (a and b, respectively) are given by

a(z) = â(z)eiRe (k)z

b(z) = b̂(z)e−iRe (k)z (13)

where â(z) and b̂(z) are not constant, but depend on the z coordinate. After
substituting (12) in (11), summing and subtracting the first and the second
Eq. (11), and taking into account that

Z

η
= ηY = −ik , (14)

we obtain the following for the forward and backward waves:

da
dz

= ika− Y (3)η

2
|a + b|2(a + b)

db
dz

= −ikb +
Y (3)η

2
|a + b|2(a + b) . (15)

Using (13) in (15), neglecting the spatial third harmonic generated inside
each layer and the nonlinear term in the boundary conditions, we have the
following for the slowly varying (complex) amplitudes:

dâ(z)
dz = −Im(k)â + ik2

(
|â|2 + 2

∣∣∣b̂∣∣∣2) â(z)

db̂(z)
dz = Im(k)b̂− ik2

(
2 |â|2 +

∣∣∣b̂∣∣∣2) b̂(z) ,
(16)

where we have introduced the nonlinear parameter

k2 = k
Y (3)

2Y
. (17)

Note that for nonresonant nonlinearity, Y (3) has a pure imaginary value.
It is well known that if the transmission line is lossless, Z and Y are pure
imaginary parameters; as a consequence [see (13) and (17)] k, k2 are also real
parameters. It is possible to take into account losses by a complex admittance
per unit length Y = G + iW , where G is the conductance per unit length,
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responsible for the traveling wave energy loss in the transmission line. For
small losses (G � W ), it is possible to consider k2 approximately real (17):

k2
∼= 1

2
Im
(
Y (3)

) ∣∣∣∣ZY
∣∣∣∣
1/2

. (18)

Considering that

â = |â| eiϕa ,

b̂ =
∣∣∣b̂∣∣∣ eiϕb , (19)

splitting the two (16) into their real and imaginary parts, we obtain

d |â|
dz

= −Im (k) |â| ,

d
∣∣∣b̂∣∣∣

dz
= Im (k)

∣∣∣b̂∣∣∣ , (20)

for the magnitudes of the amplitudes â and b̂, and

dϕa

dz
= k2

(
|â|2 + 2

∣∣∣b̂∣∣∣2) ,

dϕb

dz
= −k2

(
2 |â|2 +

∣∣∣b̂∣∣∣2) , (21)

for the phases of the amplitudes â and b̂. It is easy to find a general solution
for (20). By subtracting the second part of (21) from the first,

ϕNL = ϕa − ϕb = 3k2

∫ z

0

(
|â(ζ)|2 +

∣∣∣b̂(ζ)∣∣∣2) dζ . (22)

This result can be found in [42] for an electromagnetic plane wave propa-
gating in a third-order nonlinear dielectric medium. From this general formal-
ism, we specialize to the propagation along the z coordinate of a plane wave
with linear polarization in the y direction. It is useful to write the complex
amplitudes by two new unknown functions ã(z) and b̃(z) as follows:

â(z) = ã(z)e−Im (k)zeiϕa ,

b̂(z) = b̃(z)eIm (k)zeiϕb . (23)

The multilayer structure can be seen as a cascade of nonlinear transmis-
sion lines. In the following, we will label with the index h the parameters of
the hth transmission line. Imposing the continuity of V and I (i.e., the conti-
nuity of electrical and magnetic field tangential components) at the interface
between the hth and the (h + 1)-th transmission lines and using (23), it is
possible to describe the hth transmission line by the following relation:(

ãh

b̃h

)
= Sh

(
ãh+1

b̃h+1

)
, (24)
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where the Sh matrix, representing a two-port network, is given by

Sh =
e−iϕbh

th

[
e−i(khδh+ϕNLh) rhe−i(khδh+ϕNLh)

rheikhδh eikhδh

]
(25)

with

th =
2nh

nh + nh+1
,

rh =
nh − nh+1

nh + nh+1
, (26)

and δh is the length of the hth transmission line. We also assume that the
nonlinearity is weak enough to neglect any reflectivity change at each inter-
face. The input-port parameters ãh, b̃h are evaluated to the right of the hth
interface, and the output-port parameters are evaluated to the left of the
(h+1)-th interface. Note that the kind of multilayer structure (i.e., periodic,
Cantor-like, or other) depends only on the sequence of the transmission line
lengths δh. In this sense, the approach is applicable to any kind of layered
structure.

It is easy to calculate the matrix Sh even if it depends on the port pa-
rameters for the presence of ϕNLh

. To do it, note that by solving (20),

|â| = |â (zh)| e−Im (k)(z−zh) ,∣∣∣b̂∣∣∣ =
∣∣∣b̂ (zh)

∣∣∣ eIm (k)(z−zh) (27)

and taking into account the position (23),

|ã (zh)| = |ãh| = |â (zh)| ,∣∣∣b̃h (zh)
∣∣∣ =

∣∣∣b̃h

∣∣∣ = ∣∣∣b̂ (zh)
∣∣∣ . (28)

So, according to (20), (22) becomes

ϕNLh
= 3k2h

[
|ãh|2 1 − e−2Im (kh)δh

2Im (kh)
+
∣∣∣b̃h

∣∣∣2 e2Im (kh)δh − 1
2Im (kh)

]
. (29)

It is necessary to know the magnitude of the input-port parameters to calcu-
late the phase shift (29). From (24) and (25),

|ãh| =
1
|th|

∣∣∣e−ikhδh ãh+1 + rhe−ikhδh b̃h+1

∣∣∣ ,∣∣∣b̃h

∣∣∣ =
1
|th|

∣∣∣rheikhδh ãh+1 + eikhδh b̃h+1

∣∣∣ . (30)

This means that |ãh| and
∣∣∣b̃h

∣∣∣ can be found by using the matrix Sh as if the
nonlinearity did not exist at all (ϕNLh

= 0). Because we consider that the
layered structure is modeled by a cascade of p two-port networks, it is possible
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to calculate the port parameters of the network p, p−1, . . . , 1, once ãp+1 and
b̃p+1 are known. The procedure we use is as follows (the so called ”dummy”
method [42]). We consider a given transmitted field, hence we determine the
incident and reflected amplitudes just inside the output interface, provided
that the linear refractive indexes are used in the calculation. Then from the
nonlinear propagation, we determine the fields across the final layer. We use
these fields to determine the total phase change across the final layer in the
presence of the nonlinearity. Hence, we determine the forward and backward
fields at the penultimate interface. We iterate this procedure until the incident
field is calculated.

When the multilayer structure is made with lossless dielectric layers, so
that the propagation constants of the fields are purely real (Im (k) = 0), n2nl

is the Kerr coefficient

n2nl =
χ(3)

2nh(
n2nl =

1
2
ε0cnhn

nl
2h

)
. (31)

It is useful to normalize the intensities to the value

Ib =
1

|n2nl| . (32)

When losses are taken into account, the following normalization is useful
instead:

Iα
b =

α

k0 |n2nl| . (33)

Because the effective intensity in each layer is defined as

Ieffh
= ε0cnh

[
|ãh|2 1 − e−2Im (kh)δh

2Im (kh)
+
∣∣∣b̃h

∣∣∣2 e2Im (kh)δh − 1
3Im (kh)

]
, (34)

the nonlinear phase shift (29) can be written for the lossless case as

ϕNLh
= 3k0δh

nnl
2h

ε0cnh
Ieffh

, (35)

where Ieffh
is the normalized effective intensity of the hth transmission line.

When losses are taken into account,

ϕNLh
= 3k0

nnl
2h

αhε0cnh
Ieffh

. (36)

Moreover, we set as incident and transmitted input, respectively,

Ii = 1/2ε0cn0 |â0|2 ,

It = 1/2ε0cnp+1 |âp+1|2 . (37)
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When the local intensity is very low, the effect of the nonlinear phase
change on the forward and backward component of the fields is negligible
with respect to the linear phase shift in each layer. To highlight nonlinear
effects on the transmission spectrum, let us consider a Cantor filter N = 3
realized with AlAs/Al0.3 GaAS0.7, (the initiator is the AlAs layer), where the
minimum optical path is λ/4, with λ = 1.06 µm. A negative nonlinear refrac-
tive index has been considered for wavelengths around 1.06 µm of the order
of – 4×10−13 cm2/W, and no dispersion of the nonlinear coefficient has been
taken into account. A nonlinear spectral shift is found for an input intensity
of 1010 W/ cm2 (see Fig. 11). The frequency shift of the nonlinear spectrum is
strongly influenced by the refractive index of the initiator (high or low refrac-
tive index) and by the refractive index contrast among the constituent layers.
The change of the shift, if toward higher or lower frequencies, depends on the
sign of the nonlinear contribution [44]. Examples of nonlinear transmission
for fixed spectral values are given in Fig. 12. An example of output versus
input intensity is shown for the level N = 2 (Fig. 12a), and N = 3 (Fig. 12c).
The corresponding spectral positions are shown in Fig. 12b and Fig. 12d. In
this example, a positive nonlinearity of thermal origin has been considered.
A more detailed discussion is presented in [26,33] where a comparison has
also been made with a traditional layered structure. A reduction of the in-
put threshold intensity for bistability was found. Multistable behavior can
also occur, depending on the various system parameters and materials at our
disposal.

Fig. 11. Cantor filter with N = 3 realized with AlAs/Al0.3 GaAS0.7, (the initiator
is the AlAs layer); the minimum optical path is λ/4, with λ = 1.06�m: continuous
line: linear spectrum; dotted line: nonlinear spectrum at 1010 W/cm2
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Fig. 12. Output (It) vs input (Ii) intensity (arbitrary units) for the level N = 2
(a), and N = 3 (c) of a Cantor structure. The corresponding spectral positions
are shown in (b) and (d). Refractive indexes are n1 = 1.4, n2 = 2.3. Thermal
nonlinearity has been taken into account for the highest refractive index layer,
which induces a nonlinear refractive index change of 5× 10−2 when the bistability
threshold is reached

The same concepts discussed for multilayers structures can be translated
in the form of guided wave geometry, where a quasi-periodic corrugation is
“written” on the top of the guide [43]. All of these properties make nonlinear,
quasi-periodic structures very interesting for nonlinear filtering properties
and applications.

7 Mesoscopic Layered Structures

In a stratified structure, the fields inside the structure must be determined
by solving a set of transfer-matrix equations. Such an approach is necessary
if the layer thicknesses are of the order of the incident wavelength, because
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interference effects then become important. If individual layer thicknesses
are much less than the incident wavelength, the multilayer structure can
be considered a uniform effective medium. It is then possible to introduce
some simplifying considerations into all calculations of the optical properties
of the layers. In fact, in this case the propagation of the light through the
structure can be described in terms of effective linear and nonlinear optical
susceptibilities.

We assume that the thickness of each layer [28] is much larger than an
atomic dimension, but much smaller than the incident wavelength. Results
of the analysis depend critically on the polarization of the incident beam. In
particular, if the electrical field is TE polarized, then it is spatially uniform
within the composite material (because of the boundary condition that states
that the tangential component of the electrical field must be continuous at an
interface); consequently, the optical constants of the composite [28] become
simple averages of those of the constituent materials.

On the other hand, if the incident electrical field is polarized TM, then
the electrical field becomes nonuniformly distributed inside the layers of the
composite, and, taking advantage of boundary conditions at each layer, the
effective linear optical constant is given by [28]

1
n2

eff

=
fa

n2
a

+
fb

n2
b

. (38)

If we have a periodic layered distribution, the volume fraction fa and fb

of each material is given by

fa =
dtot|a
dtot

fb =
dtot|b
dtot

, (39)

where dtot is the total thickness of the structure and dtot|j(j = a, b) is the
total thickness of the structure if the initiator is the material a or b. If a triadic
Cantor structure is considered, then the volume fractions fa and fb of each
material are given by

fa =
dtot|a
dtot

=
2Nda

2Nda + (3N − 2N)db
,

fb =
(3N − 2N )db

(3N − 2N )db + 2Nda
. (40)

where da and db are the thicknesses of the smallest layers of the structure.
We observe that we have an additional parameter, compared with a periodic
structure, that is, the Cantor level N .

The layering produces a large enhancement of the effective refractive in-
dex. An example is given in Fig. 13a, where the ratio neff/na is shown for
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Fig. 13. Enhancement of the effective refractive index in the mesoscopic approxi-
mation: (a) the ratio neff/na is presented for several values of the Cantor level as
a function of na(ω)/nb(ω); (b) third-order nonlinear susceptibility

several values of the Cantor level as a function of na(ω)/nb(ω). In this exam-
ple, the multilayer is realized with two different materials whose optical path
follows the triadic Cantor code. The same can be done with a Fibonacci code,
as discussed in [28], where it is shown that an enhancement of the effective
index is found when a nonlinear material is taken into account in one of the
layers constituting the structure.

The effective index model in the mesoscopic limit, i.e., no interference of
the field inside the structure, can show the same value of the “interferometric”
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effective index, as discussed in Sect. 4, and where it has been evaluated from
the transmission properties of the layered structure. This is possible when
very low refractive index contrast among the layers is considered in the limit
of long wavelengths. An example of the behavior is shown in Fig. 14, where the
difference among the two “effective indexes” is reported for several values of
the refractive index contrast. Therefore the “interferometric” effective index
admits the mesoscopic effective index as a limiting value.

Quasi-periodic layered structures enhance the nonlinear susceptibility of
a periodic structure [28]. Again we will consider the fractal structures realized
by following a triadic Cantor sequence or a Fibonacci sequence, alternating
layers of two different materials (a, b) possessing linear refractive indexes na

and nb and nonlinear susceptibilities (we suppose only third-order nonlinear-
ity) χNL

a and χNL
b , respectively. The two constituent materials are assumed to

be lossless, and the response time of the composite is essentially the same as
that of the nonlinear constituent. We assume that each layer is thicker than
an atomic dimension but much smaller than the incident wavelength. Conse-
quently, the structural properties of each constituent material are essentially
the same as those of a bulk sample, but the propagation of light through the
structure can be described in terms of effective linear and nonlinear optical
susceptibilities. By using the same notation given in (33) and (34), for TM
polarization, the nonlinear effective susceptibility is

χ
(2)
eff (ω = ω + ω − ω) =

faχ(3)
a

|n2
a(ω)|2n4

a(ω)
+ fbχ

(3)
b

|n2
b
(ω)|2n4

b
(ω)[

fa

n2
a(ω) + fb

n2
b
(ω)

]2 [
fa

n2
a(ω) + fb

n2
b
(ω)

]2 . (41)

Fig. 14. The difference between the “interferometric” and “mesoscopic” effective
index reported for several values of the refractive index contrast
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Then, for the quasi-periodic Cantor structure, the nonlinear effective re-
fractive index may be much higher than that of the corresponding periodic
structure (see Fig. 13b), depending on the material selected as the initia-
tor and, for the Cantor code, from the level of the iteration. Among the
quasi-periodic structures studied in [28], a greater enhancement of the Can-
tor sequence with respect to the Fibonacci sequence can be obtained, on the
Cantor level and on the Fibonacci sequence, depending on which material is
used as the initiator of the Cantor sequence.

The Fibonacci structure presents an enhancement of the optical constants
which is independent of the level of the sequence used [28].

8 Conclusions

Fractal layered composites exhibit very interesting and flexible properties. We
have discussed here 1-D layered structures following Cantor and Fibonacci
fractal codes. The Cantor layered structures offer greater flexibility in han-
dling spectral transmission compared to periodic structures, which may turn
out particularly useful for unique filtering properties, mainly when the non-
linear response of the structure is taken into account. The Fibonacci fractal
code also has some advantage, even if somehow less interesting than the Can-
tor code. In the nonlinear case, the enhancement of field localization resulting
from the fractal nature may be very usefully exploited in nonlinear optical
applications.

Mesoscopic treatment of the structures can be performed when their thick-
ness is much smaller than the incident wavelength, giving rise to interesting
enhancements of the linear and nonlinear effective refractive indexes. Finally,
we want to point out that the general methods outlined in this review can
be very easily applied to other fractal codes.
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Abstract. A theory of optical responses in fractal nanostructured composite ma-
terials is outlined. It is shown that the fractal geometry results in localization of
plasmon excitations in the “hot” spots, where the local field can exceed the ap-
plied field by several orders of magnitude. The high local fields of the localized
fractal modes result in dramatic enhancement of optical responses, making surface-
enhanced spectroscopy of single molecules and nanocrystals feasible.

1 Introduction

Electromagnetic phenomena in random metal–insulator composites, such as
rough thin films, cermets, colloidal aggregates and others, have been inten-
sively studied for the last two decades [1,2]. These media typically include
small nanometer-scale particles or roughness features. Nanostructured com-
posites possess fascinating electromagnetic properties, which differ greatly
from those of ordinary bulk material, and they are likely to become ever
more important with the miniaturization of electronic and optoelectronic
components.

Giant enhancement of optical responses in a random medium including
a metal component, such as metal nanocomposites and rough metal thin
films consisting of small nanometer-sized particles or roughness features, is
associated with optical excitation of surface plasmons that are collective elec-
tromagnetic modes and strongly depend on the geometric structure of the
medium. Nanocomposites and rough thin films are often characterized by
fractal geometry, where collective optical excitations, such as surface plas-
mons, tend to be localized in small nanometer-sized areas, namely, hot spots,
because the plane running waves are not eigenfunctions of the operator of
dilation symmetry that characterizes fractals.

Fractals look similar in different scales; in other words, a part of the
object resembles the whole. Regardless of the size, this resemblance persists
forever, if the object is mathematically defined. In nature, however, the scale-
invariance range is restricted, on the one side, by the size of the structural
units (e.g., atoms) and on the other, by the size of the object itself. The emer-
gence of fractal geometry was a significant breakthrough in the description
of irregularity [3]. The realization of the fact that the geometry of fractional
dimensions is often more successful than Euclidean geometry in describing
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natural shapes and phenomena provided it a major impetus to research and
led to better understanding of many processes in physics and other sciences.

Fractal objects do not possess translational invariance and therefore can-
not transmit running waves [4]. Accordingly, dynamic excitations, such as,
for example, vibrational modes (fractons), tend to be localized in fractals [4].
Formally, this is a consequence of the fact that plane running waves are not
eigenfunctions of the operator of dilation symmetry characterizing fractals.
The efficiency of fractal structures in damping running waves is probably the
key to “self-stabilization” of many of the fractals found in nature [3].

The physical and geometric properties of fractal clusters has attracted
growing attention from researchers in the past two decades [3,4]. The rea-
son for this is twofold. First, processes of aggregation of small particles in
many cases lead to the formation of fractal clusters rather than regular struc-
tures [3]. Examples include the aggregation of colloidal particles in solutions,
the formation of fractal soot from little carbon spherules in the process of
incomplete combustion of carbohydrates, the growth of self-affine films, and
the gelation process and formation of porous media [3]. The second reason
is that the properties of fractal clusters are very rich in physics and different
from those of either bulk material or isolated particles (monomers) [2,4].

The most simple and extensively used model for fractal clusters is a col-
lection of identical spherically symmetrical particles (monomers) that form
a self-supporting geometric structure. It is convenient to think of monomers
as identical rigid spheres that form a bond on contact. A cluster is considered
self-supporting if each monomer is attached to the rest of the cluster by one
or more bonds. Fractal clusters are classified as “geometric” (built as a result
of a deterministic iteration process) or “random.” Most clusters in nature are
random.

The fractal (Hausdorff) dimension of a cluster D is determined through
the relation between the number of particles N in a cluster (aggregate) and
the cluster’s radius of gyration Rc:

N = (Rc/R0)D , (1)

where R0 is a constant of the order of the minimum separation distance be-
tween monomers. Note that the fractal dimension is, in general, fractional and
less than the dimension of the embedding space d, i.e., D < d. Such a power-
law dependence of N on Rc implies a spatial scale-invariance (self-similarity)
for the system. For the sake of brevity, we refer to fractal aggregates, or
clusters, as fractals.

Another definition of the fractal dimension uses the pair density–density
correlation function 〈ρ(r)ρ(r + R)〉:
〈ρ(r)ρ(r + R)〉 ∝ RD−d, if R0 � r � Rc . (2)

This correlation makes fractals different from truly random systems, such
as salt scattered on the top of a desk. Note that the correlation becomes
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constant, g(r) = const, when D = d; this corresponds to conventional media,
such as crystals, gases, and liquids. The unusual morphology of fractional
dimensions results in unique physical properties of fractals, including the
localization of dynamic excitations.

Optical excitations in fractal composites are substantially different from
those in other media. For example, there is only one dipolar eigenstate that
can be excited by a homogeneous field in a dielectric sphere (for a spheroid,
there are three resonances with nonzero total dipole moment); the total dipole
moment of all other eigenstates is zero and, therefore, they can be excited only
by an inhomogeneous field. In contrast, fractal aggregates possess a variety
of dipolar eigenmodes, distributed over a wide spectral range, which can be
excited by a homogeneous field.

In continuous media, dipolar eigenstates (polaritons) are running plane
waves that are eigenfuctions of the operator of translational symmetry. This
also holds for most microscopically disordered media that are homogeneous
on average. Dipolar excitations in these cases are typically delocalized over
large areas, and all monomers absorb light energy at approximately the same
rate in regions that significantly exceed the wavelength. In contrast, fractal
composites have optical excitations that are localized in small subwavelength
regions. The local fields in these “hot” spots are large, and the absorption
by the “hot” monomers is much higher than by other monomers in a fractal
composite. This is a consequence of the fact (mentioned above) that fractals
do not possess translational symmetry; instead, they are symmetrical with
respect to the scale transformation.

In metal fractal composites, the dipolar excitations are represented by
plasmon oscillations. Plasmon modes are strongly affected by fractal mor-
phology, leading to the existence of hot spots, which are areas of plasmon
localization in fractals. Local enhancements in hot spots can exceed the av-
erage surface enhancement by many orders of magnitude because the local
peaks of the enhancement are spatially separated by distances much larger
than the peak sizes. The spatial distribution of these high-field regions is very
sensitive to the frequency and polarization of the applied field [5]. The po-
sitions of the hot spots change chaotically but reproducibly with frequency
and/or polarization. This is similar to speckles created by laser light scat-
tered from a rough surface; the important difference is that the scale size for
fractal plasmons in the hot spots is in the nanometer range rather than in
the micrometer range encountered for photons.

The fractal plasmon, as any wave, is scattered from density fluctuations —
in other words, fluctuations of polarization. The strongest scattering occurs
from inhomogeneities of the same scale as the wavelength. In this case, inter-
ference in the process of multiple scattering results in Anderson localization.
Anderson localization corresponds typically to uncorrelated disorder. A frac-
tal structure is in some sense disordered, but it is also correlated for all length
scales, from the size of constituent particles, in the lower limit, to the total
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size of the fractal, in the upper limit. Thus, what is unique for fractals is
that, because of their scale invariance, there is no characteristic size of inho-
mogeneity — inhomogeneities of all sizes are present, from the lower to the
upper limit. Therefore, whatever the plasmon wavelength, there are always
fluctuations in a fractal with similar sizes, so that the plasmon is always
strongly scattered and, consequently, can be localized [2,5].

Note that, as shown in [6], a pattern of localization of optical modes in
fractals is complicated and can be called inhomogeneous. At any given fre-
quency, individual eigenmodes are dramatically different from each other,
and their sizes (their coherent radii) vary in a wide range, from the size of
an individual particle to the size of a whole cluster. (In the vicinity of the
plasmon resonance of individual particles, even chaotic behavior of the eigen-
modes in fractals can be found [6].) However, even delocalized modes typically
consist of two or more very sharp peaks that are topologically disconnected,
i.e., located at relatively large distances from each other. In any case, the
electromagnetic energy is mostly concentrated in these peaks, which can be-
long to different modes or, sometimes, to the same mode. Thus, despite the
complex inhomogeneous pattern of localization in fractals, there are always
very sharp peaks, where the local fields are high. These hot spots eventually
provide significant enhancement for a number of optical processes, especially
the nonlinear ones that are proportional to the local fields to a power greater
than one.

Because of the random character of fractal surfaces, the high local fields
associated with hot spots look like strong spatial fluctuations. Since a nonlin-
ear optical process is proportional to the local fields raised to a power greater
than one, the resulting enhancement associated with the fluctuation area
(i.e., with the hot spot) can be extremely large. In a sense, we can say that
enhancement of optical nonlinearities is especially large in fractals because
of very strong field fluctuations.

Large fluctuations of local electromagnetic fields on the metal surfaces
of inhomogeneous metal media result in a number of enhanced optical ef-
fects. A well known effect is surface-enhanced Raman scattering (SERS) by
molecules adsorbed on a rough metal surface, e.g., in aggregated colloidal
particles [7].

In an intense electromagnetic field, a dipole moment induced in a particle
can be expanded into a power series: d = α(1)E(r)+α(2)[E(r)]2 +α(3)[E(r)]3

+ . . ., where α(1) is the linear polarizability of a particle, α(2) and α(3) are the
nonlinear polarizabilities, and E(r) is the local field at site r. The polarization
of a medium (i.e., dipole moment per unit volume), which is a source of the
electromagnetic field in a medium, can be represented in an analogous form
by the coefficients χ(n) called “susceptibilities.” When the local field exceeds
the applied field, E(0), considerably, huge enhancements of nonlinear optical
responses occur.
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Below we first consider local-field enhancement in nanometer-sized metal
particles and then the unique features of the enhancement that are opened
up in fractal composites of metal nanoparticles.

2 Local-Field Enhancement in Nanospheres
and Nanospheroids

Here we consider the local-field enhancement that can be obtained on the
surfaces of individual metal nanoparticles, which are much smaller than the
wavelength of the incident electromagnetic wave. In such particles, the exci-
tation of free electrons (plasmons) can result in large local fields, much larger
than the applied optical field. Plasmon oscillations (also referred to as surface
plasmons) aare especially strong at the resonant excitation. This plasmon res-
onance is associated with collective electron oscillations (surface plasmons).
The displacement of free electrons from their equilibrium position in a small
particle results in a uncompensated charge on the surface of the particle,
leading to its polarization; this polarization, in turn, results in a restoring
force that causes electron oscillations. These plasmon oscillations can lead to
the large local fields near the surface of the metal particle so that a molecule
adsorbed on the metal surface can produce “surface-enhanced” optical sig-
nals. Possible shifts of molecular energy levels and creation of new resonances
due, for example, to a charge transfer mechanism are not considered in this
section; this enhancement (referred sometimes to as chemical enhancement)
although important, is not universal and can occur only for special molecules.
In contrast, electromagnetic enhancement is universal and takes place regard-
less of the possible “chemical” renormalization of the molecular cross section.

The metal particles we are concerned with are much smaller than the
wavelength and have sizes in the range from 5 to 50 nm. The field enhance-
ment, in this case, can be especially large. In bigger particles, the retardation
effects that spoil the quality factor of the plasmon resonance become impor-
tant; in smaller particles, electron scattering at the metal surface increases
the resonance width and thus decreases the quality factor.

We note that since the plasmon resonance is due to the surface charge
and thus is of a geometric nature, it depends only on the shape of a particle.
For spheres, for example, with radii in the range roughly from 5 to 50 nm,
the resonance frequency and its width almost do not depend on the particle’s
size.

The optical responses of metals can, in many cases, be well approximated
with the Drude model. For a Drude metal, the dielectric constant is given by

ε =
4πiσ
ω

= ε0 +
4πiσ(0)

ω[1− iωτ ]
, (3)

where the dc conductivity σ(0) is related to the plasma frequency ωp and
relaxation time τ by σ(0) = ω2

pτ/(4π) and ε0 is a contribution to ε due to
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interband electron transitions. (Note that for the relaxation rate of collective
plasmon oscillations, 1/τ , the following different notations 1/τ = ωτ = Γ are
interchangeably used in the literature and in this paper.) The Drude model
describes well the optical response of free electrons in metals; through the
term ε0, it also takes into account the contribution to the dielectric constant
due to interband electron transitions. The real and imaginary parts of the
Drude dielectric function can also be represented as

ε′ = ε0 − λ2

λ2
p

1
1 + (λ/λτ )2

, (4)

and

ε′′ =
λ3

λ2
pλτ

1
1 + (λ/λτ )2

, (5)

where λ/λτ ≡ (ωτ)−1 and λ/λp ≡ (ωp/ω). For silver and gold, for example,
λτ ∼ 60µm and 20µm, respectively, and λp ∼ 140 nm.

Below, we consider spheroids, where two out of three semiaxes (a, b, and c)
are equal: b = c. In a sphere, all of the semiaxes are the same, a = b = c.
In prolate and oblate spheroids, a > b = c and a < b = c, respectively.
As is well known, the largest local fields can be obtained at the tip of sharp
structures; therefore, we focus below on cigar-shaped spheroids, where a � b,
and pancake-shaped spheroids, where a � b. We also assume that the field is
polarized along the long axis of a spheroid, so that the largest field enhance-
ment can be obtained. Then the polarizability of a spheroid can be written
as

α =
V

4π
ε− 1

1 + p(ε− 1)
, (6)

where p is a depolarization factor, V is the volume of a nanospheroid, and
the host medium was chosen, for simplicity, to be a vacuum. For a sphere,
p = 1/3 and V = (4π/3)R3, so that

α0 = R3 ε− 1
ε+ 2

, (7)

where R is the radius of the sphere. For prolate, cigar-shaped spheroids,
p ≈ (b/a)2[ln(

√
2a/b) − 1]. For all realistic aspect ratios A = a/b, the depo-

larization factor can be estimated as p ∼ (A)−2. [Really, for A = 3, A = 10,
and A = 100, for example, pA2 ≈ 0.4, 1.6, and 4, respectively. It is also
clear that A cannot be larger than 100 for particles that have a larger axis
on a scale of 10 nm; in fact, since the quality factor decreases when any of
the spheroid’s axes is outside the range of 5–50 nm (see above), the aspect
ratio for spheroids with high-quality resonance is limited roughly to 10.] For
oblate, pancake-shaped spheroids, p ≈ (π/4)A−1, where the aspect ratio for
oblate spheroids is defined as A = b/a. It is important to note that at the
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same aspect ratio A, the depolarization factor in the quasi-one-dimensional
“cigars” (or needles) is much smaller than in quasi-two-dimensional pancakes
(or disks). This fact has important consequences for field enhancement, as
discussed below.

Now we consider the field enhancement that can be obtained in nano-sized
spheres and spheroids. The largest field enhancement can be obtained at the
plasmon resonance when the real part of the denominator in (6) becomes
zero, i.e., at

ε′r ≡ ε′(λr) = 1− 1/p . (8)

According to the Drude model (4), the resonant frequency at λ � λτ is given
by

λr = λp (1/p+ ε0 − 1)1/2
. (9)

For a sphere, ε′r = −2; for spheroids with a large aspect ratio, A � 1, the
depolarization factor is small, p � 1, so that ε′r ≈ −1/p and λr ≈ λp/

√
p.

The local-field enhancement El/E0 at the surface of spheres and at the sharp
edges of spheroids is estimated by the resonance quality factor Qf as

El

E0
∼ Qf ∼ (4π/V )α(λr) , (10)

where α(λr) is the resonant value of the polarizability.
The local-field enhancement for a sphere is given by [see (7) and (10)]

Qf ≡ Q0 =
|ε′r − 1|
ε′′r

=
3

(ε0 + 2)3/2

λτ

λp
∼ λτ

λp
. (11)

For different noble metals, the magnitudes of Qf are on the order of 10 to 100
(for silver, it is the largest, about 50 at the resonant frequency λr ∼ 400 nm).

For a spheroid, according to (6) and (10), the resonant enhancement is
estimated as

Qf ∼ 1
p

|ε′r|
ε′′r

∼ p−2

(p−1 + ε0 − 1)3/2

λτ

λp
∼ λτ√

pλp
, (12)

where for the second estimate, we used (4), (5), and (9), and for the last
estimate, we assumed that 1/p � ε0 − 1. We note that the depolarization
factor p is related to the resonance frequency via (9), so that (12) can also
be written as

Qf ∼
(
1− ε0 + λ2

r/λ
2
p

)2
(λr/λp)3

λτ

λp
∼ λrλτ

λ2
p

, (13)

where for the last estimate, we assumed that (λr/λp)2 � ε0 − 1.
According to (12), the local-field enhancement is estimated as

Qf ∼ A2 |ε′r|
ε′′r

∼ A
λτ

λp
∼ AQ0 , (14)
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for cigar-shaped spheroids, and as

Qf ∼ A
|ε′r|
ε′′r

∼
√
A
λτ

λp
∼

√
AQ0 , (15)

for pancake-shaped spheroids.
One can see that the local-field enhancement in spheroids can significantly

exceed that in spheres, especially, in cigar-shaped nanostructures, where it
exceeds the quality factor in spheres roughly by the aspect ratio A. These
larger values for field-enhancement in spheroids are achieved at the resonant
frequencies, ε′(λr) = 1 − 1/p, which are significantly shifted toward the in-
frared part of the spectrum, where ε′ is negative and large in magnitude
so that the resonance can occur at very small values of the depolarization
factor p.

Thus, to obtain strong field enhancement at a particular wavelength λ,
one can use a nanospheroid with the aspect ratio such that ε′(λ) = −1/p+1 ≈
−1/p, for small p. However, it is not easy, in general, to fabricate a nano-
spheroid with a given aspect ratio. Besides, for spectroscopic purposes, we
need to have enhancement in a broad spectral range, so that a spectroscopic
signal from any optical transition of an arbitrary molecule can be enhanced.

An alternative possibility is to use structures formed by spherical nano-
particles (colloids, for example), which are typically much easier to make. For
example, it is clear that a straight chain of N spheres should have roughly the
same optical resonances as a prolate spheroid with the aspect ratio A = N .
By taking different configurations of colloids, one can obtain resonances (and
thus enhancement) at different optical frequencies that depend on the geom-
etry of the whole structure. This approach, however, has the same drawback:
there are only few frequencies at which the compact structure of nanospheres
resonates because the dipole–dipole interactions between particles arranged
in “conventional” geometry is long-range, so that a compact system of parti-
cles always resonates as a whole at the frequencies depending on the object’s
external surface. Really, if we integrate the dipole near-field, ∝ 1/r3, into
the conventional 3d space, we obtain a logarithmic divergence; this indicates
that the system resonates as a whole. For example, close-packed particles
within a spherical volume have roughly the same optical response as the
sphere within which the particles are packed, so that all of the resonances
are grouped near λr such that ε′(λr) = −2.

Thus, in both spheroids and compact structures of colloidal particles,
large enhancement can be achieved only at few frequencies depending on
the geometry of the structure. For spectroscopic studies, however, it is very
important to have a broadband enhancement. In other words, we would like to
have the local-field enhancement as strong as in spheroids, but within a broad
spectral range, including the visible and infrared parts of the spectrum, so
that an optical signal from any molecular transition could be enhanced and
probed spectroscopically.
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In that sense, fractal nanostructures considered below seem to be the
materials of choice. Because of the scale-invariant geometry of fractals, op-
tical excitations are not spread over the whole structure but rather tend to
be localized in small, nanometer-sized areas, which have very different local
geometries and thus resonate at different frequencies. As a result, fractals pro-
vide enhancement within an unusually large spectral interval, from the near-
UV to the far-infrared. Below, we consider two important classes of fractal
nanostructures, fractal aggregates of colloidal particles and metal–dielectric
films near the percolation threshold.

3 Local-Field Enhanced Optical Responses
in Fractal Aggregates

Random fractal clusters are complex systems built from simple elementary
blocks, e.g., particles, that are called monomers. It is important to empha-
size that the rich and complicated properties of fractal clusters are deter-
mined by their global geometric structure rather than by the structure of
each monomer. In the formulation of a typical problem in the optics of frac-
tal clusters, the properties of monomers and the laws of physics for their
interaction with the incident field and with each other are known, whereas
the properties of a cluster as a whole must be found.

In Fig. 1, you see a picture of a typical fractal aggregate of colloidal sil-
ver particles (obtained via an electron microscope). The fractal dimension of
these aggregates is D ≈ 1.78. Using the well-known model of cluster–cluster
aggregation, colloidal aggregate can be readily simulated numerically [2].
Note that voids are present on all scales, from the minimum (about the size
of a single particle) to the maximum (about the size of the whole cluster);
this is an indication of the statistical self-similarity of a fractal cluster. The
size of an individual particle is ∼ 10 nm, whereas the size of the whole cluster
is ∼ 1µm.

The process of aggregation, resulting in clusters similar to that shown in
Fig. 1, can be described as follows. A large number of initially isolated and
randomly distributed nanoparticles executes random walks in the solution.
Encounters with other nanoparticles result in their sticking together, first to
form small groups, and then, in the course of the random walking, to aggre-
gate into larger formations, and so on. Cluster–cluster aggregates (CCAs),
with the fractal dimension D ≈ 1.78, are thereby eventually formed.

When the constituent particles of a fractal cluster are irradiated by light
of amplitude E(0), oscillating dipole moments di are induced in them which
interact strongly through dipolar forces leading to the formation of collective
optical modes. (Note that throughout the text we interchangeably use the
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Fig. 1. Electron micrograph of a fractal colloid aggregate. Voids corresponding to all
length scales are present; the minimum is the size of a single particle, the maximum
is the size of the entire cluster. This is a graphic illustration of the statistical self-
similarity and hence the fractal nature of the cluster. The radii of the individual
particles is ∼ 10 nm, and the size of the cluster is ∼ 1�m

notations E0 and E(0) for the external field amplitude.) The coupled-dipole
equations (CDE) for the induced dipoles acquire the following form [2]:

di,α = α0


E(0)

α +
∑
j �=i

Wij,αβdj,β


 . (16)

In the quasi-static dipole approximation, for example, the interaction opera-
tor W between the dipoles has the form

Wij,αβ = 〈iα|W |jβ〉 = (3rij,αrij,β − δαβr
2
ij

)
/r5ij , (17)

where ri is the radius vector of the ith monomer and rij = ri−rj . The Greek
indexes denote Cartesian components of vectors and should not be confused
with the polarizability α0 of spherical particles forming the aggregate.

Since Wij,αβ is independent of the frequency ω in the quasi-static approx-
imation, the spectral dependence of solutions to (16) enters only through
α0(ω). For convenience, we introduce the variable

Z(ω) ≡ 1/α0(ω) = −[X(ω) + iδ(ω)] . (18)
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Using (7), we obtain

X ≡ −Re
[
α−1

0

]
= −R−3

[
1 + 3(ε′ − 1)/|ε− 1|2] , (19)

δ ≡ −Im
[
α−1

0

]
= 3R−3ε′′/|ε− 1|2 . (20)

The variableX indicates the proximity of ω to the resonance of an individ-
ual particle, that occurs for a spherical particle at ε′ = −2 (that corresponds
to X ≈ 0), and it plays the role of a frequency parameter; δ characterizes
dielectric losses. The resonance quality factor is proportional to δ−1. At the
resonance of a spherical particle when ε′ = −2, (R3δ)−1 = (3/2)|ε′/ε′′|. How-
ever, for the collective resonances of an ensemble of particles occurring at
|ε′| � 1 (see below), (R3δ)−1 ≈ |ε|2/(3ε′′), which increases with the wave-
length. One can find X(λ) and δ(λ) for any material using theoretical or
experimental data for ε(λ) and formulas (19), (20).

We can write (16) in matrix form. The Cartesian components of three-
dimensional vectors di and Einc are given by 〈iα|d〉 = di,α and 〈iα|Einc〉 =
E

(0)
α . The last equality follows from the assumption that the incident field

is uniform throughout the sample. The matrix elements of the interaction
operator are defined by 〈iα|Ŵ |jβ〉 = Wij,αβ . Then (16) can be written as,
[Z(ω) − Ŵ ]|d〉 = |Einc〉. By diagonalizing the interaction matrix Ŵ with
Ŵ |n〉 = wn|n〉 and expanding the 3N -dimensional dipole vectors in terms of
the eigenvectors, we obtain the amplitudes of linear dipoles induced by the
incident wave and the local fields. The local fields and dipoles are related
as [2] Ei,α = α−1

0 di,α = α−1
0 αi,αβE

(0)
β . The local field El associated with

the ith particle, El = Ei, can be found by solving the CDE as [2]

Ei,α = α−1
0

∑
j,n

〈iα|n〉〈n|jβ〉
Z(ω)− wn

E
(0)
β . (21)

Equation (21) allows one to express the local fields in terms of the eigenfunc-
tions and eigenfrequencies of the interaction operator. The local fields can
then be used to calculate the enhancement of various optical responses. Note
that this approach is not limited to a quasi-static approximation. Similar so-
lution can be obtained when the radiative terms in the interaction operator
are taken into account [2].

When particles touch each other, the dipole approximation is not ade-
quate. The reason for this is that the dipole field (∝ r−3 in the near zone)
generated by one monomer is not homogeneous inside the adjacent particle;
it is much stronger near the point where the monomers touch than in the
center of the neighboring monomer. Effectively, by replacing two touching
spheres with two point dipoles located in their centers, we underestimate the
actual strength of their interaction. To account for this effect, one typically
has to take into account the higher multipolar terms.
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Despite the fact that new efficient methods have recently been devel-
oped for calculations beyond the dipole approximation [8], they are still com-
putationally applicable only for aggregates with relatively small number of
particles or weak interactions between the particles. In aggregates of metal
particles, where resonance plasmon oscillations can be excited and the dielec-
tric constant can be very large, |ε′| ∼ 103 to 104, the interparticle interactions
are very strong so that any direct computational calculations for aggregates
of 104 particles are typically beyond the capability of any computer.

To overcome the inadequacy of the dipole approximation and the over-
whelming computational load of the “coupled multipole” methods, a phe-
nomenological procedure (that can be referred to as the cluster renormal-
ization) approach has been suggested by Markel and Shalaev (see, for ex-
ample, [2]). This method further develops the original idea suggested by
Purcell and Pennypacker for odd-shaped objects and applies it to fractals.
In this approach, a renormalized cluster is introduced in which neighboring
spheres are allowed to intersect geometrically. This allows one effectively to
take into account the stronger interaction between the neighboring particles,
which, as mentioned, is undervalued by the “conventional” dipole approxi-
mation. The radii R of these spheres, as well as the distance a between two
neighboring monomers, are chosen to be different from the real experimental
ones: R �= Rexp, a �= aexp, but it is required that the ratio a/R is equal
to (4π/3)1/3 ≈ 1.612, the same as in the Purcell and Pennypacker model
(for details, see [2]). The second equation for R and a can be obtained from
the optically important condition that the renormalized cluster has the same
fractal dimension, radius of gyration, and total volume as the experimental
cluster. It was shown that for fractals, whereD < 3, all of these conditions are
compatible, in contrast to nonfractal clusters of particles. The above model
of effective intersecting particles allows one to take into account the stronger
depolarization factors for touching particles, remaining within the “renormal-
ized” dipole approximation. The model, it was shown, yields results that are
in very good agreement with experimental spectra of fractal clusters [2].

Figure 2 shows the local field Ei distribution excited by light of wavelength
λ = 1µm at the surface of a simulated silver CCA deposited on a plane
substrate. This distribution was computed by using solution (21) and the
renormalized dipole approximation described above. The largest fields are
extremely localized; the local field intensity in the “hot” spots can exceed
the applied field by up to 105, and the average enhancement is only ∼ 102 to
103.

The resonance local field is estimated by |Er/E
(0)| ∼ 1/δ, as follows

from (21), which is the exact solution (for simplicity, hereafter we set R = 1).
This result can also be obtained from the simple fact that the linear polar-
izability αi = di/E

(0) of the ith monomer in a cluster experiences a shift
of resonance wi because of interactions with other particles (where wi is
a real number, in the quasi-static approximation). Therefore, the polarizabil-
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ity of, say, the ith particle can always be represented as αi = 1/(α−1
0 +wi) =

[(wi−X)−iδ]−1, where the shift wi depends on interactions with all particles.
In the limit of noninteracting particles, wi = 0 and αi = α0 = −(X + iδ)−1.
For resonance particles, wi = X(ωr) ≡ Xr, and αr = i/δ. The local field is
related to the local polarizability as Ei = α−1

0 αiE
(0), so that for X � δ, we

obtain |Er| ∼ (|Xr|/δ)|E(0)| for the resonance field. In the optical spectral
range, |Xr| ∼ 1, and |Er| ∼ δ−1|E(0)|. This estimate agrees qualitatively with
the results shown in Fig. 2.

In the long wavelength part of the spectrum, where |ε′| � 1, we see
that Er/E

(0) ∼ δ−1 ∼ |ε′|2/ε′′. To compare with cigar-shaped spheroids,
where |ε′r| ∼ 1/p ∼ A2, we can write the enhancement in fractals formally
as Er/E

(0) ∼ p−1|ε′r|/ε′′r ∼ A2|ε′r|/ε′′r ∼ A(λτ/λp). Since A ∼ |ε′|1/2 ∼
(λ/λp), the local field enhancement in fractals increases with λ as Er/E

(0) ∼
(λλτ )/λ2

p. Thus, a fractal, with its variety of local configurations of particles
(where optical excitations are localized), can be roughly thought of as a col-
lection of (noninteracting) prolate nanospheroids, with all possible values of
the aspect ratio.

It is worth noting again that if a fractal structure is replaced by some
3d compact structure of spheroids (or any other particles), then, because of
the long-range interactions in nonfractal systems, there would, in general,
be no localization of the optical excitations in such a structure. Instead, in
most normal modes, every particle contributes significantly to the excitation,
so that all the resonances depend on the shape of the whole object and lie
typically within a relatively narrow spectral interval.
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Fig. 2. Calculated field distributions on the surface of a silver fractal aggregate
deposited on the plane
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In fractals, in contrast, the resonance frequency of a localized surface
plasmon mode depends on the local configuration of particles at the mode
location. A random fractal is composed of a large variety of local geometries,
each possessing a different plasmon resonance frequency; as a result, the
range of frequencies spanned by the plasmon modes in a fractal cluster is
unusually broad, covering the whole of the visible and infrared portions of
the spectrum. Additionally, for most metals, the electromagnetic energy and
the enhancement of nonlinear optical effects and Raman scattering increase
toward longer wavelengths [2] because for most metals, the real part of the
dielectric function is negative (that is why metals are such good reflectors)
and its magnitude increases strongly toward longer wavelengths, resulting in
a parallel increase in the quality factor of the plasmon resonances of fractal
clusters composed of metal particles.

Locally intense fields, as shown in Fig. 2, suggest a large number of un-
usual local optical and photochemical effects, among them, single-molecule
spectroscopy. Specifically, because the local enhancement-factor ∝ |E|4 [7] for
surface-enhanced Raman scattering (SERS), it can reach magnitudes of 1012,
making Raman spectroscopy of single molecules possible [9].

4 Enhanced Optical Nonlinearities in Fractals

The local-field enhancement for a nonlinear optical process can, in general,
be written as

Gn ∼ 〈|Ei/E
(0)|k[Em/E(0)]m〉 , (22)

where n = k+m. In particular, k = 4, m = 0 describes the field enhancement
for SERS, and k = 2, m = 2 for nonlinear refraction (the optical Kerr effect).
Signals associated with coherent nonlinear light scattering, such as four-wave
mixing (FWM), are proportional to the average square of the nonlinear po-
larization; hence the FWM enhancement, for example, is [2] GFWM = |G4|2.

For fractals, an estimate forGn (at k �= 0) can be expressed in terms of the
polarizability α0 ≡ −[X(ω) + iδ(ω)]−1 of the individual particles composing
the fractal as [2]

Gn ∼ cn|X |nδ1−nIm [α(X)] , (23)

where cn is a frequency-independent constant. In this formula, (|X |/δ)n gives
the resonant local field (normalized to the applied field) raised to the nth
power, and δIm [α(X)] is the approximate fraction of resonant particles in
the fractal for a given light frequency. The factor Im [α(X)] represents the
average light extinction, which differs significantly for fractals (D < d) and
nonfractals (D = d).

For the average local-field intensity (n = 2), it can be shown that the
exact result is given by
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G = G2 =
(X2 + δ2)

δ
Im [α(X)] , (24)

in agreement with the estimate (23).
It is worth noting here that zero-point field fluctuations, which are re-

sponsible for spontaneous emission, are expected to be enhanced in the same
manner as their “classical” counterparts, so that formula (24) also character-
izes the enhancement of spontaneous emission in fractals.

For nonfractal random systems, the extinction Im [α(X)] typically peaks
near the resonance frequency of the individual particles (where X(ω) ≈ 0),
becoming negligible for |X | � δ, so that Gn, according to (23), is relatively
small [2]. Contrariwise, for fractals, the factor Im [α(X)] remains significant
even in the long wavelength part of the spectrum, where |X(ω)| � δ, leading
to very large values of Gn [2] (Imα(X) has roughly a box-like distribution in
the interval −4π/3 ≤ X ≤ 4π/3, which in terms of λ includes the whole of the
visible and infrared parts of the spectrum [2]). Thus, the large enhancement
in a broad spectral range, as mentioned, is a direct result of the localization
of optical excitations and of the broad variety of resonating local structures.

We also note here that by exciting all (or most of) the fractal modes and
matching their phases, one can produce attosecond light pulses because the
extremely large spectral range of fractal modes (from the near-UV to the
far-IR) in the spectral domain corresponds to attosecond time intervals in
time domains.

For example, for Raman scattering with a small Stokes shift, the enhance-
ment is given by GRS ∼ 〈|E|4〉/|E0|4 [7] so that the above estimate in this
case is as follows:

GRS ∼ CRSX
4δ−3Im [α(X)] , (25)

where CRS is a constant prefactor.
In Fig. 3a, we compare this analytical formula with the results of numeri-

cal solution for the CDEs for fractal aggregates with D = 1.78 (two different
values for parameters δ are used). One can see that the theoretical formula
is in good accord with numerical simulations. As seen in Fig. 3a, the prod-
uct GRSδ

3 does not depend systematically on δ in the important region close
to the maximum, and its value there is of an order of one. Thus, we conclude
that strong enhancement of Raman scattering GRS ∼ δ−3, resulting from
aggregation of particles into fractal clusters, can be obtained.

In Fig. 3b, surface-enhanced RS data obtained for colloidal silver solutions
in experiments [7] is compared with the GRS calculated with the use of (25).
[The values of X and δ at different λ were found using formulas (19), (20)].
Note that only the spectral dependence of GRS is informative in this figure
since only relative values of GRS were measured in [7]. The experimental
data presented in Fig. 3b are normalized by setting GRS = 28 250 at 570 nm,
which is a reasonable value. Clearly, the present theory successfully explains
the huge enhancement accompanying aggregation of particles into fractals
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Fig. 3. (a) Enhancement of Raman scattering in cluster–cluster aggregates (CCAs)
(multiplied by δ3) for negative X, corresponding to the visible and infrared parts
of the spectrum. (b) Theoretical and experimental enhancement factors for Raman
scattering in colloidal silver aggregates as functions of wavelength λ

and the observed increase of GRS toward the red part of the spectrum. The
strong enhancement toward the red occurs because the local fields associated
with collective dipolar modes in CCAs become significantly larger in this part
of the spectrum.

We note that the same enhancement characterizes Kerr optical nonlin-
earity, which is responsible for nonlinear refraction and absorption, GK ∼
〈|E|2E2〉/|E0|2E2

0 ∼ GRS [2].
For coherent processes, the resultant enhancement ∼ |〈|Ei/E

(0)|n〉|2. For
quasi-degenerate four wave-mixing (FWM), additional enhancement of the
generated nonlinear amplitudes oscillating at almost the same frequency
as the applied field should also be included, so that is given by GFWM ∼
|〈|E|2E2〉|2/|E0|8. We can estimate the FWM enhancement factor, GFWM ∼
|GK |2, as [2]
GFWM ∼ CFWMX

8δ−6 {Im [α(X)]}2
. (26)

All of these estimates agree with the results of analytical and numerical
calculations [2].

Figure 4 shows the results of numerical calculations of the enhancement
factor GFWM in silver CCAs as a function (a) of spectral parameter X and
as a function (b) of wavelength λ. The simulations were performed by solving
the CDEs, and the simulation results were compared with the above analyt-
ical formula. The solid lines in Fig. 4a,b describe the results of calculations
based on formula (26), with CFWM found from the relation GFWMδ

6 = 1; its
maxima occur at X ≈ ±4. The dashed line in Fig. 4a represents a power-
law fit for the range 0.1 ≤ |X | ≤ 3, with δ = 0.05. The computed exponent
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(8.31±1.00) is close to 8 (only the negative values of X are shown; the results
for positive X are qualitatively similar).

We conclude that formula (26) is in good agreement with numerical sim-
ulations in a wide range from the visible to the mid-infrared. Note that for
λ > 10µm, the resonance condition λ � λτ does not hold, and therefore the
theory, strictly speaking, cannot be applied (for silver, ωτ ≡ Γ ≈ 0.021 eV,
i.e., λτ ≈ 56µm).

As seen in Fig. 4a,b, the enhancement strongly increases toward larger
values of |X | (when X < 0) or, in other words, toward longer wavelengths,
where enhancements for the local fields are stronger.

It also follows from Fig. 4a that the product GFWMδ
6 remains, on average,

the same for the two very different values of δ chosen, namely, 0.01 and 0.05.
This indicates that, in accordance with (26), the enhancement is proportional
to the sixth power of the resonance quality factor, i.e.,GFWM ∝ Q6 (Q ∼ δ−1)
and reaches huge values in the long-wavelength part of the spectrum where
X ≈ X0 = −4π/3.

The nonlinear susceptibility χ̄(3) of a composite material, consisting of
fractal aggregates of colloidal particles in some host medium (e.g., water) is
given by χ̄(3) = p · GKχ

(3)
m where GK ∼ G

1/2
FWM is the enhancement of the

Kerr optical nonlinearity, χ(3)
m is the susceptibility of nonaggregated metal

particles, and p is the volume fraction filled by metal.
When the initially separated silver particles aggregate and fractal clusters

are formed, a huge enhancement of the cubic susceptibility can occur. A mil-
lionfold enhancement of degenerate FWM (DFWM) due to the clustering
of initially isolated silver particles in colloidal solution was experimentally
obtained [10]. The observed enhancement factor for fractal silver composites

Fig. 4. Calculated enhancement for degenerate four-wave mixing, GFWM.
(a) GFWMδ6 as a function of X (X < 0) for CCAs; (b) GFWM as a function of
wavelength for silver CCAs
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in these experiments is G ∼ 106 for λ = 532 nm. Note that in Fig. 4b cal-
culations are done with vacuum as a host medium, whereas the experiments
were performed in an agueous colloidal solution. The values of X and δ for
silver particles in water at laser wavelength λ = 532 nm are X ≈ −2.55 and
δ ≈ 0.05, respectively. According to Fig. 4a, GFWM ∼ 106 to 107 for these
values of X and δ, which is in reasonable agreement with the experimental
observations.

The cubic susceptibility obtained experimentally for an aggregated sam-
ple is [10]: |χ̄(3)| = 5.7×10−10 esu with p ≈ 5×10−6. Note that p is a variable
quantity and can be increased. We can assign the value 10−4 esu to the non-
linear susceptibility, χ(3f), of the fractal clusters, i.e., χ̄(3) = p · χ(3f), with
χ(3f) ∼ 10−4 esu. This is a very large value for a third-order nonlinear sus-
ceptibility.

When characterizing potential applications of materials, it is important
to have large χ(3) at a relatively small absorption. As a characteristic of the
materials, the figure of merit F can be used that is defined via the ratio
of the nonlinear susceptibility χ̄(3) of a composite material and its linear
losses that are given by the imaginary part of the effective (linear) dielectric
function, ε̄′′ = 4πIm [χ̄(1)]. Thus, the figure of merit is defined through the
relation |χ̄(3)/ε̄′′| = Fχ

(3)
0 , where χ

(3)
0 is a “seed” optical nonlinearity that

can be due either to particles forming the composite (then, χ(3)
0 = χ

(3)
m ) or

due to some nonlinear adsorbant molecules (we assume that the former is the
case). Results of calculations of F for fractal silver aggregates (CCAs) are
shown in Fig. 5, as a function of wavelength (nm). It can be seen that the
figure of merit in the fractals is very large, ∼ 107, in the near-infrared part
of the spectrum where absorption is relatively small, whereas enhancement
of optical nonlinearities is very significant.

A large variety of optical processes can be enhanced and otherwise modi-
fied by incorporating fractal clusters in the media or by ensuring that aggrega-
tion results in fractals. For example, fractals can be used to improve the per-
formance of random lasers, such as powder lasers, and laser paints [11], where
lasing emissions can take place as a result of coherent multiple light-scattering
in a disordered dielectric (or semiconductor) with appropriate structural el-
ements. The notion of creating a “ring” laser cavity in a random medium
through a sequence of multiple coherent scattering events along a closed path
is itself, a fascinating, and almost counterintuitive prospect. Scattering is nor-
mally considered detrimental to lasing since, in a conventional laser cavity,
it tends to remove photons from the lasing mode. In a properly constructed
random medium, however, strong multiple scattering could return photons
to the amplification region resulting in mode amplification [11]. By doping
the laser powder or paint medium with fractal aggregates or by imparting
a fractal character to the medium as a whole, one could significantly decrease
the pump power needed to effect lasing, in other words, one could decrease
the lasing threshold.
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Fig. 5. The figure of merit F for fractal silver CCAs; F is the ratio of nonlinear
susceptibility |χ̄(3)| and linear losses ε̄′′ (see text). The wavelength λ is given in
nanometers

As discussed in a separate contribution of this book, even more gigan-
tic enhancement can be obtained by combining (multiplicatively) the local-
field enhancement in fractals with the enhancement occurring in microcavi-
ties [2,12]. In these novel composite materials, microcavities doped with frac-
tals, record-high enhancement of optical phenomena can be obtained.
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Abstract. Colloidal silver aggregates of nanoparticles were studied experimentally
using optical spectroscopy, electron microscopy, near-field optics, and nonlinear op-
tics. Changes in absorption spectra, local structure, and near-field optical response
after the irradiation of fractal colloidal aggregates with a laser pulse (selective pho-
tomodification) were studied. The diameters of the selectively photomodified do-
mains decreased as the laser wavelength increased, in accordance with the theory
of the optics of fractal clusters. Giant enhancements of nonlinear optical responses
were found for aggregated nanocomposites compared with nonaggregated. The en-
hancements are due to excitation of the collective plasmon modes in the aggregates.
The plasmon modes are anisotropic and chiral. Nonlinear effects governed by local
and nonlocal responses (degenerate four-wave mixing, nonlinear absorption, refrac-
tion and gyrotropy, inverse Faraday effect, and ellipse self-rotation) were studied.

The optics of aggregated metal–dielectric composites attracted considerable
attention during the last two decades. This attention was due to increasing
interest in the physics of the cooperative interaction of particles in random
structures and the high application potential of metal nanostructures as non-
linear media, as substances, strongly facilitated to microanalysis, and media
for optical data storage. Surface-enhanced Raman scattering [1], enhanced
optical nonlinearities from local [2,3,4] and nonlocal [5] response, and selec-
tive photomodification of colloidal silver aggregates [6,7] have been studied.
The effect of giant fluctuations of local electrical fields in colloidal aggregates,
predicted in [8], were demonstrated in these experiments. Together with this,
the experiments [3,6] facilitated the development of new techniques for inves-
tigating optical processes in aggregated metal nanocomposites.

Traditionally, an essential part of the data regarding the optics of new
materials is gained by studying spectra of linear light absorption and scat-
tering. An analysis of linear absorption spectra of metal nanoparticles and
small aggregates is given in detail in [9]. The optical properties of a sin-
gle metal nanosphere are governed to a large extent by excitation of the
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surface plasmon oscillation of conductive electrons. The width of a surface
plasmon resonance in a single nanoparticle depends on electron interaction
with electrons, phonons, impurities, and with the interface of the particle.
Recent investigations of electron dynamics in metal films and nanoparti-
cles by the pump-probe technique with femtosecond pulses revealed femto-
and picosecond relaxation processes connected with electron–electron and
electron–phonon interactions, whose characteristic times depended on the
electron, Te, and lattice, Ti, temperatures [10,11]. Electron scattering on the
particle interface results in an additional broadening of the surface plasmon
resonance, vF /Rm, where vF is the Fermi velocity and Rm is the particle
radius. The resulting width of the resonance of a colloidal silver nanoparticle
(Rm ≈ 10 nm) is 60–80 nm; this plasmon resonance is near the wavelength
λm = 400 nm. Interband transitions in silver are responsible for ultraviolet
absorption.

New methods should be applied to study the optical properties of aggre-
gated nanocomposites. An absorption spectrum of aggregated metal nano-
composite is wider than the spectrum of a single particle [9]. When the
particles (monomers) form an aggregate (cluster), the distances between the
centers of the nearest monomers can be as small as a diameter of the nanopar-
ticles. This means that particles with high polarizability (such as silver and
gold particles) strongly interact via dipolar forces, or more generally, mul-
tipolar coupling. The interaction changes the linear [8,9] and nonlinear [2]
optical properties of the medium substantially. In the simplest aggregate, a
pair, plasmon oscillations in different particles interact via restoring forces,
and the dipole plasmon resonance splits into two peaks. The long-wavelength
peak corresponds to an electric vector of a light field parallel to the axis
of a pair, and the short-wavelength peak corresponds to the perpendicular
electric vector; hence, the pair is an anisotropic unit. A sample composed
of an ensemble of pairs with the different distances has a wide absorption
spectrum.

Large colloidal aggregates are typically characterized by fractal geome-
try [12]. The number of monomers N in a fractal cluster with radius Rc is
N = (Rc/R0)D, where R0 is a parameter of the characteristic distance be-
tween the nearest monomers and D is the fractal dimension. The value of D
depends on a kind of aggregation process. The process of cluster–cluster ag-
gregation results in D = 1.78 [13]. The scaling relation between N and Rc is
valid for distances larger than a monomer and smaller than a cluster.

Fractal objects are not translationally invariant; therefore vibrational and
optical excitations tend to be localized in fractals [2,3,8,14,15]. The scale in-
variance of a structure of fractal clusters results in the power law of the
angular dependence on the intensity of elastic light scattering [16]. The fre-
quency dependence of inelastic light scattering on localized vibrations obeys
the power law, and the exponent is determined by D and the fracton spectral
dimension [17]. It was shown theoretically that the light-induced coupling of
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metal spherical monomers in a fractal cluster resulted in broadening of the
absorption spectrum [8,15]. The scaling law was predicted for an absorption
spectrum shape of fractal clusters in the model of a diluted fractal [15].

Experimentally, it was found that the absorption spectrum of fractal silver
clusters covered a wide spectral range–from the UV to the infrared [18,19].
An essential role of short-range interactions leads to the dependence of the
absorption spectrum shape on the distance between the nearest monomer
boundaries and to the absence of a scaling law for the absorption spec-
trum [19].

The random structure of a fractal aggregate results in inhomogeneous
broadening of the absorption spectrum. It was found by observation of spec-
tral hole photoburning in colloidal silver aggregates [6]. An electron micro-
scopic study showed that spectral hole photoburning is accompanied by selec-
tive local changes in aggregate structure [19] (selective photomodification).

The advanced theory of the optical properties of fractal clusters (free
from the limitations of the diluted fractal model) takes into account the
light-induced dipole interactions between monomers constituting a fractal
[15,20,21,22,23]. These dipole couplings result in localized plasmon eigen-
modes. Computer simulations [20,21,22,24] show that the areas of large local-
field fluctuations may be localized in small parts of a fractal aggregate. The
positions and sizes of these hot spots change with the wavelength and po-
larization of light. The localization of plasmon excitation is inhomogeneous
in the sense that, at any wavelength, modes of different coherent radii are
possible and the electrical field of the eigenmode is distributed spikewise in
a fractal [22]. The simulations are in qualitative agreement with the experi-
mental results obtained with the help of near-field optics [25]. The areas of
high local field, “hot spots,” were observed in [25]. Locations of these hot
spots were found dependent on light wavelength and polarization. Unfortu-
nately, the spatial resolution of near-field optics techniques was approximately
200 nm, and this was more than a monomer size. Therefore near-field optics
does not permit us to know what the real size of the hot spot is.

The selective photomodification technique provides information regard-
ing localization of plasmon excitations in metal aggregates where the spatial
resolution ≈ 10 nm [7]. With the help of the photomodification effect, one
can study the dependence of excitation localization on light wavelength.

Another important problem concerned a contribution of the electromag-
netic mechanism to surface-enhanced optical responses. Raman scattering
of molecules adsorbed on a metal structure may be enhanced by a charge
transfer process and by a high local field in the hot spots [26]. Studying of
nonlinearities and the photomodification of metal aggregates permits sepa-
rating the contribution of electromagnetic enhancement.

The ratio of the size of a particle (10 nm) to the wavelength (500 nm) in a
colloidal aggregate is much greater than for an ordinary molecular medium.
The size of localization of some plasmon eigenmodes in a fractal aggregate
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may be comparable with the aggregate size [22] and, consequently, with wave-
length. This circumstance is favorable for observing effects caused by spatial
dispersion in linear and nonlinear optical processes in metal nanocompos-
ites. The structure of a random aggregate has typically neither a center nor a
plane of symmetry, and thus this structure may have handedness. A collective
mode localized on such structure exhibits chirality.

It is known [27] that the relation between different components of local
nonlinear susceptibility depends on the mechanism of the nonlinearity. The
ratio of the nonlocal polarizability to the local one produces information
about the ratio between the effective size, which characterizes a gyrotropic
medium, and the wavelength [28]. Therefore, it is interesting to do combined
measurements of all components of cubic susceptibility tensors, local and
nonlocal.

This contribution is concerned with the experimental study of the se-
lective photomodification of colloidal aggregates, spatial dispersion effects,
and nonlinear optical effects in colloidal solutions (degenerate four-wave mix-
ing, nonlinear absorption and refraction, nonlinear gyrotropy, and the inverse
Faraday effect). The results obtained used were to reveal essential features of
optical interactions in aggregated metal nanocomposites and for comparison
with theory.

1 Spectral Dependence of Selective Photomodification
in Colloidal Silver Aggregates

Aqueous and ethanolic colloidal silver solutions were studied. The diameter
of the silver monomer in different colloids changed from 10 to 24 nm. Fig-
ure 1 shows the typical absorption spectra of a silver colloid with different
degrees of aggregation. Increase of the degree of aggregation (increase of a
number of particles included in clusters and growth of the clusters sizes) leads
to broadening of the absorption spectrum. Curve 4 in Fig. 1 corresponds to
the strongly aggregated colloid consisting of fractal clusters. Computer sim-
ulations [15,18,21] show that dipole eigenmodes formed by the interactions
between monomers in random clusters with a fractal structure span a spec-
tral range much broader than the monomer absorption bandwidth of the
surface plasmon resonance. According to the simulations [18], a large ensem-
ble of silver clusters that contains 30 monomers has an absorption spectrum
as wide as the spectrum of clusters of 500 particles [21]. As seen in Fig. 2, the
spectrum of a strongly aggregated colloid (curve 4 in Fig. 1) coincides with
the simulations [18,21]. To get agreement with the experiment, a model of
a fractal cluster with intersecting monomers was introduced [18,21,23]. This
model takes into account an inhomogeneity of the dipole field, produced by
a monomer inside the neighboring monomer. In some sense, this model is
equivalent to a description of multipole interactions in the cluster.
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Fig. 1. The absorption spectra of the Ag-boronhydride colloid. 1, a fresh quasi-
monomeric colloid; 2, 3, and 4 – weakly, medium, and strongly aggregated colloid

Fig. 2. The experimental (1) and calculated (2) absorption spectra of Ag clusters

Irradiation of aggregated metal nanocomposites by a laser pulse with en-
ergy above the threshold leads to “photoburning” of persistent dichroic holes
in the absorption spectrum near the laser wavelength [6]. Photomodification
of the geometric structure and photoburning of spectral holes have been ob-
served in silver and gold colloids, in polymers doped with metal aggregates,
and in films produced by laser evaporation of a silver target [6,29,30]. This
phenomenon results from the localization of optical excitations in fractal
structures which are prevalent in random nanocomposites. The localization
arises because of the scale-invariant distribution of highly polarizable particles
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(monomers) that interact via light-induced dipole (multipole) fields [15]. As a
result, collective plasmon eigenmodes with a very inhomogeneous local-field
distribution are formed. Groups of monomers, on which electrical field peaks
are localized, may be modified when the energy of incident light pulse W
exceeds a certain threshold value Wth. Let a laser wavelength λ be longer
than λm. Photomodification of resonance complexes of monomers that con-
tribute to the absorption at a wavelength λ results in the appearance of a
hole in the absorption spectrum near λ for a probe wave polarized parallel
to the laser field, and an additional hole at wavelengths shorter than λm for
an orthogonally polarized probe wave [6,29,19].

The example of spectral hole photoburning [31] is shown in Fig. 3. The
laser wavelength was 1064 nm. The sample was produced as follows. Silver
colloid was prepared by the Creighton technique [32]. After the colloid had
aggregated, we added 1% (by weight) of gelatin to the solution after which it
was poured onto a glass substrate. Finally, the sample was dried for a week
at room temperature. It formed a gelatin film with thickness l = 1–25 µm
doped with fractal Ag clusters.

Let us discuss briefly the results of the experiments on photomodifica-
tion [6,19,7,33]. (In this review we will pay the main attention to the long-
wavelength hole.) First of all we note that the observed dichroism of the spec-
tral holes gives evidence of the anisotropy of collective plasmon eigenmodes.
Second, the dependence of the hole depth on laser pulse energy revealed a
threshold character. At W/Wth < 3, the hole depth is proportional to the
laser pulse energy, W . Third, the width of the spectral hole is maximum near
λm, it decreases when the laser wavelength is tuned to the UV, and falls con-
siderably when λ is detuned to the infrared range (Fig. 4). This dependence
coincides well with the calculated (in arbitrary units) spectral dependence
of the width of the eigenmode for a fractal silver cluster [23]. The increase

Fig. 3. The spectral holes for picosecond (1) and nanosecond (2) irradiation of
Ag-boronhydride aggregates in gelatin. The vertical line corresponds to the laser
wavelength
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Fig. 4. The width of the hole in the absorption spectrum of colloidal Ag aggregates
in gelatin film versus the wavelength of the laser radiation. W/Wth ≈ 1.3–1.5

in the quality factor of the eigenmodes in the long-wavelength range (and,
hence, the decrease in the hole width) is due to the growth of the absolute
value of the real part of the silver dielectric function [23]. The minimal width
of the spectral hole measured for one of our samples at λ = 1064 nm was
600 cm−1. This value is comparable with the width of a resonance curve for
a hot spot measured by near-field optics. The minimal width of the local re-
sponse at λ ≈ 750 nm was 200 cm−1. Fourth, the spectral dependence of the
energy absorbed per unit volume, Wa, in the layer where photomodification
occurs, shows a decrease of Wa when it is detuned from the surface plasmon
resonance (Fig. 5). This experiment is worth discussing in more detail.

It is supposed that photomodification occurs when the energy applied
to each resonant monomer exceeds a certain value. Therefore, the measured
spectral dependence of Wa(λ) at a given ∆α/α0 (∆α is a change in absorp-
tion coefficient α0 after photoburning of a spectral hole) provides information

Fig. 5. The spectral dependence of the energy absorbed within a unit volume near
the photomodification threshold
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about the number of photomodified resonance monomers per unit volume as
a function of wavelength. In an optically thin sample, Wa ≈ α0Wth. The
measured value of Wth decreases with increasing λ (Wth = 28 mJ/cm2 at
λ = 355 nm, and Wth = 7.1 mJ/ cm2 at λ = 1440 nm). The values Wa in
Fig. 5 were given for a laser pulse duration of 4–7 ns and for a small hole
depth ∆α/α0 = 10−2). Figure 5 shows that Wa, and thus the number of
the resonance monomers, decreases as λ varies from λ ≈ λm ≈ 400 nm to
λ ≈ 2000 nm. The results of numerical calculations [7], shown in Fig. 5, sup-
port this conclusion.

Theory [15,35] predicts that localization of the optical excitations in a
fractal aggregate decreases toward shorter wavelengths, and at a wavelength
corresponding to the resonance of an individual monomer, the collective exci-
tations become delocalized. The calculations for silver clusters [7] show that
for λ near the monomer absorption peak (∼ 400 nm), the absorption is ap-
proximately equally distributed over monomers in a cluster; as λ increases
toward the infrared region, the absorption becomes more localized, and at
λ ≈ 2 µm, only about 5% of monomers contribute to 50% of the total ab-
sorption. This means that there are small highly resonant domains in a fractal
that account for a large fraction of the total absorption. Consequently, the
threshold photomodification energy tends to decrease with λ. This can be
interpreted as effective “focusing” of the incident light in resonance domains
whose size is much smaller than λ.

The theoretical conclusion regarding excitation localization was also con-
firmed by electron microscopic study. It was found that spectral photoburn-
ing of holes correlates with local changes in the structure of irradiated clus-
ters. Figs. 6a, b, and c are electron micrographs of the samples obtained by
the methods of [36,37], and [38], respectively. Figs. 6d, e, and f show the
corresponding aggregates after irradiation by laser pulses at three different
wavelengths, where, in each case, the pulse energy per unit area exceeds the
threshold value, Wth, that results in local photomodification of the aggre-
gates.

Comparison of the electron micrographs of the cluster before and after
irradiation at λ = 1079 nm (Figs. 6a and d, respectively) shows that the
structure of the cluster as a whole remained the same after irradiation, but
monomers within small nanometer-sized domains change their size, shape,
and local arrangement. The minimal number of monomers in the region of
modification is two to three at λ = 1079 nm. Thus, the resonance domain
at λ = 1079 nm may be as small as λ/25. Although there are fluctuations
in both shape and size of the modified domains, Fig. 6d reveals that “hot”
zones associated with resonant excitation are highly localized, in accordance
with theoretical conclusions [15,23]. Moreover, we found from analysis of the
electron micrographs that the total number of monomers in the photomodi-
fied domains at λ = 1079 nm and W/Wth = 1.5 comprises only ≈ 10% of the
total number of monomers in the aggregate.
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Fig. 6. The electron microscopy photographs of colloidal Ag aggregates before
(a), (b), (c), and after (d), (e), (f) irradiation by laser pulses at λ = 1079 nm,
W = 11 mJ/ cm2 (d); λ = 540 nm, W = 22.4 mJ/ cm2 (e); λ = 450 nm,
W = 20 mJ/ cm2 (f)

In a short-wavelength range, localization is weaker: at λ = 532 nm and
W/Wth = 2, a larger fraction of monomers, ≈ 30%, is in the photomodified
domains (Fig. 6e), and at a wavelength close to the monomer absorption
peak, λ = 450 nm, ≈ 70% of the monomers are modified after irradiation
(see Figs. 6c and 6f). The sizes of the photomodified domains at λ = 532 nm
are greater than at λ = 1079 nm. At λ = 532 nm, the domain may include
10 and more monomers (instead of two to three monomers at λ = 1079 nm).
Thus, the electron microscope studies clearly show that, with increasing λ,
the number of monomers effectively interacting with light and the size of the
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resonant domains significantly decrease, i.e., localization of the optical modes
in fractals becomes stronger.

Now we briefly discuss a possible mechanism for the observed photomod-
ification. An estimate of the laser heating of silver nanospheres in gelatin
for an exponential pulse shape was done in [7]. The adiabatic approximation
(i.e., the pulse duration was assumed to be much larger than all characteristic
times of the system) was used. The temperature dependence of all thermo-
dynamic constants was neglected. From the thermal conductivity equation
for an isolated spherical silver nanoparticle in gelatin, with the heat source
homogeneously distributed inside the particle, one can estimate the particle
temperature as

TP − T0 ≈ 3σW
{
4πR3c1�1

[
1 +

√
Γtp

(√
Γtp + a

)]}−1

, (1)

where a =
√

3c2�2/c1�1, Γ = 3κ2/c1�1R
2, c1, c2 and �1, �2 are the specific

heats and mass densities of silver and gelatin, κ2 is the thermal conductivity
of gelatin, R is the radius of the silver particles, σ is the absorption cross-
section per monomer, tp is the pulse duration, and T0 = 300 K is the initial
temperature. With the known values of the thermodynamic constants and the
measured value of the absorption cross-section, the above formula yields TP =
600 K at the threshold energy Wth = 11.6 mJ/ cm2 for λ = 550 nm.

According to [39], sintering of metal nanoparticles starts when the tem-
perature exceeds half the melting point Tm (for Ag, Tm = 1234 K ), and
the characteristic time of this process is 100 ps. Thus, the above tempera-
ture TP is sufficient to start the process of sintering in silver colloids at the
threshold pulse energy Wth. Note that enlargement of Ag nanoparticles by
approximately the factor of 2 was also observed in island Ag films after ther-
mal heating to 570 K [40]. The measured time of the photomodification was
approximately 100–200 ps [6]. One can conclude that our simple model of
photomodification agrees with experimental data.

More detailed treatment of the mechanisms of photomodification should
include an account of the heating of the resonant domains and heat transfer
along the cluster chains, as well as through the host medium, dispersion,
and induced electrostatic forces between monomers. The last problem was
discussed in [41].

To discuss the role of laser heating of silver particles, let us consider spec-
tral holes burned by nanosecond and picosecond pulses. Note that shortening
of the laser pulse from 5 ns to 5 ps results in a decrease of the Wth of less
than one order of magnitude. It means that energy is a better parameter for
describing photomodification than intensity. Figure 3 shows spectral holes
burned by pico- and nanosecond pulses in the same sample. The width of
a hole from a nanosecond pulse is less than at a picosecond pulse. Then,
the hole from a nanosecond laser pulse is shifted to the long-wavelength side
relative to the laser wavelength. The shift grows when a laser wavelength
comes to the monomer surface plasmon resonance, λm ≈ 400 nm. There is
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no shift at λ ≈ 1300 nm, and the shift changes its sign at λ > 1400 nm. One
of the possible reasons for a shift of a hole from a nanosecond pulse is a
change of the silver dielectric function during the laser pulse. Energy transfer
from conductive electrons to the crystal lattice in noble metal nanoparti-
cles occurs for several picoseconds [11]. Therefore absorption of a 5-ps light
pulse takes place at a fixed lattice temperature and at fixed positions of the
monomers in a cluster. In nanosecond irradiation, the crystal lattice has time
to be heated during the laser pulse. The heating results in an increase of
the electron–phonon relaxation rate, and, hence, in a change of the dielectric
function of silver [9]. The change, in turn, results in spatial redistribution of
plasmon mode configurations during a laser pulse and leads to broadening of
the spectral hole.

The experiments [7] revealed that inhomogeneous broadening of absorp-
tion spectrum took place in a wide spectral range – at least up to 2000 nm,
which agrees with theory [23].

A wide inhomogeneous absorption band permits recording several spectral
holes in the same area of a fractal film. Five spectral holes were recorded with
light pulses of the same linear polarization [7]. This experiment demonstrates
possible applications of the photomodification effect to dense optical data
recording.

Selective local photomodification was also detected with the help of near-
field scanning optical microscopy [42,43]. Near-field optical images were taken
before and after irradiation of the same fractal cluster by a nanosecond laser
pulse at λ = 532 nm. A probe beam was generated by CW lasers at 543.5 nm
or at 632.8 nm. Figure 7 shows that some of the hot spots lost their bright-
ness after irradiation by a pulse whose energy exceeded the threshold value,
W/Wth ≈ 1.1. The lower part of Fig. 7 shows the intensity profiles along the
marked lines. The irradiation of the sample with the laser pulse energy below
the threshold, W/Wth = 0.9, does not lead to any changes in the near-field
images.

Two points are noteworthy: (1) Changes in the local responses arising
as a result of photomodification can be two orders of magnitude larger than
changes in macroscopic response, far-field optical absorption. Near the thresh-
old after photomodification, the brightness of the hot spots decreases by two
times, but the decrease in relative absorption is only 0.01. (2) Together with
the decrease in local intensity after photomodification, in Fig. 7 one can see
an increase in the brightness of some hot spots. The latter observation may
be interpreted as a spatial redistribution of collective plasmon modes because
of the photomodification-induced local change of cluster structure.

So, resonant domains can be burnt by a laser pulse. Therefore, one can find
the contribution of the resonant domains (hot spots) to enhanced nonlineari-
ties by measuring the nonlinear responses before and after photomodification.
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Fig. 7. Near-field optical images of a fractal Ag film (a) before and (b) after pho-
tomodification. The pictures were obtained with probe radiation at a wavelength
of 543.5 nm. The signal profiles along the lines indicated on the images are shown
at the bottom

2 Local Optical Nonlinearities in Silver Colloids

Third-order nonlinear polarization can be described by the following relation
in the general case:

P
(3)
i = χ

(3)
ijklEjEkEl + Γ

(3)
ijklmEjEk∇mEl. (2)

Here the local nonlinear response is represented by the tensor χ̂(3), and the
tensor Γ̂ (3) is connected with the nonlocal response that is due to spatial dis-
persion effects. According to the condition of intrinsic permutation symmetry,
the tensor χ̂(3) for isotropic materials can be represented as [27]

χ
(3)
ijkl(ω = ω + ω − ω) = χ1122(ω = ω + ω − ω) (δijδkl + δikδjl)

+χ1221(ω = ω + ω − ω)δilδjk . (3)

As for the tensor Γ̂ (3), if the frequency dispersion of the nonlocal response is
neglected, Γ̂ (3) has one nonzero component g1 in an isotropic medium.

If the optical field is of the form

E(t, r) = A exp[−i(ωt− kr)] + c.c. , (4)

we can obtain the formula for the local part of P (3) as

P
(3)
loc(ω) = χ1A(AA∗) + χ2A

∗(AA) + c.c., (5)

χ1 = 6χ(3)
iijj = 6χ(3)

ijij ; χ2 = 3χ(3)
ijji; i, j = 1, 2; i �= j,

and that for the nonlocal one as1

P
(3)
nonloc(ω,k) = −ig1 {(AA∗)[kA] + A(A∗[kA])} + c.c.. (6)

1 The electrical field in [5] was defined with the exponential factor exp[i(ωt−kr)],

so that the equation for P
(3)
nonloc there had the opposite sign.
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In this section we will discuss nonlinear optical effects due to the macro-
scopic cubic susceptibility of a silver nanocomposite χ

(3)
1111, namely, degenerate

four-wave mixing (DFWM), nonlinear absorption, and refraction.
A large nonlinear optical susceptibility, χ̂(3), was reported in non-aggrega-

ted nanocomposites with gold [44,45,46] and silver [44,47] particles at the
surface plasmon resonance. High values of the susceptibility are caused by
the enhancement of the local fields in metal particles at the surface plasmon
resonance and by the high hyperpolarizabilities of metal particles [44]. The
third-order polarizabilities of small metal particles can reach values as high as
those of resonant atoms and, moreover, metal particles possess a wider spec-
tral resonance than atoms. The mechanisms contributing to the third-order
polarizability of the nanoparticles were considered, including nonequilibrium
electron heating [46], saturation of the interband transition [46], and the
saturation of the absorption of the electron gas confined inside the parti-
cle [45,46,48].

The electrical field of a resonance light wave, acting inside the particles
in the simplest aggregate, a pair, is stronger than the local field for a single
particle. Corresponding enhancement factors Ei/E0 for a local field Ei, in
comparison with an incident field E0, are G = ε2

1/3ε0ε2 for a plasmon reso-
nance in a pair [3] and f1 = 3ε0/iε2 for surface plasmon resonance in a single
sphere [44]. Here ε = ε1 + iε2 and ε0 are the dielectric constants of a metal
particle and a host medium. In metals, |ε1| grows in a long-wavelength range,
and the value of G increases considerably with the wavelength. A value of
G = 18 was estimated for a pair of silver particles at λ = 532 nm, and in
the near infrared it may be as high as 102. For a single silver particle, the
maximum value of f1 is at the surface plasmon resonance, λ = 400 nm, and
can be roughly estimated as |f1| = 2.

When the local field exceeds the applied field, E0, huge enhancements of
nonlinear optical responses occur. The enhancement factor G(n) for a non-
linear optical process of the nth order in an aggregated colloidal solution
is defined as the intensity ratio of the radiation generated by a nonlinear
process on a monomer incorporated into a metal aggregated on an isolated
monomer. The value of G(n) averaged over various fractal cluster realizations
can be estimated in the binary approximation [2,23] as G(n) ≈ G2(n−1) [2,23].
When the generated frequency occurs in the absorption band of the aggre-
gates, its amplitude can be enhanced as well, compared to the ”initial” field.
Then the enhancement factor reaches its maximum G(n) ≈ G2n. Taking into
account the estimate for the G given above, one can conclude that for degen-
erate four-wave mixing (DFWM) (n = 3) in silver aggregates, it is possible
to obtain an average enhancement G(3) ≈ 106. This estimate coincides by
an order of a magnitude with numerical calculations of the enhancement fac-
tor arising from collective plasmon mode excitation in fractal clusters [35].
It means that the main advantage of a strongly aggregated nanocomposite
(fractal) in comparison with a small aggregate (pair) is not the magnitude
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of the enhancement factor, but the number of the resonant frequencies that
cover a wide spectral range.

It is noteworthy that the local enhancement of nonlinear optical responses
in a hot spot may be much stronger than in a macroscopic sample. This was
demonstrated by the near-field optics technique for the SERS [49] and for
the photomodification process [42].

So, an aggregation of silver particles results in a significant growth of
nonlinear responses. Below, we describe the experimental results for a silver
colloid which confirm this conclusion [3,50]. Measurements of the DFWM
efficiency versus the degree of hydrosol aggregation and laser beam intensity
were performed with the help of a Q-switched nanosecond laser [3,50]. All
interacting light waves had the same linear polarization. The results were
obtained with two silver hydrosols, a boron hydride colloid [32], and collargol
at λ = 532 nm. This wavelength is off the surface plasmon resonance for
silver particles. Figure 8 shows the conversion efficiency measured versus
the intensity of the strong pump radiation I0 and the degree of hydrosol
aggregation. The main result is that in colloids containing clusters, the same
conversion efficiency is attained as in nonaggregated monomers at 103 times
lower input intensities. This conclusion follows from comparison of the groups
of points 1 and 3 in Fig. 8. The intensity dependence of the signal Is is close to
cubic, as is typical of four-photon scattering. Taking into account this cubic
dependence, the enhancement factor for DFWM may be estimated as ∼ 106,
which agrees with the estimate of G(3) given above. Note that the DFWM in
a nonaggregated colloid was measured in focused laser beams. In unfocused
beams with diameters of 2 mm, we observed the DFWM signal in a weakly
aggregated colloid at a pump intensity of 10 MW/cm2 (curve 2 in Fig. 8).

Fig. 8. DFWM conversion efficiency in Ag colloids with different aggregation de-
grees. I0 is the pump radiation intensity at the wavelength 532 nm. 1, nearly non-
aggregated colloid; 2, weakly aggregated, and 3, strongly aggregated colloid. The
cell is 3 mm thick
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Possibly this signal arose from a small number of aggregates in the irradiated
volume.

At an increasing degree of hydrosol aggregation, the DFWM signal grows
as follows. At I0 = 1 MW/ cm2 in a freshly prepared hydrosol, the conversion
efficiency η was below the detection level (η ≈ 2 × 10−5), in an hour it in-
creased up to 4×10−5, and in 7 h it reached η ≈ 10−3. In the most aggregated
hydrosols doped by dye Rhodamine 6G, η ≈ 0.04.

The efficiency of the DFWM is governed by the |χ(3)|. We obtained
|χ(3)

1111| = 2 × 10−10 esu for the most aggregated silver colloid with a vol-
ume fraction of metal of p = 5× 10−6, at λ = 1064 nm for a laser intensity of
1 MW/cm2. This means that the susceptibility per unit volume of the metal
is more than 10−4 esu. The measured |χ(3)

1111| at λ = 532 nm is two times less.
The figure of merit (FOM), |χ(3)

1111|/α, is about 10−9 esu×cm. The values of
|χ(3)

1111|/p and FOM for the aggregated colloid exceeds substantially (more
than one to two orders of magnitude for nanosecond pulses) the correspond-
ing values for nonaggregated composites at the plasmon resonance λm.

Increasing the laser intensity results in the photomodification of strongly
aggregated colloids. Well beyond the threshold, photoburning leads to a
substantial decrease in nonlinear susceptibility. The efficiency of DFWM at
λ = 532 nm was measured in Ag clusters in a 3-mm cell before photoburning
and with a delay of 60 µs after the photoburning pulse with energy ten times
more than the threshold energy. The result was that the signal decreased by
a factor of 30 in comparison with the nonirradiated sample [51]. This obser-
vation means that the resonant modes are responsible to a large extent for
the enhancement of the nonlinear response.

To measure the nonlinear refractive index and the nonlinear absorption
coefficient, we used the Z-scan technique [52]. This method allowed us to
determine the nonlinear correction to the refractive index, n2, and to the ab-
sorption coefficient, α2, (n = n0+n2I, α = α0+α2I), from experimental data
and to calculate Reχ(3) and Imχ(3). For aggregated aqueous colloids, the val-
ues obtained for χ(3) were Reχ(3) = 10×10−11 esu, Imχ(3) = −8.3×10−11 esu
for λ = 540 nm, and Reχ(3) = −3.5 × 10−11 esu, Imχ(3) = −2.7 × 10−11 esu
for λ = 1079 nm. This suggests that nonlinear absorption and nonlinear re-
fraction provide nearly equal contributions to the nonlinearity in the green
and near-infrared ranges. This may be regarded as an additional advantage of
a aggregated nanocomposite as a nonlinear medium with respect to nonaggre-
gated. The latter is characterized by predominantly imaginary susceptibility
at the surface plasmon resonance [46].

At low intensity, the imaginary part of the cubic susceptibility is neg-
ative in the blue, green, and near-infrared ranges, and positive in the red
region [53]. When the intensity exceeds 3 MW/cm2, the results of the Z-scan
fitting according to procedure [52] become unsatisfactory. This implies that
the nonlinearity departs from the simple cubic law. In the investigation [53] of
a colloidal silver solution at high intensities, significantly exceeding the pho-
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tomodification threshold, a colloidal solution prepared by the method [38]
was used. The concentration of the colloidal solution was adjusted so that
α0 = 1.6 cm−1 at all wavelengths studied. The solution was placed in a cell
10 mm thick and moved along a focused laser beam to vary the intensity
of the incident 4-ns pulse from approximately 1 to 318 MW/ cm2. The ab-
sorption coefficient at various times belonging to the incident pulse envelope
was measured. Figure 9 presents the dependence of the nonlinear correc-
tion to the absorption coefficient, ∆α, on the peak intensity of the incident
pulse for λ = 440, 532 and 650 nm. The colloid displayed three different
types of absorption behavior. At λ = 440 nm, the absorption of silver colloid
dropped with intensity and demonstrated the phenomenon of so-called non-
linear “bleaching”. At λ = 650 nm, a phenomenon of increasing absorption
with intensity was observed. At λ = 532 nm, the dependence of absorption on
intensity was more complicated; it demonstrated both nonlinear “bleaching”
and darkening within certain intensity intervals. Analogous (qualitatively)
intensity dependence was observed at λ = 1064 nm.

The dependence ∆α(I) at λ = 440 nm is similar to the curve for satu-
rated absorption under the conditions of photoburning of the resonant modes.
When the intensity is low, I ≤ Ith = 4 MW/ cm2, the nonlinear absorption
obeys the law

∆α

α0
=

I/Is

(1 + I/Is)
=

α2

α0
I (7)

where α2 = −6.6 × 10−8 cm/W; however, when the intensity exceeds the
threshold of photomodification Ith, photoburning of the resonance domains in
colloid aggregates occurs, and the dependence ∆α(I) departs from this law.
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Fig. 9. The dependence of nonlinear addition to the absorption coefficient for an
aggregated Ag colloid versus the incident peak intensity
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Analogous behavior of nonlinear absorption was observed [51] at λ = 540 nm
for I ≤ 3.5 MW/ cm2.

The intensity dependence of a nonlinear correction to the absorption at
λ = 532 nm in Fig. 9 shows that in the range 60–170 MW/ cm2, there is
a linear increase of absorption versus intensity. This suggests that, in this
range, the main nonlinear absorption mechanism is two-photon absorption.
The measured coefficient for two-photon absorption is α′

2 = 1.7×10−8 cm/W
at the peak of the incident pulse (∆α = α′

2I). Approximately the same value
of α′

2 was obtained at λ = 650 nm for intensity I ≈ 100 MW/ cm2.
The temporal shape of the nanosecond laser pulses at λ = 532 nm trans-

mitted through the solution is given in Fig. 10 for different intensities. One
can see from this figure that the contribution of two-(or multiphoton-) ab-
sorption increases during the laser pulse. The observed phenomenon may be
interpreted as follows. Nonlinear optical “bleaching” is caused by the pres-
ence of aggregates of nanoparticles in solution and high local fields within
fractal structures. Colloid aggregates are modified by high-intensity light
within t ≤ 10−9 s, and optical nonlinearity related to fractal structure of
the medium decreases. After that, the weaker nonlinearity of isolated par-
ticles and bulk metal becomes essential. Therefore, the increasing nonlinear
absorption, observed 1 ns after the leading front of the pulse, related proba-
bly to two-photon absorption in bulk silver. The above data show that the
coefficient of two-photon absorption is 30 times smaller than that of non-
linear “bleaching” for low intensities. According to [54], the probability of
two-photon absorption near the L-symmetry point increases with the wave-
length as λ8. That is why the effect of two-photon absorption is larger in the
red and green region of the spectra than that in the blue region.

Fig. 10. The oscillogram of laser pulses with λ = 532 nm passed through a Ag
colloid at different intensities
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Strictly speaking, the observed decrease in the transmittance of a colloid
at high intensity may occur not only because of nonlinear absorption but also
because of nonlinear scattering. Light scattering in colloids at high intensities
was studied. The measured loss of laser energy due to light scattering was
at least 10 times smaller than the absorbed energy. It was found that for
a nanosecond pulse at I > 108 W/ cm2, an intense conical scattering at the
angle to the beam axis of approximately 25±20 mrad arose at the leading
front of the incident pulse. The energy conversion to conical scattering was
less than 10%. Note that the aperture of our detector received the conical
emission when the transmittance was measured.

Nonlinear backscattering in aqueous and ethanolic colloidal silver solu-
tions occurred when the 10-ns laser pulse intensity at λ = 532 nm exceeded
500 MW/cm2. At small absorption, α0 < 0.35 cm−1, a nonlinear backscat-
tering spectrum consisted of a nonshifted Rayleigh component and a Stokes
Mandelstam–Brillouin component. By observation of the spontaneous scat-
tering, it was found that when the absorption coefficient grew, the width
of the Mandelstam–Brillouin component increased. At α0 > 0.35 cm−1, the
nonlinear backscattering consisted only of a stimulated Rayleigh component.
The backscattering pulse envelope followed to the incident pulse. Polar-
ization of the Rayleigh backscattering coincided with laser backscattering.
The measured backscattering conversion efficiency at α0 = 1.6 cm−1 and
I ≈ 600 MW/ cm2 was 1%.

Nonlinear darkening was also observed with a 10-ps laser pulse2 at λ =
532 nm. The dependence ∆α = α′

2I with α′
2 = 3.4 × 10−9 cm/W was found

for the intensities I ∼ 100 MW/ cm2. One can see some decrease in the non-
linear coefficient from picosecond excitation in comparison with nanosecond
excitation. This decrease is due to a change of the mechanism of nonlinear-
ity. An analogous conclusion was drawn by the authors of [55], who observed
high cubic susceptibility, χ(3) ≈ 4 × 10−6 esu, of Au:SiO2 films at a pulse
duration of 70 ps. Shortening of the pulse duration (up to 200 fs) resulted
in a decrease of the susceptibility by a factor of 30. It was supposed that a
generation of hot electrons was the main nonlinearity in picosecond excita-
tion, and a saturation of interband transition was the main mechanism in
femtosecond excitation. Very large nonlinearity at concentrations below the
Au percolation threshold was explained by local-field enhancement in the Au
nanocomposite [56].

At nanosecond pulses, both the absorptive and the refractive nonlinear-
ities of an aggregated colloidal silver solution change their signs with wave-
length. These changes may be related, on the one hand, to variations of the
signs of the enhancement factors [57]. On the other hand, and this is more
likely, the sign changes may be due to the band structure of silver, laser heat-
ing of the electron gas and the crystal lattice of nanoparticles, and heating
2 The authors are indebted to A.S. Kuch’yanov for providing the picosecond laser

for experiments.
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of the host medium around the particle by thermal diffusivity. Photoburning
of resonance modes results in a decrease of nonlinear responses.

3 Nonlocal Optical Nonlinearities in Silver Colloids

It was noted above that large sizes of collective plasmon modes facilitated ob-
servation of the effects of spatial dispersion in silver nanocomposites. Optical
activity (gyrotropy) is one of such nonlocal effects.

Optical activity is characterized by different responses to right- and left-
circularly polarized light and is associated with the nonlocal part of polar-
izability. Optical activity phenomena include differences in attenuation (cir-
cular dichroism), refraction (circular birefringence), and scattering for right-
and left-circularly polarized light, which are intensity-dependent in the non-
linear case. As already mentioned above, in aggregates composed of metal
nanoparticles, optical excitations are associated with the plasmon modes
which can have high resonance quality factors and thus provide particularly
strong enhancement in the hot spots [23] which results in large nonlinearities.

This section is concerned with experiments on nonlinear gyrotropy and
accompanying polarization effects. But it is worth beginning this section with
an examination of the nonlocal properties of plasmon modes by photon scan-
ning tunneling microscopy (PSTM).

3.1 Chirality of Plasmon Modes

The localized optical modes of fractals have been studied using PSTM with
subwavelength spatial resolution. It has been shown that hot spot locations
are very sensitive even to small changes in the linear polarization plane and
frequency of the applied field (� 1% in the latter case) [25,34,58]. The ob-
served linear polarization dependence, in particular, illustrates strong local
anisotropy of plasmon modes in fractals. However, an important question,
whether the fractal optical modes exhibit handedness, has not been addressed
so far. It is known that two coupled anisotropic oscillators lying in differ-
ent planes present a simple model of a chiral system. Fractal aggregates are
formed by chains of particles with almost all possible local configurations.
These local structures have typically neither a center nor a plane of symme-
try and thus may have handedness so that a fractal mode localized on such a
structure exhibits chirality. Thus, one may anticipate that the fractal modes
can be “chiral-active” and manifest the property of optical activity locally.

Let us briefly consider the interaction of circularly polarized light with
nanoparticle aggregates. The system is described by the coupled-dipole equa-
tions (CDE), whose solution permits the determination of the dipoles di

located at ri and local field distribution E(r). Elementary dipoles associ-
ated with non-gyrotropic particles in a fractal interact with the incident field
and with each other via dipolar fields, which are established self-consistently.
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Higher multipole contributions could be taken into account by introducing
effective intersecting spheres [23].

CDE solutions can be represented in terms of the expansion over the
eigenvectors |n) of the dipolar operator: V |n) = vn|n) [15,22,23]; the opera-
tor V includes the near-, intermediate-, and far-zone terms for the dipole field.
The local field E(r) from all dipoles of the cluster induced by the circularly
polarized incident field

ER,L = E0σ̂R,L = E0
ŷ cos(kxx− ωt) ± ẑ sin(kxx− ωt)√

2
(8)

is expanded over the eigenmodes as

EαR,L(r) =
∑

n

fnα(r)(n̄|σR,L)E0, (9)

where α denotes the Cartesian components [23]. In this expansion,

(n̄|σR,L) =
∑

j

[(n̄|jy) cos(kxxj − ωt) ± (n̄|jz) sin(kxxj − ωt)]/
√

2 (10)

represents the projection of the mode vector on the circular-polarization unit
vector of the incident field and an orthogonal basis |iα) is defined in 3N -
dimensional complex vector space. The mode ”weight” distribution fnα(r) is
given by

fnα(r) =
∑

i

Gαβ(r − ri)(iβ|n)[(n̄|n)]−1(α−1
0 + vn)−1, (11)

where Gαβ(r−ri) is the regular part of the free-space dyadic Green function
and α0 is the polarizability of the individual particles. (Vector (n̄| is a row-
vector with the same entries as a column vector |n), as opposed to (n| which
is a row-vector with complex conjugated elements [23].) Note that for a given
mode, the distribution function fnα(r) does not depend on the incident wave
polarization; the polarization dependence is contained in the projection of
the mode on the incident field (n̄|σR,L). The difference in optical response
to different circular polarizations occurs because the fractal modes may have
different projections (n̄|σR,L) on the helical configuration of the incident field
with opposite signs of helicity. In other words, the spatial distribution of a
fractal eigenmode can have certain handedness and in that sense it possesses
chirality. As mentioned, this mode of chirality is possible because local struc-
tures in a fractal typically have neither a center nor a plane of symmetry.
This results in different distributions of dipole moments:

diα =
∑

n

niαCn(n̄|σR,L)E0

=
∑

n

niαCn

∑
j

[njy cos(kxxj − ωt)

±njz sin(kxxj − ωt)](E0/
√

2) , (12)
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where, for simplicity, the mode amplitudes (iα|n) are denoted as niα, and
Cn = [(n̄|n)]−1(α−1

0 + vn)−1. Consequently, one can obtain different optical
responses for right and left polarization. For example, the extinction cross-
section which is given from the optical theorem,

σe =
4πk
|E0|2

Im
∑

i

diE
∗
R,L (xi) , (13)

can be found as

σe,R,L = πkIm
∑

n

Cn

∑
i,j

[(njyniy + njzniz) cos kx(xj − xi) (14)

±(njzniy − njyniz) sin kx(xj − xi)] .

One can see that differential optical response,

∆σR,L = 2πkIm
∑

n

Cn

∑
i,j

(njzniy − njyniz) sin kx(xj − xi) (15)

increases with an increase of the anisotropic factor N
(ij)
yz = (njzniy −njyniz)

and the cluster size through a geometric factor sin kx(xj − xi).
Scattering optical activity is denoted as circular intensity differential scat-

tering (CIDS) [59]. The CIDS is characterized by the dimensionless parameter

CIDS = (IR − IL)/(IR + IL) = S14/S11, (16)

where IR and IL are the scattered intensities from right-and left-circularly po-
larized light and S11, S14 are the elements of the Muller scattering matrix [59],
characterizing the average intensity and optical activity, respectively.

The differential scattered intensity is given by ∆ IR,L = |ER(r)|2 −
|EL(r)|2. It can be shown that

IR,L = (|E|2/4)
∑
m,n

{
fnαf

∗
mα

×
∑
i,j

[
(njym

∗
iy + njzm

∗
iz) cos kx(xj − xi)

±(njzm
∗
iy − njym

∗
iz) sin kx(xj − xi)

]}
. (17)

Because kx = k sin θ, the CIDS depends on the angle of incidence θ. Thus,
the difference IR − IL is proportional to sin kx(xj − xi), so that the main
contributions to CIDS come from the mode amplitudes separated by distances
comparable with the wavelength. It means that local CIDS is sensitive to long-
range distribution of resonant anisotropic [in the sense nonzero and even large
anisotropic factor (njzm

∗
iy − njym

∗
iz)] modes.

In previous studies, only macroscopic optical activity was considered [59].
However, macroscopic effects could be strongly decreased in a racemic set
of chiral elements (approximately equal amount of elements with opposite
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handedness). Therefore, the local optical activity detected using PSTM may
be much stronger than the typically observed macroscopic effect and provide
data on the chirality of local configurations and their statistical properties.

Numerical simulations performed by using a cluster model, which realis-
tically describes a fractal aggregate deposited on a plane [58,34] show that
right–left differences in optical response with respect to their sum could be
as much as 0.8 [60].

Experiments on local CIDS were carried out at New Mexico State Uni-
versity [61,60]. Preparation of the fractal aggregates and details of PSTM
apparatus are published elsewhere [23,62]. Here, we outline only the most
important steps in sample preparation. Solutions of colloid particles ∼ 10 nm
in size were prepared by a citrate reduction method [38]. The addition of
organic adsorbates promoted aggregation of colloidal particles into fractal
clusters. About 2 µL of the fractal aggregate solution was deposited onto a
glass substrate resulting in a thin layer of fractal material; atomic force mi-
croscope measurements showed that this layer was about 100 nm thick. The
density of the deposited fractals was roughly 5 × 106 per cm2. Transmission
electron microscopy images of the samples prepared in this way clearly in-
dicated the fractal structure of the aggregates, which have fractal dimension
D ≈ 1.75. The fractals, typically consisting of several thousand monomers,
have a size of 1 to 3 µm. The resonance spectra of individual silver particles
and their aggregates and the deposition-caused transformation of self-similar
aggregates into self-affine structures, with similar optical properties, are de-
scribed in detail elsewhere [23,34,58].

Fractal colloidal aggregates were placed, using index matching fluid, on
the hypotenuse face of a 90◦ prism and illuminated by an evanescent field
in total internal reflection geometry. The illumination source was either a
helium–neon laser operating at a wavelength of 633 nm or a tunable diode
laser (Newport 2010) operating between 790 and 820 nm. The polarization of
the beam was controlled using a Glan–Thompson polarizer (New Focus 5524)
and a variable wave plate (New Focus 5540). The local optical signal was col-
lected through an uncoated optical fiber, sharpened to approximately 50-nm
radius at its tip using a fiber puller (Sutter Instruments P-2000). The sepa-
ration between the probe tip and the sample was regulated using nonoptical
shear-force feedback when the PSTM was operated in the constant-height
mode. Alternatively, the sample was scanned in a constant plane above the
sample without active feedback of the probe height.

The scanning plane in the apparatus was tilted by approximately 14◦ with
respect to the sample surface, and consequently the tip height changed from
about 100 nm to about 2400 nm during a 10×10 µm scan in the constant-plane
mode. The experimental images shown in Fig. 11 exhibit quite a uniform
lateral size of hot spots (i.e., spatial regions of very high intensity shown in
white) and contrast over the whole imaging area, although the images were
recorded with varying tip heights. In addition, the images obtained in the
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constant-plane mode show approximately the same spot size and contrast as
in the constant-height mode. The average size of hot spots determined from
an autocorrelation function is of the order of 400 nm. It gives an upper limit
for lateral resolution of the measurements.

Figures 11a and 11b show the local optical images of a fractal sample for
right- and left-circularly polarized incident light, respectively. Both images
exhibit large variations of light intensity and many hot spots. Visual exam-
ination of the two images reveals different spatial distributions of hot spots
for the two polarizations, indicating circular differential response in certain
regions. The weak correlation of the two images is confirmed by comparison
of correlation functions calculated from these images.

Figure 11c shows the distribution for the local CIDS parameter (IR −
IL)/(IR + IL) computed from the optical images shown in Figs. 11a and 11b
that were obtained with right- and left-circular polarizations of the evanescent
wave. The white and black spots in Fig. 11c represent areas of preferential

Fig. 11. PSTM images of fractal silver aggregates with (a) right- and (b) left-
circularly polarized incident light at 633 nm. (c) Local CIDS signal computed from
the two images shown in (a) and (b). (d) Histogram of CIDS signal
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scattering for right- and left-circularly polarized incident light, respectively.
The variations in the parameter CIDS demonstrate that fractal aggregates
have the random distribution of chiral systems. Randomness is characterized
by a histogram of a number of picture elements with a certain value and
sign of CIDS, see Fig. 11d. Note that this distribution is rather wide and
has a half width at half height of about 0.45. Despite weak asymmetry the
histogram shows an approximately equal number of chiral areas with opposite
handedness.

The local optical activity is large (|(IR−IL)/(IR+IL)| up to 0.6) and varies
strongly with wavelength. (Note that the macroscopic absorption spectra of
the samples have a flat wavelength dependence in this range, with no spectral
structures.) The sign of (IR − IL)/(IR + IL) can change, even for very small
changes of wavelength, ∼ 10 nm. In sharp contrast, the value of the CIDS
parameter averaged over the whole 10× 10 µm sample, shown in Fig. 11b, is
much smaller: |(IR−IL)/(IR +IL)| ≈ 0.012±0.04. These results clearly show
that, though locally there exist areas of strong preference for scattering of one
circular polarization or the other, this preference is effectively absent when
averaged over a macroscopic sample. The observed difference between IR(r)
and IL(r) means that different (and spatially separated) modes with opposite
signs of handedness may be in resonance with the field of the same frequency.
The set of resonating modes is defined by the condition Re [1/α0 + vn] ≤ γn,
where γn is the resonance width. A change in the wavelength leads to another
set of resonant modes excited by the incident field. If the new set contains
eigenmodes with different projections (n̄|E), it may result in change in the
magnitude (and even sign) of the differential optical response, in accord with
experimental data.

3.2 Experiments on Nonlinear Gyrotropy
in a Macroscopic Sample

Let us first proceed to the self-action of a strong wave (elliptically polarized,
in the general case) propagating through a medium with susceptibilities de-
termined by (5) and (6). The interaction of a light wave with such a medium
results in rotation of the polarization ellipse of the wave, so that the azimuth
of the ellipse is given by the following equation [28] (the z axis is directed
along the wave vector):

α ≡ 1
2

arg (A+A∗
−),

dα
dz

= ρ′0 + ρ′1
(|A+|2 + |A−|2

)
+ σ′

2

(|A−|2 − |A+|2
)
. (18)

Here A+ and A− are the amplitudes of the right-hand and left-hand circular
components of the wave, A± = (Ax ± iAy)/

√
2; ρ0 = ρ′0 + iρ′′0 is the linear

gyration constant, ρ1 = 2πg1ω
2/c2 = ρ′1 + iρ′′1 ; σ1,2 = 2πω2χ1,2/kc

2 = σ′
1,2 +

iσ′′
1,2; and k = (ω/c)(Re ε0)1/2.
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The first term on the right-hand side of (18) corresponds to the natural
gyrotropy of the medium. We note that this effect has not been found in
our experiments. Study of optical activity in scattering locally shows that
plasmon modes possess chirality, but on average, represent a racemic set.
The measurements of linear angle rotation in a macroscopic sample using
a Perkin Elmer polarimeter do not show any effect, at least at wavelengths
436, 546, 578, 589 nm. The other terms describe the nonlinear rotation of the
polarization plane. The one containing ρ′1 is due solely to the nonlocal nature
of the nonlinear response and takes place even if the wave is linearly polarized
(|A+|2 = |A−|2). This effect is usually referred to as nonlinear gyrotropy, or
nonlinear optical activity. This is unlike the term with σ′

2, connected with the
local nonlinearity, which vanishes in purely linear polarization, although it
gives an additional rotation for the elliptical case [63]. In principle, a method
of separating local and nonlocal contributions in a single measurement has
been developed [5]. Here we consider another way, namely, we measure σ′

2

before to be sure that the local contribution is small at an ellipticity of
5 × 10−5 in our case.

For the experiments, we used an ethanolic colloidal solution stabilized
with PVP (polyvinylpyrrolidone), prepared as described in [64]. Adding a
small quantity of the alkali NaOH (5×10−5 parts by weight), we were able to
change the degree of aggregation significantly. In Fig. 12, the linear absorption
spectra are shown for two basic samples–strongly and weakly aggregated
solutions.
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Fig. 12. Linear absorption spectra of (1) weakly and (2) strongly aggregated colloid
samples

3.2.1 Rotation of Ellipse

It follows from (18) and (19) that the technique we just have described is quite
appropriate as well for measuring χ2, provided that the incoming radiation
has sufficient ellipticity. For this purpose, we used the same phase element



138 Vladimir P. Drachev et al.

(Fig. 13), but rotated by 45◦. The phase element introduced the phase shift
≈ ±π/4, which produced either a clockwise or counterclockwise polarization
ellipse with a semiaxis ratio |Ay|2/|Ax|2 of about 1 : 6.

According to our experiments, the angles αSR of self-induced rotation of
the polarization ellipse were close in value and opposite in sign for left- and
right-hand circular polarization of the wave. (We use the convention that left-
hand circular polarization corresponds to counterclockwise rotation looking
into the beam.)

The value of the rotation in the strongly aggregated Ag solution, as the
incident intensity increases from ≈ 0.7 MW/ cm2 to ≈ 5 MW/ cm2, reaches

αSR ≈ (−1.8 ± 0.2)mrad, for a right-hand polarized pump ,
αSR ≈ (2.1 ± 0.2)mrad, for a left-hand polarized pump .

Taking the average angle for both polarizations of the pump, one can elimi-
nate the influence of nonlinear gyrotropy, so we obtain Reχ2 ≈ 1.3×10−11 esu.
Here we also take into account the concentration of the silver particles in this
sample; the concentration was 0.7 of that of the aggregated colloid whose
spectrum is given in Fig. 12, curve 2.

Let us consider then the experimental observation of nonlinear gyrotropy
in the colloidal silver solution [5]. As can be seen from (18), for elliptical
polarization (which always takes place in real experimental conditions), both
local and nonlocal nonlinear responses contribute to the nonlinear rotation
of the polarization plane.

The scheme of the polarization measurement is displayed in Fig. 13a. We
used the second harmonics of a YAG:Nd pulsed laser. The pulse shape and
the transverse distribution in the beam are shown in Fig. 13b.

The radiation passing through the polarizer had an ellipticity of
|Ay|2/|Ax|2 ≈ 5 × 10−5, and using measured value χ2, one can estimate
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Fig. 13. Scheme of the polarization measurement. The polarizer is a Glan prism,
and the analyzer is a calcite wedge. The cell thickness is 3 mm. In part (b) the
temporal and spatial properties of the incident radiation are also given
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that the local contribution could be omitted. At the exit from the nonlinear
medium, the azimuth of the ellipse αg(l) is given by

αg(l) = ρ′1

∫ l

0

|Ax|2 dz. (19)

In Fig. 14, the dependencies of the nonlinear rotational angle on the in-
tensity at the entrance are plotted both for weakly and strongly aggregated
colloids. Nonlinear optical activity is strongly dependent on the degree of
aggregation of the colloid. For an input intensity I � 2 MW/ cm2, the mea-
surement data, scaled to the same silver density in both samples, give the
values of the nonlinear gyrotropy tensor as

ReΓ (3)
s ≈ 0.9 × 10−16 esu ,

ReΓ (3)
w ≈ 1.1 × 10−18 esu , (20)

for strongly- and weakly aggregated colloids, correspondingly. In both cases
the medium is levorotatory, i.e., causes counterclockwise rotation, looking
into the beam.

The strong amplification of the nonlinear gyration constant due to change
in the degree of aggregation, as observed in the experiments, is a combination
of two factors: enhancement of a local field G and increased average effective
size of clusters, 〈aeff〉/λ, which could be estimated as

〈aeff〉
λ

∼
〈∑

n Cn

∑
i,j N

(i,j)
y,z sin kx (xi − xj)

〉
〈∑

n Cn

∑
i,j(nyinyj + niznjz) cos kx (xi − xj)

〉 (21)
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and includes an anisotropic factor and a racemic factor due to averaging over
the cluster. Here the same notation as in formula (15) is used. Note that
local field factor should be the same for nonlinear local response and can be
measured separately under the same conditions.

Now we describe the experiments devoted to the determination of the
components of χ(3)

ijkl and their changes under aggregation in the same colloid,
as Γ (3) was measured.

One of the goals of our experiments was an investigation of the dependence
of the local nonlinear response versus incoming intensity, both for weakly and
strongly aggregated colloids. For this purpose we used a technique of two-
beam coupling. The inverse Faraday effect (IFE) was observed.

3.2.2 Inverse Faraday Effect

Let there be a strong wave (pump)

Estr
i = Fi exp [−i(ωt− Kr)] + c.c. (22)

and a weak one (probe)

Eweak
i = Si exp [−i(ωt− kr)] + c.c., (23)

copropagating within the nonlinear medium. Using (5) and (6), we find the
component of the nonlinear polarization that comes along with the probe
wave (i.e., has the wave vector k). If the angle between K and k is small
enough, we can obtain the following expression for an amplitude of this com-
ponent (for a right-hand circular pump):

P+ = |F+|2[2χ1 + 2g1(k3 + K3)]S+

P− = |F+|2(χ1 + 2χ2 + 2g1K3)S−, (24)

that leads to circular birefringence of the probe wave

∆n+ − ∆n− =
2π
n0

|F+|2Re (χ1 − 2χ2 + 2g1k3) . (25)

This circular birefringence generally results in rotation of the probe wave po-
larization plane. The rotational angle, while the wave is propagating through
the medium, is given by

dαIFE

dz
=

πω

cn0
|F+|2Re (χ1 − 2χ2 + 2g1k3) . (26)

The experimental setup for the IFE is shown in Fig. 15. The probe wave
was linearly polarized in the x direction and the pump wave had right-hand
circular polarization. The measured value was the angle αIFE of rotation of
the probe wave polarization plane in the presence of the pump wave.

In Fig. 16, the value of induced circular birefringence (averaged over the
pulse duration and the spatial coordinates) is plotted versus the incident
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Fig. 15. Experimental setup for IFE observation. A noncollinear pump-probe con-
figuration is used, where the probe wave is linearly polarized and the pump wave has
a circular polarization. The analyzer (calcite wedge) is turned through 45◦ relative
to the probe wave polarization direction
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Fig. 16. Results of IFE experiments. The solid points correspond to strongly ag-
gregated and cross signs represent weakly aggregated Ag(PVP) Ag(PVP) colloid.
The incident radiation parameters: λ = 532 nm, τ ≈ 10 ns

intensity, both for weakly and strongly aggregated colloids. The linear de-
pendencies exhibited are in good agreement with those predicted by (25).

If we combine the data for nonlinear gyrotropy, χ2, and IFE measure-
ments, we obtain the value of Reχ1:

Reχ1[esu] = 2Reχ2 − 2k3Re g1

+2
√

2
(∆n+ − ∆n−)

8π21013Ieff

[
MW/cm2

]n2
0c [esu] . (27)

Here Ieff =
(∫ l

0
I(z) dz

)/
l is the effective value of the intensity inside the

cell with the colloid, taking into account both linear and nonlinear absorp-
tion. The factor 2

√
2 originates from the temporal and spatial averaging
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that took place in the experiments because we registered the entire beam by
slow photodetectors. We assume here a Gaussian distribution of the radia-
tion both in time and space domains (Fig. 13b). For a strongly-aggregated
colloid, one can obtain Reχ1 ≈ −1.8 × 10−10 esu from our measurements,
taking Ieff ≈ 0.72I(0).

From measurements of the local constant, χ1, and the nonlocal constant,
Γ (3), for both weakly and strongly aggregated colloids, one can conclude that
the ratio Γ (3)/χ1 grows for a more aggregated colloid. It means that main
enhancement of nonlinear gyrotropy results from an increase of the effective
size of aggregates.

4 Conclusion

A basis for a theoretical approach in the optics of aggregated metal nanocom-
posites is the idea of localization of excitation and large fluctuations of local
fields in fractal clusters [2,8,15]. Light-induced dipole (multipole) coupling of
monomers, that constitute an aggregate, results in collective plasmon modes
that cover a wide spectral range.

Experimental investigation of the selective photomodification and optical
nonlinearities of colloidal silver solutions have provided essential information
regarding the optical properties of aggregated metal nanocomposites. Obser-
vation of selective photomodification gave evidence that a broadening of the
absorption spectrum of colloidal metal aggregates was inhomogeneous. Col-
lective plasmon modes with different frequencies and polarizations are local-
ized on different collections of monomers. Photomodification occurs when the
local intensity at a given monomer group exceeds a certain threshold value.
Study of the spectral dependence of selective photomodification showed that
the localization of optical excitations became stronger with wavelength. The
number of monomers undergoing photomodification in a metal aggregate de-
creases when a laser pulse wavelength tunes from the monomer absorption
peak to the long-wavelength range. In the infrared range, the smallest pho-
tomodified domain (hot spot) includes only two monomers, and a fraction of
the modified monomers in a cluster is 10%. In the blue range, the number
of the photomodified domains and the number of monomers in the domain
grow.

The enhancement of optical nonlinearities of colloidal silver aggregates
compared to isolated monomers was studied for different processes (four-wave
mixing, nonlinear absorption, nonlinear gyrotropy, inverse Faraday effect).
The enhancement was associated with excitation of collective plasmon modes
in colloidal aggregates and corresponding large fluctuations of local fields.
One of the arguments supporting this conclusion is that photoburning of the
resonant plasmon modes in the aggregates leads to a significant decrease in
nonlinear coefficients for four-wave mixing, absorption, and gyrotropy.
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Photomodification and near-field experiments showed an anisotropy of the
collective plasmon modes in colloidal aggregates. This conclusion is valid for
large fractal aggregates and for small aggregates. Near-field studies [61] re-
vealed chirality of the collective plasmon modes in fractal aggregates. Effects
of nonlocal interactions become very essential in large aggregates.

The measured values of the local (IFE) and nonlocal (gyrotropy) nonlinear
susceptibilities in macroscopic samples show that the effective size of the
domain in an aggregate, responsible for nonlinear optical activity, grows for
large clusters. But the effective size of the “chiral” domain in a large cluster,
estimated from macroscopic measurements, appears to be smaller than the
monomer size. Therefore, one can conclude that the violation of the racemism
of silver aggregates in colloidal solution is weak.
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Abstract. A novel class of materials, fractal-microcavity composites, that pro-
vides unprecented enhancement of optical responses is developed. These composites
combine the energy-concentrating effects due to localization of optical excitations
in fractals with the strong morphology-dependent resonances (MDRs) of dielectric
microcavities. Optical excitation of fractal-microcavity composites may result in
truly gargantuan local fields. By coupling the localized plasmon modes in fractals
with MDRs, strong lasing and nonlinear Raman scattering can be obtained at low
light intensities. This allows developing efficient microlasers and makes Raman and
hyper-Raman spectroscopy a powerful analytical tool for detecting and character-
izing a small number of, or even single molecules.

Advances in science and technology often result from the development of new
or improved materials. For example, the arrival of advanced optical media has
heralded companion advances in photonics and in laser and detector technology.
In this contribution, we demonstrate that nanostructured materials fabricated in
our laboratory exhibit dramatically superior optical performance characteristics,
foreshadowing great promise for both fundamental and applied studies.

1 Introduction

Since the advent of the laser nearly 40 years ago, its unique characteristics
have been used to generate a variety of linear and, especially, nonlinear op-
tical emissions such as stimulated scattering and harmonic generation. The
initiation of nonlinear emissions typically requires intense pumping sources so
that, in practice, emissions are observed only for powerful laser sources whose
intensity exceeds some threshold value. The threshold depends on many fac-
tors, notably, the quality (Q) factor of the optical resonator containing the
emitting medium and the strength of the nonlinear interaction, expressed in
terms of a nonlinear susceptibility.
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Given the dependence of the threshold pump intensity on medium pa-
rameters, it is natural to inquire whether media exist for which initiation of
nonlinear emissions occurs for threshold pump intensities dramatically lower
than for conventional media. We suggest that a defining characteristic of such
media is the existence of greatly enhanced local fields; here, we quantify this
concept in terms of an “enhancement factor” given by the magnitude of the
ratio of the local to the incident electric field amplitudes. If the enhancement
factor is sufficiently large, even extremely weak pump beams will drive local
field amplitudes above the threshold required for a particular nonlinear pro-
cess with the result that emission generated by this process is excited in the
medium.

The media of interest here are composites consisting of colloidal silver
fractal aggregates and dielectric microcavities. The colloidal silver particles
have an average diameter of the order of 10 nm. Using well-established chem-
ical or other fabrication methods, fractal aggregation of the particles may be
achieved, and the resulting aggregates, typically comprising 102–103 silver
particles, have dimensions of approximately 1µm. Composites are formed
when aggregates are seeded into a dielectric microcavity; in our experiments,
this consisted of a hollow quartz tube of outer diameter 1mm and inner
diameter 0.7mm. As we shall see, since each component possesses a large
enhancement factor and the enhancement factor of the composite depends
multiplicatively on the enhancement factors of the individual components, the
enhancement factor of the composite can become enormous. Because of this
gigantic enhancement, the lasing threshold can decrease significantly, and the
efficiency of various optical processes can dramatically increase. In particu-
lar, we show here that record-high enhancement for Raman and hyper-Raman
scattering can be achieved in the fractal-microcavity composites making pos-
sible nonlinear Raman spectroscopy at very low light intensities.

In the remainder of this contribution, we first review the important prop-
erties of fractal aggregates and dielectric microcavities and discuss fabrication
of the composites. We follow this by a discussion of selected experiments per-
formed in our laboratory that exhibit the remarkable optical characteristics
of the composites.

2 Optical Properties of the Composites

The giant enhancement of optical responses in metal nanocomposites and thin
metallic films containing nanoscale surface features has been intensively stud-
ied in recent years [1,2]. This enhancement is associated with the excitation
of surface plasmons, collective electromagnetic modes whose characteristics
depend strongly on the geometric structure of the metallic component of the
medium.
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2.1 Fractal Silver Aggregates

Nanocomposites often are scale-invariant, and their structure is characterized
by fractal geometry [3]. Since fractal objects do not possess translational in-
variance, they cannot transmit the running waves that are characteristic of
homogeneous media. Rather, collective optical excitations in fractals result
from near-field multiple scattering within subwavelength regions of the fractal
medium; hence, optical excitations, such as surface plasmons, are often spa-
tially localized in fractals [2,4]. The localization is inhomogeneous in the sense
that, at any wavelength, modes of different coherence radii are excited [5].
This localization leads to the presence of nanometer-scale spatial regions of
high local electrical fields, “hot” spots, and accordingly, to significant en-
hancement for a variety of optical processes, such as Raman scattering, four-
wave mixing, the quadratic electro-optical effect, and nonlinear absorption
and refraction [2,6].

The symmetry of fractals is distinctly different from that of continuous
media, for example, crystals or gases. Continuous media possess translational
invariance so that the medium has the same appearance (at least statistically)
at different spatial locations. However, fractal media possess the distinct sym-
metry of scale invariance so that a fractal has the same appearance (again,
at least statistically) when viewed on different spatial scales. These funda-
mentally different symmetries strongly influence the nature of their resonant
excitations. Resonance modes of continuous media are typically delocalized;
moreover, medium constituents within a given region absorb light at approx-
imately equal rates and possess approximately equal excitation amplitudes.
In contrast, resonance modes of fractal media are spatially localized within
subwavelength regions, “hot spots”, and the excitation of constituents within
these hot spots can greatly exceed those of constituents at other spatial lo-
cations [2].

The localization of optical excitations in fractals within small, subwave-
length, spatial regions results in extremely large enhancement factors and
the corresponding enhancement of many optical effects such as Rayleigh,
Raman, and nonlinear light scattering [2]. The enhancement is especially
large for nonlinear processes since, in this case, the intensity depends on the
power of the enhanced local field. For example, consider degenerate four-wave
mixing (DFWM), where both the driving field and the nonlinear amplitude
are enhanced. Theory predicts [2] a large enhancement, G ∝ Q6, confirmed
experimentally [4], where an enhancement factor of the order of 106 occurs
upon fractal aggregation of colloidal silver nanoparticles.

2.2 Microcavities

Microcavities, such as liquid or solid microspheres and microcylinders, are
a second essential component of a composite. Microcavities exhibit a rich
spectrum of electromagnetic resonances [7], termed morphology-dependent
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resonances or MDRs. These resonances, which may have extremely high qual-
ity factors (Q = 103–109), result from confinement of the radiation within
a microcavity by total internal reflection. Light emitted or scattered in a
microcavity may couple to the high-Q MDRs lying within its spectral band-
width, leading to enhancement of both spontaneous and stimulated optical
emissions. For example, enhanced fluorescence emission from an organic dye-
doped cylindrical or spherical microcavity occurs when either the laser pump
or the fluorescence (or both) couple to microcavity MDRs [8]. Moreover, the
increased feedback produced by MDRs is sufficient to obtain laser emission
from a dye-doped microdroplet under both CW [9] and pulsed [10] laser ex-
citation, with the threshold CW pump intensity three orders of magnitude
lower than that of a conventional dye laser in an external cavity. Lasing emis-
sion from a microcavity doped with two fluorescent species (a dye-doped sol
and a liquid dye) occurs via enhanced radiative (MDR) and nonradiative
(Forster) energy transfer [11]. The existence of high-Q microcavity modes is
also responsible for numerous stimulated nonlinear effects, including stimu-
lated Raman and Rayleigh-wing scattering and four-wave parametric oscilla-
tion under moderate intensity CW excitation [12]. The microcavities used to
obtain the results discussed in this contribution consist of hollow quartz tubes
(approximately 1mm o.d., 0.7mm i.d.) in which we place silver colloids or
colloidal silver fractal aggregates for spectroscopic study. These microcavities
possess resonance modes having Qs of the order of 103–105.

With increasing pump power, even in the absence of fractal silver or col-
loidal silver material in the microcavity, resonance enhancement provided by
the MDRs may drive the emission into the nonlinear regime. However, with
the introduction of such material, SERS- and fractal aggregate-related en-
hancement effects may be many orders of magnitude greater; hence, numerous
nonlinear processes may be observed, even at extremely low concentrations
of the emitting species and extremely low pump power.

2.3 Composites

To perform optical experiments with fractal-microcavity composites, the ini-
tial problem is to be able to fabricate them reliably. This process, in turn,
requires fabrication of fractal aggregates, microcavities, and subsequent cou-
pling of the two. Fractal aggregates have been fabricated by other groups [1],
and we too developed fabrication capabilities in our laboratory. Normally,
the fractal fabrication process consists of two distinct phases: the growth of
colloidal particles and the formation of fractal aggregates of these particles.
We have used two chemical methods to grow colloidal silver particles, the
Lee–Meisel method [13] and Creighton’s method [1]. Although both methods
result in the formation of colloidal solutions of silver particles with diameters
of the order of 10 nm, our experiments show that the Lee–Meisel method re-
sults in colloidal solutions possessing a somewhat higher silver concentration;
this, in turn, results in more intense optical emissions during spectroscopic



Fractal-Microcavity Composites: Giant Optical Responses 153

investigations. Hence, in the remainder of this contribution, most of our re-
sults for chemically produced fractals were obtained using the Lee–Meisel
method.

The formation of the colloidal silver solution is the most delicate step
in the chemical fractal fabrication process. Careful control of both the con-
stituent concentrations and the ambient temperature is needed to obtain
uniform size distribution of silver particles; this, in turn, strongly influences
the optical properties of aggregates formed from the particles. Once the col-
loidal solution is obtained, fractal aggregation may readily be induced by the
addition of a suitable organic acid; we used fumaric acid in our experiments.
The acid pH is a convenient parameter that may be used to control the ag-
gregation rate; the lower the pH, the faster the aggregation rate. Fractal-
microcavity composites are formed by the simple expedient of dipping the
open end of the quartz microcavity into the fractal solution where capillary
action readily introduces the fractal solution into the microcavity.

Two nonchemical methods were also used to fabricate fractal aggregates:
the laser ablation technique and the photoaggregation method. In the laser
ablation method, a vacuum chamber containing a silver target is first evacu-
ated and subsequently backfilled to a selected pressure with an inert gas such
as helium. Irradiating the target by a high-power laser (entering through a
window in the vacuum chamber) causes ablation of silver; in our experiments,
we used a Nd:YAG laser to accomplish this. As a function of gas pressure
and pump power, first silver monomers, and subsequently silver fractal ag-
gregates, are formed in the ambient gas above the target; this material is
subsequently deposited on a substrate inside the chamber. This method pro-
vided us with fractal aggregate colloidal silver samples primarily used in
experiments designed to increase our understanding of fractal media.

The photoaggregation method, first suggested in [14], was further devel-
oped during a series of our experiments discussed later in this contribution.
These experiments clearly indicated that irradiation of a colloidal solution by
an external pump laser results in the formation of fractal aggregates. Subse-
quent experiments employing scanning electron microscopy revealed that the
aggregation rate as well as the maximum size of the resulting fractal aggre-
gates exhibits a strong dependence on both the wavelength and power of the
pump laser.

We conclude this section by noting that there are several reasons for
the giant enhancement factors exhibited by fractal-microcavity composites.
First, local-field amplitudes are increased in the neighborhood of individual
silver monomers via coupling to the localized surface plasmon resonances of
fractal aggregates. Second, seeding the aggregates into microcavities further
increases the local fields because of light trapping by microcavity resonance
modes [7]. Finally, evidence will be presented here that chemical modifica-
tion of adsorbed molecules may occur resulting in the presence of a sizable
chemical enhancement factor [1].
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For the spectral emissions reported in this contribution, our results in-
dicate that the enhancement factor may be enormous, exceeding 1026 in
one of our experiments. Such gigantic enhancement factors foreshadow many
other results, including the detection of emissions from single molecules and
nanoparticles.

3 Lasing in Fractal-Microcavity Composites

The initial optical study of fractal-microcavity media was an investigation
of lasing [15]. Fractal aggregate optical excitations may be concentrated in
regions smaller than the diffraction limit of conventional optics, resulting in
large local fields. Seeding the aggregates into microcavities further increases
the local fields because of light trapping by microcavity resonance modes.
These composites possess unique optical characteristics, including extremely
large probabilities of radiative processes. In our experiments, we observed
lasing at extremely low threshold pump intensities, well below 1 mW (for
some experimental trials, below 50µW), and dramatically enhanced Raman
scattering.

Strong existing evidence suggests that fractal nanocomposites and micro-
cavity resonators individually result in large enhancements of optical emis-
sions. We demonstrate that huge, multiplicative enhancement factors are ob-
tained under the simultaneous, combined action of these two resonant pro-
cesses when the emitting species is adsorbed onto fractal aggregates contained
within high-Qmicrocavities. We found that doping a dye solution inside a mi-
crocavity containing fractal silver aggregates results in a giant enhancement
of the efficiency of lasing and nonlinear Raman scattering. Note that, al-
though colloidal Ag aggregates introduce absorption and, hence, linear losses
inside the microresonator, at the same time they increase the efficiency of
dye excitation and emission. We believe that results discussed in this contri-
bution demonstrate the unique potential of such devices in the development
of ultra low threshold microlasers, nonlinear optical devices for photonics, as
well as new opportunities for micro analysis, including spectroscopy of single
molecules.

Colloidal silver solutions, prepared using the Lee–Meisel method [13], re-
sult in the formation of silver nanoparticles (monomers) with an average
diameter of 25 nm. Addition of an organic acid (e.g., 0.03 M saturated fu-
maric acid) to the monomer solution promotes the aggregation of colloidal
nanoparticles into fractal clusters, containing, typically, 103 monomers. Elec-
tron microscopic analysis of the aggregates (see inset in Fig. 1a) reveals that
they possess a fractal structure with the fractal dimension D ≈ 1.8 charac-
teristic of the cluster–cluster aggregation of monomer particles.

Extinction spectra of nonaggregated silver colloids in the visible region
of the spectrum exhibit a single resonance feature centered at 420 nm and
width 80 nm; this peak is due to the surface plasmon excitation in single silver
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Fig. 1. (a) Absorption spectra of silver colloids in different aggregated states (from
1 cm path length cuvettes) and TEM image of fractal aggregates. With an in-
crease of the aggregation degree, the peak at 420 nm decreases and the broad long-
wavelength wing becomes stronger. (b) Experimental illumination scheme

nanoparticles. Aggregation leads to the appearance of a broad wing extending
toward the long-wavelength part of the spectrum. Enhanced extinction in
the long-wavelength region (see Fig. 1a) is a consequence of induced high-Q
optical modes in metal fractal aggregates [2].

Lasing experiments were performed using Rhodamine 6G (R6G) dye.
A small amount of a parent solution of 10−4MR6G in methanol was added to
the colloidal silver solution; the resulting dye concentrations ranged from 10−8

to 10−5M. Cylindrical microcavities were fabricated from cylindrical quartz
tubes (diameter, 700µm, outer diameter, 1000µm), with the dye/colloidal
solution placed within the tube.

A 10-mW CW Ar-ion laser (λ = 514.5 nm) and a 0.75mW CW green
He–Ne laser (λ = 543.5 nm) were used as pumping sources in these experi-
ments. The pump beam (approximately 2mm in diameter) was focused into
the tube by a 75-mm focal length lens; focal plane beam diameters were 70µm
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and 35µm for Ar- and He–Ne lasers, respectively. Pump beam polarization
was vertical (along the axis of the tube), and output radiation was collected
at 90◦ to the incident radiation, as shown in Fig. 1b; different configura-
tions shown in Fig. 1b were used when MDRs were (were not) excited in the
cylindrical microcavity. Spectroscopic measurements were performed using a
CCD camera mounted to a SpectraPro-300i spectrograph; an 1800/mm grat-
ing provided an instrumental spectral resolution of 0.028 nm (full width at
half maximum, FWHM).

Elastic scattering of a laser beam passed through the outer edge of the
empty cylindrical tube exhibited a well-defined, MDR angular structure; al-
ternatively, when the beam is passed through the inner edge of the empty
tube, the intensity of the MDR peaks is significantly reduced. However, filling
the tube with a colloidal solution again resulted in strong elastic scattering
with a clearly resolved MDR angular structure. Most of our experiments
were performed using this illumination geometry. Our observations imply
that elastic scattering by fractal aggregates and monomers contributes to
output coupling of radiation from microcavity MDRs. Scattering, together
with absorption, decreases the quality factor Q of the cavity modes according
to Q−1 = Q−1

a +Q−1
sv +Q−1

ss , where Q
−1
a , Q−1

sv , and Q
−1
ss are losses due to ab-

sorption, volume scattering, and surface scattering, respectively [6]. (Diffrac-
tion losses are negligible in our case.) If colloidal aggregates are present in the
microcavity, the volume absorption is the most important loss mechanism.
The measured absorption coefficient α = 5 cm−1 at λ = 543.5 nm, so that
Qa = 2πn/αλL = 3.4× 104, where n = 1.46 is the refractive index. The mea-
sured scattering loss, Q−1

sv +Q−1
ss , is smaller than Q

−1
a by, at least, one order

of magnitude, implying that scattering may be regarded in our experiments
primarily as an output-coupling mechanism for microcavity radiation.

Figure 2 contrasts the luminescent spectrum of a 5×10−7M aqueous dye
solution in a microcavity with and without the presence of fractal silver aggre-
gates. Without aggregates, a weak, broad luminescent band is observed with
a maximum at λ = 560 nm and a FWHM of 30 nm for λL = 514.5 nm excita-
tion; the lower trace in Fig. 2 shows the central portion of this spectrum, and
the inset provides an expanded view. In the inset, representative groupings
of small amplitude peaks may be seen corresponding to luminescent emission
coupled to microcavity MDRs. The intermode spacing between these peaks is
approximately ∆λ ≈ 0.066 nm. This spacing is slightly smaller than the theo-
retical intermode spacing of ∆λ = (λ2/2πa)[(n2−1)−1/2 tan−1(n2−1)1/2] ≈
0.076 nm, calculated for a quartz microcavity of radius a = 0.5mm and re-
fractive index n ≈ 1.46. The spectral widths of the peaks were limited by our
instrumental resolution.

In the presence of fractal aggregates, the luminescent intensity and spec-
trum are changed dramatically. Figure 2 illustrates the huge increase in MDR
peak intensities within a narrow spectral region centered near λ = 561 nm
with a bandwidth of approximately 3 nm for the tube containing the Ag-
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Fig. 2. Luminescent spectrum of 5×10−7 M R6G dye solution in microcavity, with
(heavy line, neutral density o. d.=5 filters are used) and without (circles, thin line)
fractals, for λL = 514.5 nm, CW Ar laser excitation. Inset gives detail of spectrum
without fractals showing typical mode structure

R6G composite. Closely spaced but spectrally distinct modes in this region
have intermode spacings essentially identical to those for the aggregate-free
spectra discussed in the preceding paragraph. The measured value of a single
peak FWHM, δλ = 0.04 nm (it is close to our instrumental width), allows us
to estimate a lower bound for the quality factors, Q > λ/δλ = 1.5×104. This
lower bound value is consistent with the previous estimate of Q ∼= 3.1× 104.

Analogous enhanced emission spectra from a dye/fractal/microcavity sys-
tem are observed under He–Ne laser excitation. Huge MDR peaks are cen-
tered near λ = 600 nm in this case. The narrowing of the emission spectrum
(from 30 nm to 3 nm) is characteristic of laser action. To test this point, we
studied the emission intensity of different spectral components as a function
of the pump intensity. It was found that this dependence is linear for low
excitation intensities for all components. However, when the pump intensity
exceeds a certain critical value in the range between 20 and 50W/ cm2, some
peaks grow dramatically, exhibiting a lasing threshold dependence (Fig. 3).
The threshold power for λL = 543.5 nm He–Ne laser excitation is as small as
2× 10−4W.

The enhanced emission was found confined within an approximately
50-µm region of the tube in a vertical direction, which contained the incident



158 Won-Tae Kim et al.

Fig. 3. Nonlinear dependence of luminescent peak intensity on pump power. A
typical luminescent spectrum near 572 nm is shown as the dashed line. Peaks in the
presence of fractals are shown as the solid lines

pump light; moreover, emission from this region exhibits angular patterns
characteristic of microcavity MDRs.

Thus, the spectral, threshold, and spatial dependencies confirm the laser
nature of the observed emission. It is noteworthy that the R6G concentration
was only 5 × 10−7M in these experiments, three orders of magnitude lower
than that for conventional dye lasers with an external cavity and for a micro-
droplet laser without fractal silver aggregates [12]. In our experiments, the
minimum R6G concentration that results in lasing can be as low as 10−8M.
These findings suggest that the lasing effect is due to dye molecules adsorbed
on the surface of silver aggregates. This conclusion is also supported by the
fact that increasing the R6G concentration to 10−5M does not result in ad-
ditional growth of the lasing peak intensities compared with the 5 × 10−7M
concentration; the additional dye concentration is apparently not adsorbed
onto the silver particles, but remains in solution as free molecules, where it
does not effectively contribute to the enhanced lasing effect. We conclude
that for our composites, the effect of increasing local pump and emitted
fields losses is connected with optical absorption by fractals and nonradiative
quenching of excitation. Possibly, saturation of fractal absorption facilitates
the lasing. The problem of luminescent excitation and amplification (and a
possible role of cooperative radiative effects) for molecules adsorbed onto a
metal fractal requires further studies.

We note that during the course of the lasing experiments, we also observed
pump-induced photoaggregation, reported earlier in [14]. Our experiments
carried out to investigate the spectroscopic consequences of the photoaggre-
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gation effect had dramatic results. A system consisting of an approximately
10−8M R6G dye solution together with unaggregated colloidal silver par-
ticles was placed within a microcavity and irradiated by a 543.5-nm, CW,
He–Ne pump laser with a power of approximately 50µW. For more than
20min , only very weak luminescent emission was observed from the micro-
cavity. Then, during a very brief period (a minute or two), intense laser
emission became visible, coupled to a small number of microcavity MDRs.
This emission persisted for a time of the order of 1 h before disappearing. At
that time, examination revealed that no fractal material remained in solution
within the microcavity; the fractal aggregates presumably grew large enough
that they precipitated out. Corroborative experiments using the electron mi-
croscope confirmed that, for irradiation with this pump laser, significant ag-
gregation occurred on a timescale of the order of 15–30min , and sedimenta-
tion of the fractals occurred within an hour or so. We interpret these novel
findings as direct evidence for the existence of enhancement due to fractal
resonance modes. A pump power of 50µW corresponds to below-threshold
conditions for the dye-colloid-microcavity system; however, if aggregation
occurs, thereby increasing the enhancement because of the contribution of
fractal resonance modes, the system will be driven above threshold (for the
same pump power). Our experiments strongly suggest that photoaggregation
has resulted in this increased enhancement. Another important factor in the
observed time-dependent effect can be related to the light-induced pulling of
fractals into the high-intensity area associated with the whispering gallery
modes of the microcavity.

To summarize this section, results reported here promise an advance in
the design of micro/nanolasers, operating on a small number of, or even on
individual, molecules adsorbed on metal nanostructures within a micro/nano-
cavity, as well as offering the possibility of combining surface-enhanced radia-
tive processes and high-Qmorphology-dependent resonances in microcavities.

4 Ultra-Broadband 200–800 nm Light Emission

The Raman effect has long been used in spectroscopic analysis. However,
until recently, Raman methods were seldom the method of choice due to the
extremely small Raman scattering (RS) cross section, which is of the order
10−29 cm2. Nonlinear Raman spectroscopy is, in principle, a useful analyt-
ical tool, but requires intense laser pumping sources which may introduce
unwanted side effects such as photo-induced damage and plasma breakdown.
However, even with the use of intense pumping sources, nonlinear Raman pro-
cesses may still be extremely weak. Consider hyper-Raman scattering (HRS),
where the Raman emission is excited by harmonics of the pump laser. The
ratio of HRS to ordinary Raman scattering intensities depends on the inci-
dent laser pump intensity and is typically 10−8−10−9 for pump intensities of
the order 107 W/ cm2 [16]. A significant increase in the RS intensity results
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from the mechanism of surface-enhanced RS (SERS), where samples of inter-
est are adsorbed onto nanoscale roughened metal surfaces or nanostructured
metal colloids. SERS, which has proven to be a very sensitive spectroscopic
method with high molecular specificity, increases the average Raman intensity
by a factor of ∼ 106 [1]. Hyper-Raman scattering from adsorbed molecules
also benefits from surface enhancement [17,18], which generally includes both
enhancements of local electromagnetic fields and the resonant character of
nonlinear processes resulting from the charge-transfer band [17]. Under the
resonance conditions, hyper-Raman processes could be accompanied by cas-
cade, step-like processes, in which the intermediate and upper energy levels
are first populated and then the radiative decay occurs from these states.
Since one may not distinguish these processes, we call them nonlinear reso-
nance scattering processes. However, to be observable, it still requires very
large intensities, ∼ 106W/ cm2 or larger. Here, we present evidence that far
greater enhancement of Raman and may be achieved at low pump intensity
in fractal-microcavity composite media. With the aid of these composites,
nonlinear Raman spectroscopy can become an efficient analytical tool for
detecting and characterizing a small number of, or even single molecules.

We have observed enhanced light emission on the metal surface in the
stokes and anti-stokes sides of a spectrum from such media using a CW
He–Ne pump laser with a power level as low as 1mW (the corresponding
intensity is as low as 20W/ cm2). To obtain the enhanced light emission
spectra, fractal-microcavity composites were irradiated by a Spectra-Physics
632.8 nm laser with a maximum power of approximately 15mW. The He–Ne
laser was focused near the rim of the microcavity in a plane perpendicular to
its axis; this geometry insures efficient coupling of the pump light to micro-
cavity MDRs (see Fig. 1b). The He–Ne pump excites Raman and luminescent
emissions from Ag-particles/ sodium citrate complex, present in concentra-
tions of 5×10−4M as a by-product of fractal preparation. The role of each
component of this complex is under study. These emissions, likewise coupled
to MDRs, emanate from the microcavity rim where a portion of the light is
gathered by a collecting lens and input to an Acton imaging spectrograph
fitted with either a 300- or an 1800-groove/mm holographic grating. Spec-
trally analysed emissions are recorded with the aid of a Princeton Instruments
two-dimensional CCD detector.

To avoid possible spectral contamination by laser plasma lines, a laser
filter was placed before the sample. A blocking notch filter was inserted after
the sample to minimize the amount of stray light at the pump wavelength
reaching the CCD. Composite spectra were obtained by superposing eight in-
dividual overlapping spectral regions from the 200–800 nm band, using long-
or short-pass filters placed after the sample to isolate each region. Individual
spectra were combined by matching the relative values of peak intensities in
the overlapped portions accounting for the spectral sensitivity of the CCD.
This procedure eliminates possible spectral contamination by grating ghosts
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or overlapping diffraction orders; thus, there is no doubt in the credibility
of the measured spectra. However, we should note weak reproducibility of
the spectra described here and in Section 3, which could be a result of the
short-time stability of the used colloid. Figure 4a shows a low-resolution spec-
trum obtained using a 300 grooves/mm grating. The spectra obtained are
extremely broadband, spanning a range from at least 200 to 800 nm; spectra

Fig. 4. (a) Emission spectrum of the composite and Raman Stokes spectrum of
sodium citrate (inset). (b) Stokes sides of the spectra with respect to ν0, 2ν0,
and 3ν0
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were not recorded outside of this range because of the degraded response of
the spectrometer and the CCD. The spectrum on the anti-Stokes side con-
sists of several groups of well-resolved lines in the ν0 to 2ν0 region with the
spectral resolution from 5 to 20 cm−1. In the 2ν0 to 3ν0 region, CCD “pixel”
errors are larger, 47 cm−1, and spectral structures are poorly resolved or un-
resolved. The features in this spectrum will be discussed below. The insert
displays the Stokes-side spectrum, which contains Raman peaks and a broad
emission band.

To estimate the contribution of hyper-Raman scattering from pure molec-
ular transitions to the anti-Stokes spectrum, we should specifically compare
the emission spectrum with Raman peak positions, and estimate the hyper-
Raman/Raman intensity ratio.

According to previous studies[21,22], SERS spectra from sodium citrate
on Carey-Lea citrate-stabilized silver hydrosol show a weak band near 650–
660 cm−1, no band near 1640–1660 cm−1, and a dominant band at 1400 cm−1.
As described above, we prepared silver sol using the Lee-Meisel method with
addition of NaCl. In this case, sodium citrate, a salt of a propanetricarboxylic
acid C6H8O7, exhibits a modified SERS spectrum (see Fig. 4a insert) char-
acteristic of some carboxylic acids, such as substituted acetic [23] and formic
acids [24]. The spectral signature of the modified spectrum includes a re-
duced intensity of the COO− vibration near 1410 cm−1 (the dominant band
in bulk spectra) and increased intensity of Raman bands near 1640 cm−1

(C=0 stretch), with the ratio of intensities strongly depending on adsorp-
tion details. Previous studies of SERS spectra of different carboxylic acids
[21,22,23,24,25,26] exhibit slightly different spectra for the same adsorbate
and equivalent SERS spectra for different adsorbates. Explanations for the
modified spectrum include geometric orientation effects of the adsorbate with
respect to the metal surface [23,26] and chemical transformation during for-
mation of the adsorbate-metal complex [24], so that the spectra depend on
sol preparation and age. The presence of Cl− results in an intense 1636 cm−1

band and an unobservable 1400 cm−1 band, indicating that COO− has been
desorbed from the silver surface and the molecules are adsorbed mainly via
the OH group [25].

Summarizing, the comparison of spectral lines near 2ν0 with Raman peaks
near ν0 (see Fig. 4b) reveal that only a small number can be interpreted as
hyper-Raman scattering from adsorbate molecules: specifically, two peaks
(at 800 and 933 cm−1) have shifts from 2ν0 approximately equal to the
SERS shifts 807 and 921 cm−1; in addition, a number of other peaks may
be regarded as overtones of the Raman fundamentals (e.g., 2 × 1256 cm−1,
2× 1642 cm−1, 3× 1256 cm−1). Thus, although we can identify a fraction of
peaks as resulting from surface-enhanced Raman and hyper-Raman scatter-
ing, many peaks in the broad-band spectrum may not be attributed to either
Raman or hyper-Raman scattering from adsorbate molecules and should be
treated as nonlinear resonant scattering resulting from multi-photon-pumped
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luminescence from discrete states of metal particles or adsorbate-molecule/
metal-particle complexes [26]. This conclusion is also supported by compar-
ison of the measured ratio of the RS/nonlinear scattering intensities and
theoretical estimates for hyper-Raman scattering discussed below.

The measured enhancement factor for Raman scattering, G(RS), is de-
fined as the product of two measured RS intensity ratios. The first ratio
comes from comparison of RS in citrate adsorbed on fractal aggregates and
in concentrated sodium citrate solution without colloid, If/Iw ∼ 105–106; and
the second one comes from comparison of RS from fractal solutions with and
without a microcavity, If−mc/If ∼ 104. The resulting factor G(RS) ∼ 109–
1010, exceeds by up to four orders of magnitude the average (macroscopic)
RS enhancement on rough metal surfaces and colloidal aggregates.

With the proven fact that the RS enhancement in fractals is concentrated
in nanometer-sized hot spots where it exceeds the average RS-enhancement
by up to six orders of magnitude [2], we conclude that the local RS-enhance-
ment in the hot spots of the fractal-microcavity composites can be as large
as 1015–1016 [15]. These enhancement factors exceed the local enhancements
for single molecule SERS (1012 ∼ 1015) observed in [19,20]. Therefore, we
expect that placing fractal nanostructures in a microcavity will facilitate
new possibilities for optical microanalysis and studies of lasing and nonlinear
optical effects in single molecules.

Following Reference [17], the ratio of hyper-Raman/Raman intensity may
be estimated from the ratio of RS and HRS intensities in bulk solution, which
is IHRS/IRS ∼ 10−14–10−15 for a pump intensity, I ∼ 50W/ cm2, used in our
experiments. For pure molecular transitions, the cross-sections are assumed
to be unchanged; hence, this ratio may increase only as a result of the local
field enhancement in fractal-microcavity composites.

In general, the intensity for n-photon pumped HRS can be approximated
by InHRS = σnHRSI

nG
(n)
fract g

(n)
cav, where σnHRS is the n-photon-pumped HRS

cross section, I is the intensity of the pump at the fundamental frequency,
G

(n)
fract is the local-field HRS enhancement factor in fractals, and g(n)

cav is the
local-field HRS enhancement of the cavity’s MDRs. The case of n = 1 cor-
responds to conventional RS so that G(1)

fract = G
(RS)
fract; the cases of n = 2 and

n = 3 correspond to two- and three-photon pumped HRS, respectively. MDR
and fractal enhancements are decoupled in this approximation.

The fractal-field enhancement G(n)
fract for HRS is defined through the av-

eraging of a ratio (raised to a proper power) of the local and external fields.
Following the general approach described in [2], we found an analytical ex-
pression for G(n)

fract in terms of X(ω) and δ(ω), which are the known functions
of the wavelength and defined via −[α0]−1 = Z = X + iδ, where α0 is the
polarizability of individual spherical monomers forming the fractal. The cor-
responding formulas are as follows. For conventional RS, with a relatively
small Stokes shift (so that X(ωs) ≈ X(ω) = X), G(RS)

fract ≈ |Z/δ|4 δImα (X).
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For RS (n = 1) with a large shift and for HRS, G(n)
fract ≈

[
|Z/δ|2n

δImα (X)
]

×
[
|Zs/δs|2 δsImα (Xs)

]
, where Xs = X(ωs). In these formulas, Imα (X) is

the average absorption by fractals (Fig. 1a) calculated in [2]. As seen in Fig. 5,
the formulas above are in good accord with our simulations based on numer-
ical solution of the coupled-dipole equations in fractals [2]. Both theory and
simulations show strong enhancement for RS, especially, for HRS, that in-
creases toward the infrared, where quality factors of fractal plasmon modes
are much larger [2].

The microcavity enhancement g(n)
cav depends on whether the fundamental

and Stokes waves couple to the MDRs of the cavity. It can range from g
(n)
cav ∼

Qn
λ (only the fundamental wave is coupled to the MDRs) and g(n)

cav ∼ Qλs

(only the Stokes wave is coupled to MDRs) up to g(n)
cav ∼ Qn

λQλs , when both
waves are coupled to MDRs (Qλ and Qλs are the cavity quality factors at λ
and λs). However, if none of the waves couples to MDRs, g

(n)
cav ∼ 1. Typical

quality factors for our microcavities range from 104 to 105. Thus, even if
we assume that the cavity enhancement for the two-photon pumped HRS is
close to its maximum, g(2)

cav ∼ Q2
λQλs ∼ 1015, and multiply it by the fractal

enhancement G(2)
fract ∼ 106 at λ = 632 nm, the resultant factor is still much

less than experimentally observed. Since the experimental spectra contain
many anti-Stokes emission peaks whose intensities are approximately equal
to the Stokes Raman peak intensities, we conclude that they cannot arise
from hyper-Raman scattering from pure molecular transitions. We believe
that there is an additional source of strong enhancement in our composites,
which we assume to be the chemical enhancement. We also note that to

Fig. 5. Theoretical and simulated SERS and SEHRS fractal-field enhancement fac-
tors, G

(n)
fract, in silver fractals
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describe properly this enhancement one needs to take into consideration the
discrete metal-particle states, as was pointed out in[26].

Chemical enhancement results in modification of the cross section σnHRS,
occurring when adsorbates bind strongly to the SEHRS-active surface so
that Raman emission does not arise from the adsorbate alone, but rather
from an adsorbate–surface complex (e.g., see [28,29,30]). These new charge-
transfer states can contribute resonantly to the Raman and hyper-Raman
cross section of the surface complex, greatly increasing its magnitude.

The fractal plasmon modes can play an important role in the chemical
enhancement, as they do in electromagnetic (EM) enhancement. For example,
energy transfer, which is facilitated by the Agn clusters, can occur between
fractal plasmon modes and vibronic excitations of molecules adsorbed onto
the metal surface. Plasmons can decay into single electron excitations that
lead to the resonant enhancement of RS and HRS enhancement [31]. The
process can also be mediated by so-called ballistic electrons arising through
the plasmon excitations (see [32] and references therein).

We believe that the giant nonlinear emission observed is due to com-
bined contributions from the electromagnetic and chemical enhancements,
both strongly benefiting from the fractal plasmon modes.

The dramatic EM enhancement in fractal-microcavity composites and
the resonant character of Raman processes resulting from the charge-transfer
bands can result in an unusual dependence of the observed emission on pump
intensity because of saturation effects. For example, if a two-photon transition
is saturated so that the upper level population does not further increase with
intensity, then, the intensity dependence for three-photon-pumped HRS is
quasi-linear rather than I3 because the hyper-Raman process, in this case, can
be roughly thought of as a conventional Raman process from the upper level of
the two-photon transition. Similarly, if the one-photon transition is saturated,
then two-photon-pumped HRS should have a quasi-linear dependence. Our
experimental studies of the intensity dependence (not shown) support this
conclusion. The measurements indicate that with an increase in the laser
pump power, the intensity dependence (initially nonlinear) quickly becomes
quasi-linear for pump power above 2mW. The saturation means that the
HRS cross section becomes intensity-dependent. We stress that the lasing
effect [15] observed in the same system also provides strong evidence for
saturation at low pump power. Finally, we note that at saturation, one may
not distinguish between truly multiphoton processes (such as conventional
HRS) and cascade, step-like processes, in which the upper energy level is
first populated and then a Raman process occurs from that state [33].

Thus, in fractal-microcavity composites, nonlinear Raman spectroscopy
becomes possible at low light intensities that makes it a powerful analytical
tool for detecting and characterizing molecules.

Because of giant multiplicative enhancement of optical responses in frac-
tal-microcavity composites, we can also expect generation of higher harmon-
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ics and cascaded Stokes and anti-Stokes spectral components when the higher
vibrational levels are populated. The experiments described above indicate
that there is efficient generation of new spectral components covering a very
large spectral interval from the near-infrared to the ultraviolet, when the
fractal-microcavity composite is irradiated by a low-power He–Ne laser. We
speculate that various optical nonlinearities, such as harmonic generation,
hyper-Raman and cascaded Stokes and anti-Stokes Raman scattering and
their phase-matched counterpart, coherent anti-Stokes Raman (and hyper-
Raman) scattering (CARS and CAHRS), can be dramatically enhanced in
the composites and generated simultaneously, even at very moderate pump
power.

It is interesting to note that the enhancement is expected to increase
with the order of the optical nonlinearity because, in this case, the process
is proportional to the enhanced local field raised to a greater power; in other
words, the larger the nonlinearity, the stronger the enhancement. Under these
circumstances, different order optical nonlinearities can coexist and compete
with each other, leading to a number of very interesting complex phenom-
ena involving high nonlinearities and feedback, such as optical multistability,
optical chaos, and optical self-organization and pattern formation.

Acknowledgments

This work was supported in part by National Science Foundation (DMR-
98101183 and DMR-0071901), Petropleum Research Fund (35028-AC5),
Civilian Research and Development Foundation (RE1-2229), Army Re-
search Office (DAAG55-98-1-0425 and DAAD19-01-1-0682), and NASA un-
der Grants NAG 8-1710 and NCC-1-01049.

References

1. K. Chang, T. E. Furtak (Eds.), Surface Enhanced Raman Scattering (Plenum,
New York 1982); M. Moskovits, Rev. Mod. Phys. 57, 783 (1985) 150, 152, 153,
160

2. V. M. Shalaev, Nonlinear Optics of Random Media: Fractal Composites and
Metal-Dielectric Films (Springer, Berlin, Heidelberg 2000) 150, 151, 163, 164

3. B. B. Mandelbrot, The Fractal Geometry of Nature (Freeman, San Francisco
1982); A. L. Barbasi, H. E. Stanley, Fractal Concepts in Surface Growth, (Cam-
bridge University Press, Cambridge 1995); R. Jullien, R. Botet, Aggregation and
Fractal Aggregates, (World Scientific, Singapore 1987); F. Family, T. Viscek,
Dynamics of Fractal Surfaces (World Scientific, Singapore 1990) 151

4. V. M. Shalaev, M. I. Stockman, Sov. Phys. JETP 65, 287 (1987); A. V.
Butenko, V. M. Shalaev, M. I. Stockman, Sov. Phys. JETP 67, 60 (1988);
S. G. Rautian, V. P. Safonov, P. A. Chubakov, V. M. Shalaev, M. I. Stockman,
JETP Lett. 47, 243 (1988); V. A. Markel, L. S. Muratov, M. I. Stockman,
T. F. George, Phys. Rev. B 43, 8183 (1991) 151



Fractal-Microcavity Composites: Giant Optical Responses 167

5. M. I. Stockman, L. N. Pandey, T. F. George, Phys. Rev. B 53, 2183 (1996);
M. I. Stockman, Phys. Rev. E 56, 6494 (1997); Phys. Rev. Lett. 79, 4562 (1997)
151

6. V. M. Shalaev, Phys. Reports 272, 61 (1996); V. A. Markel, V. M. Shalaev,
E. B. Stechel, W. Kim, R. L. Armstrong, Phys. Rev. B 53, 2425 (1996); V. M.
Shalaev, E. Y. Poliakov, V. A. Markel, Phys. Rev. B 53, 2437 (1996); Yu. E.
Danilova, V. P. Drachev, S. V. Perminov, V. P. Safonov, Bull. Russian Acad.
Sci. Phys. 60, 342 (1996); Ibid. 374; Yu. E. Danilova, N. N. Lepeshkin, S. G.
Rautian, V. P. Safonov, Physica A 241, 231 (1997) 151, 156

7. R. K. Chang, A. J. Campillo (Eds.), Optical Processes in Microcavities (World
Scientific, Singapore 1996) 151, 153

8. J. F. Owen, P. W. Barber, P. B. Dorain, R. K. Chang, Phys. Rev. Lett. 47,
1075 (1981) 152

9. H.-M. Tzeng, K. F. Wall, M. B. Long, R. K. Chang, Opt. Lett. 9, 499 (1984)
152

10. A. Biswas, H. Latifi, R. L. Armstrong, R. G. Pinnick, Opt. Lett. 14, 214 (1988)
152

11. R. L. Armstrong, J. G. Xie, T. E. Ruekgauer, R. G. Pinnick, Opt. Lett. 17,
943 (1992) 152

12. M. B. Lin, A. J. Campillo, Phys. Rev. Lett 73, 2440 (1994) 152, 158
13. P. C. Lee, D. Meisel, J. Phys. Chem. 86, 3391 (1982) 152, 154
14. S. V. Karpov, A. K. Popov, and V. V. Slabko, JETP Lett. 66, 106 (1997) 153,

158
15. W. Kim, V. P. Safonov, V. M. Shalaev, R. L. Armstrong, Phys. Rev. Lett. 82,

4811–4814 (1999) 154, 163, 165
16. L. D. Ziegler, J. Raman Spectrosc. 21,769–779 (1990) 159
17. J. T. Golab et al., J. Chem. Phys. 81, 7942 (1988) 160, 163
18. K. Kneipp et al., Chem. Phys. 247, 155 (1999) 160
19. K. Kneipp K. et al., Phys. Rev. Lett. 78, 1667 (1997) 163
20. S. Nie, S. R. Emory, Science 275, 1102 (1997) 163
21. M. Kerker, O. Siiman, L. A. Bumm, D.-S. Wang, Appl. Opt.,19, 3253–3255

(1980) 162
22. O. Siiman, L. A. Bumm, R. Callaghan, C. G. Blatchford, M. Kerker, J. Phys.

Chem., 87, 1014–1023 (1983) 162
23. S. Kai, W. Chaozhi, X. Guangzhi, Spectrochimica Acta, 45A, 1029–1032 (1989)

162
24. J. L. Castro, J. C. Otero, J. I. Marcos, J. Raman Spectr. 28, 765–769 (1997)

162
25. Y. Fang, J. Raman Spectr., 30, 85–89 (1999) 162
26. V. P. Drachev W. Kim, V. P. Safonov, V. A. Podolskiy, N.S. Zakovryashin, E.

N. Khaliullin, Vladimir M. Shalaev and R. L. Armstrong, J.of Mod. Opt, 2001
To be published 162, 163, 165

27. M. Moskovits, J. S. Suh, J. Am. Chem. Soc., 107, 6826–6829 (1985)
28. F. J. Adrian, J. Chem. Phys. 77, 5302 (1982) 165
29. A. Campion, P. Kamphampati, Chem. Soc. Rev. 27, 241 (1998) 165
30. J. R. Lombardi et al., J. Chem. Phys. 84, 4174 (1986) 165
31. J. Lehman et al., J. Chem. Phys. 112, 5428 (2000) 165
32. A. M. Michaels et al. J. Am. Chem. Soc. 121, 9932 (1999) 165
33. T. Ya. Popova et al., Soviet Phys. JETP 30, 243–247 (1970) 165





Theory of Nonlinear Optical Responses

in Metal-Dielectric Composites

Andrey K. Sarychev1,2 and Vladimir M. Shalaev3

1 Center for Applied Problems of Electrodynamics,
Moscow, 127412, Russia

2 Department of Physics, New Mexico State University,
Las Cruces, NM 88003, USA

3 School of Electrical and Computer Engineering, Purdue University,
West Lafayette, IN 47907-1285, USA
shalaev@purdue.edu

Abstract. In random metal–dielectric composites near the percolation threshold,
surface plasmons are localized in small nanometer-sized areas, hot spots, where the
local field can exceed the applied field by several orders of magnitude. The high lo-
cal fields result in dramatic enhancement of optical responses, especially, nonlinear
ones. The local-field distributions and enhanced optical nonlinearities are described
using scale renormalization. A theory predicts that the local fields consist of spa-
tially separated clusters of sharp peaks representing localized surface plasmons.
Experimental observations are in good accord with theoretical predictions. The lo-
calization of plasmons maps the Anderson localization problem described by the
random Hamiltonian with both on- and off-diagonal disorder. The feasibility of
nonlinear surface-enhanced spectroscopy of single molecules and nanocrystals on
percolation films is shown.

1 Introduction

Metal–dielectric composites attract much attention because of their unique
optical properties, which are significantly different from those of constituents
forming the composite [1,2,3]. Semicontinuous metal films can be produced
by thermal evaporation or sputtering of metal onto an insulating substrate.
In the growing process, first, small metallic grains are formed on the sub-
strate. The typical size a of a metal grain is about 5 to 50 nm. As the film
grows, the metal filling factor increases, and coalescence occurs, so that ir-
regularly shaped self-similar clusters (fractals) are formed on the substrate.
The concept of scale-invariance (fractality) plays an important role in the
description of various properties of percolation systems [2,4]. The sizes of the
fractal structures diverge in the vicinity of the percolation threshold, where
an “infinite” percolation cluster of metal is eventually formed, representing
a continuous conducting path between the ends of a sample. At the percola-
tion threshold, the metal–insulator transition occurs in the system. At higher
surface coverage, the film is mostly metallic, with voids of irregular shape.
With further coverage increase, the film becomes uniform.
V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 169–186 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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In randommetal–dielectric films, surface plasmon excitations are localized
in small nanometer-scale areas referred to as “hot spots” [2,5,6]. As discussed
below, the localization can be attributed to the Anderson localization of
plasmons in semicontinuous metal films near a percolation threshold (in this
case, referred to as percolation films). Electromagnetic energy is accumulated
in the hot spots associated with localized plasmons, leading to local fields
that can exceed the intensity of the applied field by four to five orders of
magnitude. The high local fields in the hot spots also result in dramatically
enhanced nonlinear optical responses proportional to the local field raised to
a power greater than one.

Local electromagnetic field fluctuations and related enhancement of non-
linear optical phenomena in metal–dielectric composites near percolation
threshold (percolation composites) have recently become an area of active
studies because of many fundamental problems involved and high potential
for various applications. Percolation systems are very sensitive to the external
electrical field since their transport and optical properties are determined by a
rather sparse network of conducting channels and the field concentrates in the
“weak” points of the channels. Therefore, composite materials can have much
larger nonlinear susceptibilities at zero and finite frequencies than those of its
constituents. The distinguished feature of percolation composites, to amplify
nonlinearities of its components, was recognized very early [7,8,9,10,11,12],
and nonlinear conductivities and susceptibilities have been intensively stud-
ied during the last decade (see, for example, [1,13,14,15,16,17]).

Here, we consider relatively weak nonlinearities when the conductivity
σ(E) can be expanded in a power series of the applied electrical field E and
the leading term, i.e., the linear conductivity σ(1), is much larger than others.
This is typical for various nonlinearities in the optical and infrared spectral
ranges considered here. Even weak nonlinearities lead to qualitatively new
physical effects. For example, generation of higher harmonics can be much en-
hanced in percolation composites, and bistable behavior of the effective con-
ductivity can occur when the conductivity switches between two stable values,
etc. [18]. We note that the “languages” of nonlinear currents/conductivities
and nonlinear polarizations/susceptibilities (or dielectric constants) are com-
pletely equivalent, and they will be used here interchangeably.

Local-field fluctuations can be strongly enhanced in the optical and in-
frared spectral ranges for a composite material containing metal particles
that are characterized by a dielectric constant with negative real and small
imaginary parts. Then, the enhancement is due to the surface plasmon reso-
nance in metallic granules and their clusters [1,14,19,20]. The strong fluctua-
tions of the local electrical field lead to the enhancement of various nonlinear
effects. Nonlinear percolation composites are potentially of great practical
importance [21] as media with intensity-dependent dielectric functions and,
in particular, as nonlinear filters and optical bistable elements. The optical



Theory of Nonlinear Optical Responses in Metal-Dielectric Composites 171

response of nonlinear composites can be tuned by controlling the volume
fraction and morphology of the constituents.

The theory of nonlinear optical processes in metal–dielectric composites is
based on the fact that the problem of optical excitations in percolation com-
posites mathematically maps the Anderson transition problem. This allowed
us to predict the localization of plasmon excitations in percolation metal–
dielectric composites and describe in detail the localization pattern. In areas
where the resonant plasmons are localized, “hot spots,” a high concentration
of electromagnetic energy results in very large local fields and dramatic en-
hancement of optical responses. We show that the plasmon eigenstates are
localized on a scale much smaller than the wavelength of the incident light.
Plasmon eigenstates with eigenvalues close to zero (resonant modes) are ex-
cited most efficiently by an external field. Since the eigenstates are localized
and only a small portion of them are excited by the incident beam, the
overlapping of the eigenstates can typically be neglected, that significantly
simplifies theoretical consideration, and allows one to obtain relatively sim-
ple expressions for enhancements of linear and nonlinear optical responses.
It is important to stress again that the plasmon localization length is much
smaller than the light wavelength; in that sense, the predicted subwavelength
localization of plasmons differs quite from the well-known localization of light
due to strong scattering in a random homogeneous medium [23].

We also note that a developed scaling theory of optical nonlinearities
in percolation composites opens new means to study the classical Anderson
problem, taking advantage of the unique characteristics of laser radiation,
namely, its coherence and high intensity.

In spite of major efforts, most of the theoretical considerations of lo-
cal optical fields in percolation composites are restricted to mean-field the-
ories and computer simulations (for references, see [15,16,17]). The effec-
tive medium theory [24] that has the virtue of relative mathematical and
conceptual simplicity was extended for the nonlinear response of percolat-
ing composites [1,13,25,26,27,28,29,30,31] and fractal clusters [28]. For linear
problems, predictions of the effective medium theory are usually sensible
physically and offer quick insight into problems that are difficult to attack
by other means [1]. The effective medium theory, however, has disadvantages
typical of all mean-field theories, namely, it diminishes the role of fluctua-
tions in a system. In this approach, it is assumed that local electrical fields
are the same in the volume occupied by each component of a composite. For
example, the effective medium theory predicts that the local electrical field
should be the same in all metal grains regardless of their local arrangement
in a metal–dielectric composite. Therefore, the local field is predicted to be
almost uniform, in particular, in metal–dielectric composites near percola-
tion. This is, of course, counterintuitive since percolation represents a phase
transition, where according to the basic principles, fluctuations play a crucial
role and determine a system’s physical properties. Moreover, in the optical
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spectral range, the fluctuations are anticipated to be dramatically enhanced
because of the resonance with the sp modes of a composite.

We developed a rather effective numerical method [32] and performed
comprehensive simulations of the local-field distribution and various nonlin-
ear effects in two-dimensional percolation composites - that were random
metal–dielectric films [15,33,34,35]. The effective medium approach fails to
explain the results of the computer simulations performed. It appears that
electrical fields in such films consist of strongly localized sharp peaks result-
ing in very inhomogeneous spatial distributions of the local fields. In peaks
(“hot” spots), the local fields exceed the applied field by several orders of
magnitudes. These peaks are localized in nanometer-size areas and can be
associated with the sp modes of metal clusters in a semicontinuous metal
film. The peak distribution is not random but appears to be spatially corre-
lated and organized in some chains. The length of the chains and the average
distance between them increase toward the infrared part of the spectrum.

Nonlinear optical effects depend not only on the magnitude of the field
but also on its phase, so that a nonlinear signal, in general, is proportional
to 〈|E(r)|kEm(r)〉. In this contribution we describe a scaling theory for en-
hancement of arbitrary nonlinear optical process (for both 2d and 3d perco-
lation composites) and show that enhancement differs significantly for non-
linear optical processes that include photon subtraction (annihilation) and
for those that do not. Photon subtraction implies that the corresponding
field amplitude in the expression for nonlinear polarization (current) P (n)

is complex conjugated [22]. For example, the optical process known as co-
herent anti-Stokes Raman scattering is driven by the nonlinear polariza-
tion P (3) ∝ E2(ω1)E∗(ω2) which results in generation of a wave at the
frequency ωg = 2ω1 − ω2, i.e., in one elementary act of this process, the
ω2 photon is subtracted (annihilated); the corresponding amplitude E(ω2) in
the expression for P (3) is complex conjugated.

In this review, we develop a simple scaling approach explaining extremely
inhomogeneous field distribution and giant optical nonlinearities of metal–
dielectric composites for an arbitrary optical process. We also show the great
potential of percolation films for surface-enhanced local spectroscopy of single
molecules and nanocrystals.

2 Percolation and Anderson Transition Problem

We consider here the general case of a three-dimensional random composite.
As mentioned, the typical size a of the metal grains in percolation nanocom-
posites is of the order of 10 nm, i.e., much smaller than the wavelength λ in
the visible and infrared spectral ranges, so that we can introduce a potential
φ(r) for the local electrical field. The field distribution problem reduces to
the solution of the equation representing the current conservation law:

∇ ·
{

σ(r)
[
−∇φ(r) +E(0)(r)

]}
= 0 , (1)
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where E(0) ≡ E0 is the applied field and σ(r) is the local conductivity that
takes σm and σd values for the metal and dielectric, respectively. In the dis-
cretized form, this relation acquires the form of Kirchhoff’s equations defined,
for example, on a cubic lattice [1].

We can write Kirchhoff’s equations in terms of the local dielectric con-
stant ε = (4πi/ω)σ, rather than conductivity σ. We assume that the external
electrical field E(0) is directed, say, along the z axis. Thus, in the discretized
form, (1) is equivalent to the following set of equations:∑

j

εij (φi − φj + Eij) = 0, (2)

where φi and φj are the electrical potentials determined at the sites of the
cubic lattice (or the square lattice, for a two-dimensional system); the summa-
tion is over the six nearest neighbors of the site i. The electromotive force Eij

takes the value E(0)a0 for the bond 〈ij〉 aligned in the positive z direction,
where a0 is the spatial period of the cubic lattice (which can coincide with the
size grain a). For the bond 〈ij〉 aligned in the −z direction, the electromotive
force Eij takes the value −E(0)a0; for the other four bonds related to site i,
Ekj = 0. The permittivities εij take values εm and εd, with probabilities p
and 1−p, respectively. Thus a percolation composite is modeled by a random
network, including the electromotive forces Eij that represent the external
field.

For simplicity, we can assume that the cubic lattice has a very large
but finite number of sites N and rewrite (2) in the matrix form with the
“interaction matrix” Ĥ defined in terms of the local dielectric constants:

Ĥ Φ = E , (3)

where Φ is the vector of the local potentials Φ = {φ1, φ2, . . . , φN} determined
at N sites of the lattice. Vector E also has N components Ei =

∑
j εijEij , as

follows from (2). The N × N matrix Ĥ has off-diagonal elements Hij = −εij

and diagonal elements Hii =
∑

j εij (j refers to the nearest neighbors of
the site i). The off-diagonal elements Hij randomly take values εd > 0 and
εm = (−1 + iκ) |ε′m|, where the loss factor κ = ε′′m/ |ε′m| is small in the optical
and infrared spectral ranges, i.e., κ 
 1. The diagonal elements Hii are also
random numbers distributed between 2dεm and 2dεd, where 2d is the number
of nearest neighbors in the lattice for a d-dimensional system.

It is important to note that the matrix Ĥ is similar to the quantum-
mechanical Hamiltonian for Anderson’s transition problem with both on- and
off-diagonal correlated disorder [36,37]. We will refer hereafter to operator Ĥ
as Kirchhoff’s Hamiltonian (KH). In the approach considered here, the field
distribution problem, i.e., the problem of finding a solution to the system
of linear equations (2), can be translated into the problem of finding the
eigenmodes of KH Ĥ.
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Suppose we have found the eigenvalues Λn for Ĥ. In the optical and in-
frared spectral ranges, the real part ε′m of the metal dielectric function εm is
negative (ε′m < 0), whereas the permittivity of a dielectric host is positive
(εd > 0); as mentioned, the loss factor is small, κ = ε′′m/ |ε′m| 
 1. There-
fore, the manifold of the KH eigenvalues Λn contains the eigenvalues that
have their real parts equal (or close) to zero with very small imaginary parts
(κ 
 1). Then the eigenstates that correspond to the eigenvalues |Λn/εm| 
 1
are strongly excited by the external field and are seen as giant field fluctua-
tions, representing nonuniform plasmon resonances of a percolation system.

The localized optical excitations can be thought of as field peaks sepa-
rated, on average, by the distance ξe ∝ a (N/n)1/d, where n is the number of
the resonant KH eigenmodes excited by the external field and N is the total
number of the eigenstates. In the limit κ 
 1, only a small part n ∼ κN of
the eigenstates is effectively excited by the external field. Therefore, the dis-
tance ξe, which we call the field correlation length, is large: ξe/a ∝ κ1/d � 1.

According to the one-parameter scaling theory, the eigenstates Ψn are, it
is thought, all localized for the two-dimensional case (see, however, the dis-
cussion in [38,39]). On the other hand, it was shown that there is a transition
from chaotic eigenstates [40,41] to the strongly localized eigenstates in the
two-dimensional Anderson problem [42] with an intermediate crossover re-
gion. The KH also has strong off-diagonal disorder,

〈
H′

ij

〉
= 0 (i �= j), which

usually favors localization [43,44]. Our conjecture is that the eigenstates Ψn

are localized, at least those with Λn ≈ 0, in a two-dimensional system. (We
cannot, however, rule out the possibility of inhomogeneous localization simi-
lar to that obtained for fractals [45] or power-law localization [36,46].)

The Anderson transition in a three-dimensional system is less understood
and little is known about the eigenfunctions [36,47]. We conjecture that the
eigenstates with Λn ≈ 0 are also localized in the three-dimensional case.

3 Scaling in Local-Field Distribution

For the films concerned, gaps between metal grains are filled by a dielectric
substrate, so that a semicontinuous metal film can be thought of as a 2d
array of metal and dielectric grains randomly distributed over the plane. The
dielectric constant of a metal can be approximated by the Drude formula

εm = εb − (ωp/ω)2/(1 + iωτ/ω) , (4)

where εb is the interband contribution, ωp is the plasma frequency, and ωτ

is the plasmon relaxation rate (ωτ 
 ωp). In the high-frequency range con-
sidered here, losses in metal grains are relatively small, ωτ 
 ω. There-
fore, the real part ε′m of the metal dielectric function εm is much larger (in
modulus) than the imaginary part ε′′m, i.e., the loss parameter κ is small,
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κ = ε′′m/ |ε′m| ∼= ωτ/ω 
 1. We note that ε′m is negative for frequencies ω less
than the renormalized plasma frequency,

ω̃p = ωp/
√

εb . (5)

It is instructive to consider first the special case of −ε′m = εd, where
εm ≡ ε′m + iε′′m and εd are the dielectric constants of the metallic and di-
electric components, respectively. The condition −ε′m = εd corresponds to
the resonance of individual metal particles in a dielectric host in the two-
dimensional case. For simplicity, we also set −εm = εd = 1, which can always
be done by simply renormalizing the corresponding quantities.

It can be shown that the field distribution on a percolation film at −εm =
εd = 1 formally maps the Anderson metal–insulator transition problem [2,5,6].
In accord with this, the field potential representing the plasmon modes of a
percolation film must be characterized by the same spatial distribution as
the electron wave function in the Anderson transition problem. Such mathe-
matical equivalence of the two physically different problems stems from the
fact that the current conservation law for a percolation film acquires (when
written in the discretized form) the form of Kirchhoff’s equations, which, in
turn, (when written in the matrix form) become identical to the equations
describing the Anderson transition problem [6]. The corresponding Kirchhoff
Hamiltonian for the field distribution problem is given by a matrix with ran-
dom elements which can be expressed in terms of the dielectric constants for
metal and dielectric bonds of the lattice representing the film. In this matrix,
the values εm = −1 and εd = 1 appear in the matrix elements with prob-
ability p and (1 − p), respectively (where p is the metal filling factor given
at percolation by p = pc, with pc = 1/2 for a self-dual system). In such a
form, the Kirchhoff Hamiltonian is characterized by a random matrix, similar
to that in the Anderson transition problem, with both on- and off-diagonal
disorder. Based on this mathematical equivalence, it was concluded in [2,5,6]
that the plasmons in a percolation film can experience Anderson-type local-
ization within small areas, and the size is given by the Anderson length ξA.
For most localized plasmon modes, ξA can be as small as one grain a.

Below, we develop a simple scaling approach that explains the nontrivial
field distribution predicted and observed in percolation films. This scale-
renormalization method supports the main conclusions of a rigorous (but
tedious) theory of [2,5,6] and has the virtue of being simple and clear, which
is important for understanding and interpreting future experiments.

First, we estimate the field in the hot spots for −ε′m = εd. Hereafter, we
use the sign ∗ (not to be confused with complex conjugation) to indicate that
the quantity concerned is given for −ε′m = εd (with εd ∼ 1); for ξA, however,
we omit this sign since this quantity always refers to −ε′m = εd.

Since ε′m is negative at optical frequencies, metal particles can be roughly
thought of as inductor-resistor (L–R) elements, whereas the dielectric gaps
between the particles can be treated as capacitive (C) elements. Then, the
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condition ε′m = −εd means that the conductivities of the L–R and C elements
are equal in magnitude and opposite in sign, i.e., there is a resonance in the
equivalent L–R–C circuit corresponding to individual particles.

The local field in resonating particles is enhanced by the resonance quality
factor Q which is the inverse of the loss factor, Q = κ−1, so that

E∗
m ∼ E0κ−1 (a/ξA)

d
, (6)

where the factor (a/ξA)
2 takes into account that the resonating mode is lo-

calized within ξA. The resonant modes excited by a monochromatic light
represent only the fraction κ of all modes so that the average distance (re-
ferred to as the field correlation length ξ∗e ) between the field peaks is given
by

ξ∗e ∼ a/κ1/d � ξA. (7)

Note that the field peaks associated with the resonance plasmon modes
represent in fact the normal modes, with the near-zero eigennumbers, of
Kirchhoff’s Hamiltonian discussed above [2,6]. These modes are strongly ex-
cited by the applied field and seen as giant field fluctuations on the surface
of the film.

Now we turn to the important case of “high contrast,” with |εm| � εd, that
corresponds to the long-wavelength part of the spectrum where the local-field
enhancement can be especially strong. From the basic principles of Anderson
localization [2], it is clear that a higher contrast favors localization, so that
plasmon modes are expected to be localized in this case as well.

It is clear that at |εm| � εd, individual metal particles cannot resonate. We
can renormalize, however, the high-contrast system to the case of −ε′m = εd
considered above by formally “dividing” the film into square elements of the
special resonant size

lr = a
(
|εm|/εd

)ν/(t+s)

(8)

and considering these squares as new renormalized elements of the film. Re-
ally, using the known scaling dependences [1,4] for “metal” and “dielectric”
squares of size l (which, respectively, do or do not contain a metal continuous
path through the square):

εm(l) ∼ (l/a)−t/νεm (9)

and

εd(l) ∼ (l/a)s/νεd , (10)

we find that the dielectric constants of the renormalized elements with the
size l = lr are equal in magnitude and opposite in sign,

− εm(lr) = εd(lr) . (11)
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Thus, for these renormalized elements of size lr, there is a resonance similar
to the resonance in the R–L–C circuit describing individual metal particles in
a dielectric host. In this case, however, some effective (renormalized) R–L–C
circuits represent resonating square elements.

For a two-dimensional percolation film, the critical exponents are given
by t ≈ s ≈ ν ≈ 4/3; they represent the percolation critical exponents
for conductivity, dielectric constant, and percolation correlation length, re-
spectively [1,4]. Below, for simplicity we consider the two-dimensional case
(d = 2), though all results can be easily generalized for arbitrary d.

In the renormalized system, the estimate obtained above for field peaks
still holds. Since the electrical field and eigenfunction both scale as lr, we
arrive at the conclusion that in the high-contrast system (with |εm| � εd),
the field maxima can be estimated as

Em ∼ (lr/a)E∗
m ∼ E0κ−1(lr/a)(a/ξA)2 ∼ E0κ−1 (lr/ξA)

2

∼ E0(a/ξA)2|εm|3/2
/(

ε
1/2
d ε′′m

)
. (12)

The light-induced eigenmodes in the high-contrast system are separated, on
average, by the distance ξe that exceeds the mode separation ξ∗e at εm = −εd
by factor lr/a,

ξe ∼ (lr/a)ξ∗e ∼ lr/
√

κ ∼ a|εm|/
√

ε′′mεd. (13)

For a Drude metal at ω 
 ωp, the local field peaks, according to (4) and
(12), are given by

Em/E0 ∼ ε
−1/2
d (a/ξA)2 (ωp/ωτ ) , (14)

and the distance between the excited modes (13) is estimated as

ξe ∼ aωp/
√

εdωωτ . (15)

Figure 1 illustrates, as described above, the renormalization of the field
peaks and their spatial separations at the transition between the reference
(renormalized) system with −εm = εd = 1 and the high-contrast system of
|εm/εd| � 1.

As follows from the figure, the largest local fields of amplitude Em result
from excitation of the resonant clusters of size lr. At −εm = εd = 1, lr = a (8),
as in the reference system. With increasing wavelength (and thus the contrast
|εm|/εd), the resonant size lr and the distance ξe between the resonating
modes both increase.

The above results have a clear physical interpretation and can also be
obtained from the following complementary considerations. Let us consider
two metal clusters, with conductance Σm = −i(a/4π)ωεm(l), separated by a
dielectric gap, with conductance Σd = −i(a/4π)ωεd(l), as shown in Fig. 2a.
The clusters and the gap are both of size l, and εm(l) and εd(l) are defined
in (9) and (10), respectively. The equivalent conductance Σe for Σm and Σd
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Fig. 1. Renormalization of the field distribution at the transition between the ref-
erence case with −εm/εd = 1 and the high-contrast case of −εm/εd � 1

in series is given by Σe = ΣmΣd

/
(Σm +Σd), and the current j through the

system is j = ΣeE0l. The local field, however, is strongly inhomogeneous,
and the largest field occurs at the point of the closest approach between the
clusters, where the separation between clusters can be as small as a; then,
the maximum field Em is estimated as Em = (j/Σd)/a ∼ E0(l/a)

/[
1 +

(l/a)(t+s)/νεd/εm

]
[where we used (9) and (10)]. For the “resonant” size l = lr,

the real part of the denominator in the expression for Em becomes zero,
and the field Em reaches its maximum, where it is estimated as Em/E0 ∼
κ−1(lr/a).

In the estimate obtained, we assumed, for simplicity, that ξA ∼ a and,
in this limit, we reproduced the result (12). To obtain the “extra factor”
(a/ξA)2 of (12), we have to take into account that the localization area for
the field is ξA rather than a, so that the field peak is “spread over” for the
distance ξA. With this correction, we immediately arrive at formula (12).

It is clear that for any frequency of the applied field ω, there are always
resonant clusters of the size (8)

l = lr(ω) ∼ a(ω/ω̃p)2ν/(t+s), (16)

where the local field reaches its maximum Em. The resonant size lr increases
with the wavelength. It is important that at percolation, the system is scale-
invariant so that all possible sizes needed for resonant excitation are present,
as schematically illustrated in Fig. 1b. At some large wavelength, only large
clusters of appropriate sizes resonate, leading to field peaks at the points of
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closest approach between the metal clusters; with the decrease of the wave-
length of the applied field, the smaller clusters begin to resonate, whereas the
larger ones (as well as the smaller ones) are off the resonance, as shown in
Fig. 1b.

We can also estimate the number n(lr) of field peaks within one resonating
square of size lr. In the high-contrast system (with |εm/εd| � 1), each field
maximum of the renormalized system (with |εm/εd| = 1) splits into n(lr)
peaks of Em amplitude located along a dielectric gap in the “dielectric” square
of size lr (Figs. 1 and 2). The gap “area” scales as the capacitance of the
dielectric gap, and so must the number of field peaks in the resonance square.
Therefore, we estimate that

n(lr) ∝ (lr/a)s/νp . (17)

In accordance with the above considerations, the average (over the film
surface) intensity of the local field is enhanced as〈∣∣∣∣ E

E0

∣∣∣∣
2
〉

∼ (Em/E0)2n(lr)(ξA/ξe)2 ∼ (a/ξA)
2 |εm|3/2

/
(ε′′mεd), (18)

where we used (8), (13), and (17) and the critical exponents t = s = ν = 4/3.
In Fig. 3, we also show the simulated field distribution on a silver–glass

percolation film at two different wavelengths. In accordance with the con-
sideration above, we see that the local-field distribution consists of clusters
of very sharp peaks where the spatial separation increases with the wave-
length. A qualitatively similar field distribution was detected in recent ex-
periments [5] using scanning near-field optical microscopy.

Thus, using simple arguments based on the scaling dependences of εm(l)
and εd(l) on l and the resonance condition −εm(lr) = εd(lr), one can define
the renormalization procedure that allows one to rescale the “high-contrast”
system to the renormalized one with −εm = εd = 1.

Below we show that the enhanced local field in the hot spots results in
giant enhancement of nonlinear optical responses of semicontinuous films.

Fig. 2. (a) A typical element of a percolation film consisting of two conducting
metal clusters with a dielectric gap in between. (b) Different resonating elements
of a percolation film at different wavelengths
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Fig. 3. Local-field distribution on a silver-glass percolation film at different wave-
lengths: (a) λ = 1.5�m and (b) λ = 10�m
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4 Enhanced Optical Nonlinearities

In general, we can define the high-order field moments as

Mn,m =
1

SEm
0 |E0|n

∫
|E (r)|n Em (r) dr , (19)

where, as above, E0 is the amplitude of the external field and E(r) is the
local field [note that E2 (r) ≡ E (r) ·E (r)]. The integration is over the entire
surface S of the film.

The high-order field moment M2k,m ∝ Ek+mE∗k represents a nonlinear
optical process in which, in one elementary act, k + m photons are added
and k photons are subtracted [22] because the complex conjugated field in
the general expression for nonlinear polarization implies photon subtraction,
so that the corresponding frequency enters the nonlinear susceptibility with
a minus sign [22]. As first shown in [6], enhancement is significantly different
for nonlinear processes with photon subtraction in comparison with those
where all photons enter the nonlinear susceptibility with a plus sign. The
enhancement of Kerr optical nonlinearity GK (see below) is equal to M2,2,
second-harmonic generation (SHG) and third-harmonic generation (THG)
enhancements are given by |M0,2|2 and |M0,3|2, respectively, and surface-
enhanced Raman scattering (SERS) is represented by M4,0.

The high-order moments of the local field in d = 2 percolation films can be
estimated as Mn,m ∼ (Em/E0)n+mn(lr)(ξA/ξe)2. Using the scaling formulas
(8)–(17) for the field distribution, we obtain the following estimate for the
field moments:

Mn,m ∼
(

Em

E0

)n+m (lr/a)s/ν

(ξe/ξA)
2 ∼

(
|εm|3/2

(ξA/a)2ε
1/2
d ε′′m

)n+m−1

, (20)

for n+m > 1 and n > 0 (where we took into account that for two-dimensional
percolation composites, the critical exponents are given by t ∼= s ∼= ν ∼= 4/3).

Since |εm| � εd and the ratio |εm| /ε′′m � 1, the moments of the local field
are very large, i.e., Mn,m � 1, in the visible and infrared spectral ranges. Note
that the first moment, M0,1 � 1, corresponds to the equation 〈E (r)〉 = E0.

Now consider the moments Mn,m for n = 0, i.e.,M0,m = 〈Em (r)〉 / (E0)
m.

In the renormalized system where εm(lr)/εd(lr) ∼= −1+ iκ, the field distribu-
tion coincides with the field distribution in the system with εd � −ε′m ∼ 1. In
that system, field peaks E∗

m, differ in phase and cancel each other out, result-
ing in the moment M∗

0,m ∼ O (1) [6]. In transition to the original system, the
peaks increase by the factor lr, leading to an increase in the moment M0,m.
Then, using (8), (13), and (17), we obtain the following equation for the
moment:

M0,m ∼ M∗
0,m(lr/a)m

[
n(lr)

(ξe/a)2

]
∼ κ(lr/a)m−2+s/ν ∼ ε′′m|εm|(m−3)/2

ε
(m−1)/2
d

, (21)
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for m > 1 (where again we used the critical exponents t ∼= s ∼= ν ∼= 4/3).
For a Drude metal (4) and ω 
 ωp, from (20) and (21), we obtain

Mn,m ∼ ε
(1−n−m)/2
d (a/ξA)2(n+m−1) (ωp/ωτ )

n+m−1
, (22)

for n+ m > 1 and n > 0, and

M0,m ∼ ε
(1−m)/2
d

(
ωm−1

p ωτ

ωm

)
, (23)

for m > 1.
Note that for all moments, the maximum in (22) and (23) is approximately

the same (if ξA ∼ a), so that

M (max )
n,m ∼ ε

(1−n−m)/2
d

(
ωp

ωτ

)n+m−1

. (24)

However, in the spectral range ωp � ω � ωτ , moments M0,m gradually
increase with wavelength, and the maximum is reached only at ω ∼ ωτ ,
whereas the moments Mn,m (with n > 1) reach this maximum at much
shorter wavelengths (roughly, at ω ≈ ω̃p/2) and remain almost constant in
the indicated spectral interval. This conclusion is supported by the numerical
simulations for the silver–glass percolation films shown in Fig. 4; one can see
that the above scaling formulas are in good accord with the simulations.

For silver–glass percolation films, with ωp = 9.1 eV and ωτ = 0.021 eV, we
find that the average field enhancement can be as large as GRS ∼ M4,0 ∼ 107

for Raman scattering (see also Fig. 4), and as large asGFWM ∼ |M2,2|2 ∼ 1014

for degenerate four-wave mixing. According to Fig. 3, the local-field intensity
in the hot spots can approach the magnitude 105 so that the local enhance-
ment of nonlinear optical responses can be truly gigantic, up to 1010, for Ra-
man scattering, and up to 1020, for four-wave mixing signals. With this level

Fig. 4. Average enhancement of the high-order field momentsMn,m in a percolation
silver-glass two-dimensional film as a function of wavelength: M4,0 [scaling formula
(20) – upper solid line and numerical simulations – ∗]; M0,4 [scaling formula (21)
– upper dashed line]; M2,0 [scaling formula (20) – lower solid line and numerical
simulations – +]; M0,2 [scaling formula (21) – lower dashed line and numerical
simulations – 0]
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of enhancement, one can perform nonlinear spectroscopy of single molecules
and nanocrystals. It is important that the enhancement be obtained in the
huge spectral range, from the near-UV to the far-infrared, which is a major
virtue for spectroscopic studies of different molecules and nanocrystals. We
also note that the field enhancement provided by semicontinuous metal films
can be used for various photobiological and photochemical processes.
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Abstract. The surfaces of percolating random 2-D metal–dielectric films consist of
several spectral resonances, which have been calculated and afterward observed by
near-field optical microscopy. These films show anomalous optical properties which
are investigated in the first section. Nonlinear electrical and optical properties of
metal–dielectric film percolation composites, though recognized very early, were not
well understood. It is only recently that calculation of local fields in semicontinuous
films allows us to define the enhancement factors of optical nonlinearities. These
calculations are outlined from basic principles in the second section and compared
with experimental results. An insightful approach to the same problem is to use
a network description to represent the random system and discretize the equations
satisfied by the scalar potential of the electrical field. We recall in the third sec-
tion how such discretization leads to a Hamiltonian which is paradigmatic in the
theory of Anderson localization. The imaging and spectroscopy of localized optical
excitation in gold-on-glass percolation films was performed using near-field optical
microscopy (SNOM), and the fourth section recalls the basic features of the exper-
imental technique and describes the first experimental observation of “hot spots”
in a nanometer-scale area.

1 Introduction

In a significantly wide range close to the percolation second-order transition,
granular metal thin films are known to manifest electromagnetic properties
that are absent for both components: bulk metal and dielectric.

Two-dimensional metal–dielectric films consist of a planar distribution of
nanometer-sized metal grains randomly distributed on the surface of an in-
sulating substrate; each metallic grain has about the same height (thickness)
above the substrate. If the edges do not dominate the shape of the grains,
we can assume that the metallic grains are not too far from cylinders, and
then the ratio between the metal covered surface and the total surface of the

V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 185–215 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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substrate can be regarded as representing the metal filling factor p, or metal-
lic concentration of the film. When this filling factor increases, coalescence
between initially isolated metallic grains occurs, resulting in the formation
of very irregularly shaped clusters. When p increases and reaches the value
p = pc at the percolation threshold, one extended metal cluster spans the
entire sample, and electrical transition from insulating to dc conducting be-
havior occurs. The films in this concentration region show very remarkable
linear and nonlinear optical properties, like second-harmonic generation and
white-light generation [1]. We will focus on the linear localized enhancement
of the fields in this review.

The first part is devoted to the general characterization of these kinds of
films. The recent calculation of the field distribution allowing local enhance-
ments in semicontinuous films is outlined in the second part and compared
with linear optical properties. In the third part, the scaling theory of field
spatial distribution in metal–dielectric composites is briefly reviewed to intro-
duce the Anderson localization concept [2]. Basic features of the experimental
technique [3], scanning near-field optical microscopy (SNOM), are described
in the fourth part, together with the first imaging and spectroscopy of lo-
calized optical excitations, so called “hot spots, in gold-on-glass percolation
films in nanometer-sized areas.

2 Semicontinuous Fractal Metallic Films

Since the 1970s, a large extra absorption has been pointed out [4,5], which was
partly but not sufficiently explained by the presence of grain surface plasmons
(SP), like the well-known Maxwell-Garnett resonance [6]. Moreover, the mean
field models [7,8] never gave a reasonably good account of both reflectance R
and transmittance T spectra together in the ultraviolet, visible, and infrared
ranges.

Some of the models give an account of the transmittance in a defined
wavelength range, some others of the reflectance, sometimes of the sum of
both which gives the absorbance A = 1 − (R + T ). Most of them give an
acceptable account in a small wavelength range, but nothing good out of it.
In fact, it has been pointed out several times that the optical properties of
such granular metal films would depend mostly on geometric morphology,
which was demonstrated as be fractal years ago [9,10,11]. Then, the only
optical models which can more or less reproduce linear optical properties
are based on percolation theory [5,12], which takes into account the specific
fractal morphology of such films. The point that cannot be easily taken into
account is the following: the length scale on which the sample can be regarded
as homogeneous varies and becomes different for each wavelength and for each
frequency. That is the reason that all of the “shape parameters” supposed to
be able to describe the system in a homogenization process cannot be taken
as constant.
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However, even with a poor understanding of the hidden fundamental
physics, this kind of thin metallic film has been used for surface-enhanced
Raman scattering (SERS) analysis since the 1970s. Mainly silver, but also
aluminum and gold are presently used as active layers for SERS [13].

2.1 Thin Film Deposition

Granular metal films can easily be obtained by several more or less sophisti-
cated processes.

The simplest is deposition from a heated crucible under classical vacuum
conditions. In that case the deposition time has to be short enough (few tens
of seconds) to avoid pollution of the sample by residual gas in the deposition
chamber. But, the final amount of deposited metal is not easily controlled,
and the geometric structure on the nanometric scale is not fully predictable.
Ultrahigh vacuum conditions are the price to pay for avoiding high pollution
and controlling the deposition process well, and also a long distance between
the crucible and substrate is required for good homogeneity of the samples
over a few centimeters. The mean free path in the vacuum chamber has then
to be significantly longer than the deposition chamber size. These techniques
allow easy physical (optical, electrical, and thickness) in situ characterizations
during deposition, and as a consequence, good real time control of the deposit.

The Knudsen cell [14] can be used for high repeatability of very slowly
deposited films, monolayer by monolayer, to accurately determine the char-
acteristic properties step by step [15,16].

Radio-frequency (RF) sputtering from a metallic target produces thin
granular films on silica or glass substrates. This is an easy technique, which
is fast, but requires good knowledge of the deposition chamber, because phys-
ical in situ characterization during deposition is not easy to implement in the
geometric arrangement of target and substrate and because of the pertur-
bations caused by the presence of the argon RF plasma during deposition.
However, when using a composite target, this RF sputtering method allows
easy production of another class of samples, called cermets, which are made
of a 3-D nanoscale mixture of tortuous metallic grains and a solid-state in-
sulator. The optical properties of such cermet samples are close to those of
granular metal films, but will not be discussed here. In cermet thin films,
the percolation threshold and the optical as well as the electrical properties,
depend not only on the respective relative amount of metal and insulator
giving the metal filling factor p, but also depend on the total thickness d of
the 3-D thin sample [17]. This unusual effect occurs because the direction of
the thickness is not equivalent to the two others, which are “in the plane” of
the 3-D thin film.
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2.2 Nonoptical Characterizations

We arbitrarily divide the usual characterization techniques into in situ mea-
surements, which give information about the film during deposition but re-
quire fast data acquisition, and ex situ measurements, which can be slow and
more accurate but give information at one special fixed stage of the growing
process.

The mass thickness dm is continuously measured in situ by using a quartz
microbalance of very high sensitivity (of the order of one hundredth of a mono-
layer). This mass thickness is the thickness that would have an homogeneous
bulk metallic film of the same weight. The actual thickness of the grains in the
film can then be calculated by taking into account the filling factor p, which
is determined by transmission electron microscopy (TEM) ex situ measure-
ments and image analysis (d ≈ dm/p). As soon as the metallic film becomes
continuous, the mass thickness is equal to the actual thickness of the film.
The quartz microbalance has to be accurately calibrated by measuring the
thickness of a continuous thin film, deposited under the same conditions, by
the X-ray Kiessig fringe method [18].

DC electrical conductivity σ(dm) can be followed in situ as soon as the
percolation threshold is reached. In fact, very low tunneling or hopping con-
ductivity between metallic grains, through the insulator channels, can already
be measured in the “nonmetallic” conduction regime below the percolation
threshold. Analysis of the data displayed in Fig. 1 gives the experimental

Fig. 1. Log–log plot of the resistivity of one granular gold film during deposition:
The x axis quantity |dm−dc|

dc
is proportional to the usual percolation scaling pa-

rameter p− pc. The measurements are diamonds on the “metallic conduction” side
of the percolation threshold, and triangles on the “hopping conduction” side. The
slope of the straight line is ≈ −1.2, which is not far from the theoretical value
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percolation exponent µ given by σ ≈ (p− pc)µ, which is in reasonably good
agreement (1.1 ≤ µ ≤ 1.4) with the results expected from theory [19,20,21].

As the geometric morphologies of the films are mainly responsible for
the electrical and optical properties, it is very important to get pictures of
them as good as possible. This is achieved by obtaining first ex situ TEM
images and afterward some image analysis giving the filling factor p and the
characteristics of the fractal morphology of the deposits. Because the films
are discontinuous, they do not have their own integrity, and they cannot be
easily pulled away from the substrate to set them on the TEM copper grids.
The best way to process them, to fully maintain the fine geometry, is first
to add a graphite thin film to recover the necessary integrity, and then to
dissolve the substrate locally. Evidence is that this is a destructive process.
Another possible way, which has been experimentally proved sufficient in
some cases, is to deposit the films directly on TEM copper grids. To recover
the interaction conditions between the metal and the silica substrate, these
grids should be previously covered by a very thin silica film, transparent to
the electrons.

It has to be emphasized here that the exact value pc of the percolation
threshold filling factor depends on the experimental conditions and is not
characteristic by itself. In granular metal films deposited on amorphous di-
electric substrates, it has been found that the value is close to 0.5, but most
of the times slightly above 0.5, sometimes reaching values as high as 0.65.
This points out some geometric dissymmetry between the insulating channels
and the conducting paths. So many different parameters play a role here (the
nature of the substrate and the polishing process and quality, the possible
presence of underlayers, the nature of the metal, the deposition temperature
and deposition process, the deposition rate, the vacuum and residual gas con-
ditions, etc.), that the only way to proceed is the experimental empirical one.
In fact, everyone of these parameters partly controls the probability for one
atom to arrive at the surface of the substrate to be captured and then to be
adsorbed at certain sites whose adhesive efficiency depends on the mobility
of the atoms on the surface. This probability can also increase during one de-
position process, just because of the presence of the previous metallic atoms
and clusters at the surface of the substrate. One then can understand why
it is preferable to use TEM for every deposit. In Figs. 2 and 3, the repre-
sentative samples are classified by their optical spectra (see Sect. 2.3 below).
When looking carefully at the micrographs at the left-hand side of the Figs. 2
and 3, it is easy to conclude that the mass thickness is not the only parame-
ter giving the morphology of the film, and then it does not by itself give the
distance (p − pc) from the percolation threshold, which governs the optical
properties. Mass thickness, filling factor, and percolation threshold can only
be set in direct relation during one single deposition process, because those
parameters then remain the same.
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Fig. 2. Transmission electron micrographs of gold samples deposited on well pol-
ished silica substrates (456× 333 nm). White is vacuum, gray and black are metal.
The three samples are granular gold of increasing mass thickness and filling fac-
tors (a) isolated quasi-spherical grains, dm = 2.0 nm; (b) p � pc, dm = 3.5 nm;
(c) p � pc, dm = 5.8 nm. Corresponding linear optical properties are plotted facing
the electron micrographs. Emphasis should be laid on the respective absorption of
each granular metal film

After digitization of the micrographs and thresholding them, one gets an
image of square pixels, for example, white for vacuum and black for metal.
This kind of image has been extensively analyzed for granular gold-on-glass
films [9,10,22]. The point we would emphasize here is that the geometric
morphology of such films is fractal in the percolation regime [19,20,21,23].
As evidence, this fractality cannot be mathematically verified over all of the
length scales, but at least over one or two orders of magnitude (a factor of 10
to 100). There are several methods for studying the fractality or multifrac-
tality of metallic clusters [24].

In 2-D thin films, it is possible to compare the way the perimeter of
a cluster increases and the way the surface of the same cluster increases. In
Euclidean space, the perimeter increases as the square root of its surface.
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Fig. 3. Transmission electron micrographs of gold samples deposited on well pol-
ished silica substrates (456× 333 nm). White is vacuum, gray and black are metal.
The three samples are granular gold of increasing mass thickness and filling fac-
tors close to or above the percolation threshold pc (a) p ≈ pc, dm = 6.8 nm;
(b) p > pc, dm = 9.8 nm; (c) ordinary continuous, not annealed, gold thin film
made of small randomly oriented crystallites, dm = 21.3 nm. The differences in ori-
entation of the crystallites are visible on the 3b and 3c micrographs, this gives the
differences in levels of gray. Corresponding linear optical properties are plotted fac-
ing the electron micrographs. Emphasis should be laid on the respective absorption
of each granular metal film

Figure 4 shows up this behavior for small metal clusters; the points for the
low values fit well the straight line of slope 1/2. But for higher values, the
perimeter progressively scales as the surface raised to the power of 0.94,
which is smaller but very close to unity. This demonstrates that the perimeter
becomes very tortuous, as can be seen on the micrographs, and scales as it
should (exponent of 0.95) when following the theoretical percolation model.
The 2-D percolating metallic clusters can then be regarded as fractals. The
theoretical results of the percolation theory provide a good model to account
for the properties of 2-D granular metal films, as has been experimentally
checked.
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Fig. 4. Perimeter versus surface of metallic clusters: Percolation exponent

For 3-D cermet films, composition p and stoichiometry can be determined
by Castaing microprobe analysis, Rutherford Back Scattering (RBS), and
X-ray photoemission spectroscopy (XPS). TEM graphs can be achieved only
on thin samples (10 to 40 nm), which are no longer representative of the
optical and electrical properties of thicker samples of the same composition.

2.3 Linear Optical Measurements

Reflectance R, Transmittance T , and therefore absorbance A = 1− (R+ T ),
which are all linear optical measurements, are performed ex situ by using
a spectrophotometer of good accuracy in the UV, visible, and near-infrared
ranges. These measurements allow calculating intrinsic optical properties,
namely, the ε = ε′+iε′′ dielectric function (which is equivalent to the complex
refractive index n = n′ + in′′) of the finished samples after the deposition
process is stopped. However, these R and T measurements are done at the
length scale of the optical beam, which is macroscopic, and therefore can only
give a macroscopically averaged ε value. As pointed out in the introduction of
Sect. 2, this macroscopic averaging erases the local fluctuations, which will be
proved, in the fourth section, to be giant and then dominant in the percolation
regime. This remark holds as normally pointed out for the order parameter in
every phase transition. The value of the ε = ε′+iε′′ dielectric function, which
could be deduced from the R and T measurements, is not totally convincing.
We should remark that in infrared range out of the interband transitions,
when increasing p, the real part ε′ of ε has to cross zero, from positive values
to negative ones, close to the percolation threshold pc. However, the accuracy
of such a determination of the real part ε′ of ε is very poor close to pc, since
the calculation process does not converge well enough. This can be better
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understood, when knowing that nearly every value in the range [−10,+10]
is acceptable at pc [25]. On the contrary, the imaginary part ε′′ of ε is given
approximately [26] by the ratio

ε′′

λ
≈ ns

2πd
1− (R+ T )

T
, (1)

where λ is the wavelength, ns is the refractive index of the substrate, and d is
the actual thickness of the film, which is not easily determined. Representative
values of ε = ε′+ iε′′ can be found in the literature [5,8,27], and because they
do not bring more to the present task, we will not present them. We will
discuss only the experimental data R, T and A in Sect. 2.4, after presentation
of the usual in situ optical measurement techniques.

In situ measurements of optical reflectance and transmittance and their
spectral dependence can be achieved by putting a dispersive stage in front
of a CCD camera or an array of photodiodes linked to a computer [5,28].
Even a much simpler setup can give very sensitive information about film
growth by following the transmittance at only one accurately chosen wave-
length for increasing mass thickness dm, for example (see Fig. 5), using the
632.8-nm ray of an He–Ne laser when depositing granular gold films [25].
In that special case, measurements are done in the most sensitive range of
wavelength because it is close enough to the Maxwell-Garnett resonance of
single particles and not inside the interband transition region allowing us to
follow the presence of high extra absorption all along the percolation regime
(see Sect. 2.4).

Other in situ optical characterizations of granular metal film growth have
been used by different authors [15,16]. We could mention spectroscopic ellip-
sometry measurements in a reflection or transmission arrangement. Spectro-

Fig. 5. In situ variations of the transmittance T at l = 632.8 nm (close to the
plasmon resonance of individual grains) versus the deposited mass thickness during
deposition. The points are measurements, and the solid line is a theoretical calcu-
lation for a continuous film of the same thickness. Note the big difference due to
extra absorption for thickness less than 15 nm
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scopic differential reflectance measurement

∆R

R
=

R(dm)−R(dm = 0)
R(dm = 0)

(2)

is another powerful technique, which is very sensitive because the starting
R(dm = 0) values are of the order of few percent. This last technique can
point out and characterize the narrow resonance peaks, for increasing metal
quantity, starting at the very early stage of growth, namely, for a fraction of
one monolayer to several monolayers in mass thickness. Moreover, by using
this technique, it is easy to know [16,29] which kind of process is implied in
early growth of the thin film for each particular case: full layer after full layer
growth, distribution of spheroids, or mixtures of both cases.

2.4 Linear Optical Properties in the Percolation Regime

The right-hand parts of Figs. 2 and 3 show the R, T , and A spectra for
different stages of thin granular gold films, when increasing the values of the
metal filling factor p, starting with the low values, crossing the percolation
transition at pc, and ending with one homogeneous deposited thin gold film.
It has to be said again here that both insulator, which is vacuum here, and
metal cannot absorb in this infrared range. The interband transitions for
gold end close to 510 nm (2.45 eV) [30,31]. There is no interband transition
for silver in this range. The intraband transitions, which occur in this spectral
range, do not give rise to actual absorption because the metal reflects. This
can be clearly seen in Fig. 3c for the continuous gold film, where the interband
transition edge is clearly identified below 0.6 µm and absorption is very low
and decreasing for increasing wavelength.

When increasing the metal filling factor p, the general optical behavior of
the films starts from insulating-like (Fig. 2a everywhere high T and low R,
increasing T and decreasing R toward the long wavelength) and ends with
metallic-like (Fig. 3c everywhere low T and high R, decreasing T and increas-
ing R toward the long wavelength).

What is important is that in the mid p percolation regime, very large
(≈ 30%) flat absorption appears, nearly independent of the wavelength in the
infrared range. The same point is easily pointed out for a silver percolating
film. Figure 6 shows the same spectra for one silver granular film close to
the percolation threshold. There is no interband transition for silver in this
range, and the total absorption of the percolating film is even higher for every
wavelength longer than that of grain plasmon resonance.

Figure 5 shows in situ optical measurements of transmittance at 0.6328 nm
for increasing mass thickness dm. Because reflectance is much less sensitive
to absorption than transmittance, the difference between the full line curve,
which gives the transmittance of a continuous film of the same thickness, and
the cross curve, which gives the actual transmittance of the film, represents
approximately the absorbance of the film at each stage of growth. Because the
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Fig. 6. Silver percolating film: TEM micrograph (456× 333 nm) and optical linear
properties

chosen wavelength is close enough to the Maxwell-Garnett-like resonances,
some absorbance exists from the very beginning of the deposition process.
This absorbance reaches a value as high as 35% just before the percolation
threshold, which occurs for dm = 7.0 nm for this sample.

There is a possible interpretation of the absorption at wavelengths close
to 0.6 µm, by mentioning the grain plasmon resonances and their short range
interactions, but nothing like this can explain “every wavelength flat giant
absorption”, which we have shown in the spectra of Figs. 2c, 3a, and 6 all over
the near-infrared range. Moreover, this extra absorption of electromagnetic
waves has been found much further away in the infrared for granular gold
films [27].

3 Enhancement of Optical Processes
in Semicontinuous Metallic Films

Before analyzing the previous experimental results, let us recall that it was
recognized several years ago that local electromagnetic fields in small-particle
composites exhibit strong fluctuations that significantly exceed the applied
field ([37] and references therein). It was shown that local fields can be found
from linear optical response theory.

More recently, the optical properties of metal–dielectric films, such as
those described in the previous section, were investigated theoretically [38].
It was shown that the local fields can be very inhomogeneous and consist of
strongly localized sharp peaks. In these peaks (called “hot spots”), the local
field can exceed the applied field by several orders of magnitude, resulting in
giant enhancements of the optical nonlinearities.

3.1 Plasmon Resonance

Metal–dielectric films consist of a distribution of nanometer-sized metal grains
randomly distributed on the surface of an insulating substrate.
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The displacement of free electrons from their equilibrium position in each
small particle, under an applied electromagnetic field, results in a noncom-
pensated charge on the surface of the particle, leading to its polarization;
this polarization, in turn, results in a restoring force that causes electron os-
cillations. Metallic particles are characterized by a dielectric constant ε with
a negative real ε′ part and a small imaginary ε′′ part, which depend on the
wavelength λ. The polarizabilty α induced in each particle can be written as

α = R3 ε(λ)− 1
ε(λ) + 2

, (3)

where R is the radius of the particle supposed spherical. For a given wave-
length λ0, the dielectric constant ε real can take the value −2, thus leading
to a divergence of α. Then, the electron oscillations experience a resonance
around λ0, which is known as “plasmon resonance” [6]. The associated fre-
quency occurs at ω = ωp/

√
3, where ωp is the classical plasma frequency [39].

The light-induced oscillating dipoles of different particles interact with
each other, forming collective optical excitations of the whole system. Nu-
merical techniques described in detail in [38,40], allow us to calculate the
spatial distribution of the local fields.

3.2 Shalaev–Sarychev Approach

Random media have no translational invariance symmetry and consist of very
small structural particles which are much smaller than the wavelength λ of the
applied field, so that a quasi-static approximation can be used to describe the
response of an individual particle. Typically, the particle size ranges from 10
to 30 nm in the semicontinuous gold-on-glass films considered here. If the skin
effect in metal grains is small, a semicontinuous metal film can be considered
a two-dimensional object placed in the (x, y) plane. It is often scale-invariant
within a certain interval of sizes, i. e., it looks self-similar on different scales.
The key approach to describing such symmetry is the concept of fractals,
as mentioned in the Sect. 2. The size of a whole system, in general, can be
arbitrary with respect to the wavelength λ of the light wave which propagates
in the z direction.

The original approach used by Shalaev and Sarychev is to represent the
semicontinuous metal film in the optical spectral range, as a large random
network made of capacitors C and inductances L in series with a weak re-
sistance R following [41,42]. The capacitance C models the dielectric bridges
between metal grains with the dielectric constant εd, which is assumed equal
to the dielectric constant of the substrate. The metallic grains are almost
purely inductive elements L–R in the high-frequency range considered here
because losses in metal grains are small. The frequency ω of the incident wave
is much larger than the relaxation rate ωτ = τ−1 in this spectral domain. The
metal is characterized by the Drude model following the dielectric function

εm(ω) = ε0 − (ωp/ω)2
/
[1 + iωτ/ω] , (4)
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where ε0 is a contribution to εm due to interband transitions, ωp is the plasma
frequency, and ωτ = 1/τ � ωp is the relaxation rate. The real part of the
metal dielectric function is much larger than the imaginary part, and it is
negative for frequencies ω less than the “renormalized” plasma frequency
defined as

ω∗
p = ωp/

√
ε0. (5)

Thus, the metal conductivity is almost purely imaginary, and, as mentioned,
metal grains can be thought of as L–R elements, with the active component
much smaller than the reactive one. It is worth pointing out that the authors
use this L–R–C lattice representation only for illustrative purposes; their
calculations are general and do not actually rely on this representation, as
shown by Fyodorov in a recent paper [43].

The local conductivity σ(r) of the film takes either the “metallic” values
σ(r) = σm in metallic grains or the “dielectric” values σ(r) = −iωεd/4π
outside the metallic grains. The vector r = (x, y) has two components in the
plane of the film. In this case, the local field E(r) can be represented as

E(r) = −∇φ(r) +Ee(r), (6)

where Ee(r) is the applied (macroscopic) field and φ(r) is the potential of the
fluctuating field inside the film. Ohm’s law allows us to express the current
density j(r) at point r,

j(r) = σ(r) [−∇φ(r) +Ee(r)] . (7)

The current conservation law, ∇ · j(r) = 0, takes the following form:

∇ · {σ(r) [−∇φ(r) +Ee(r)]} = 0 . (8)

The authors solve the Laplace equation to find the fluctuating potential φ(r)
and the local field E(r) induced in the film by the applied field Ee(r). When
the wavelength of the incident electromagnetic wave is much larger than all
spatial scales of a semicontinuous metal film, the applied field Ee, i. e., the
field of the incident wave, is constant in the film plane: Ee(r) = E(0). Using
the nonlocal conductivity introduced in [36], the local field E(r) induced by
the applied field Ee(r) can be obtained. Provided that the local field E(r)
is known, the effective conductivity σe can be obtained from the definition

〈j(r)〉 = σeE
(0), (9)

where the symbol 〈· · ·〉 denotes the average over the entire film. For further
consideration of nonlinear effects, the authors suppose that the applied field
has the following form:

Ee(r) = E(0) +Ef(r), (10)

where E(0) is the constant linearly polarized field and fluctuating field Ef(r)
may arbitrarily change over the film surface but its averaged value 〈Ef(r)〉
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is collinear with E(0). Then the average current density 〈j〉 is also collinear
with E(0) in the macroscopically isotropic films considered here, and this
expression is given by

〈j(r)〉 = E(0)

[
σe +

〈σ(r) [E(r) · Ef(r)]〉
E(0)2

]
. (11)

Thus, the average current induced in a macroscopically isotropic film by
a nonuniform external field Ee(r) can be expressed in terms of the fluctuating
part Ef(r) of the external field and the local field induced in the film by the
constant part E(0) of the external field.

The authors use a numerical model for calculating the effective conductiv-
ity of semicontinuous metal films and finding the field distributions. Among
the various efficient methods [32,33], the authors chose the real space renor-
malization group method (RSRG), which allowed them to compute the full
distribution of the local fields. Though not exact, this method leads to nu-
merical results very close to the exact ones on a two-component composite.
Typical distribution of the local-field intensities on a semicontinuous film at
the percolation threshold is shown in Fig. 7.

Fig. 7. Calculated distribution of local-field intensities for two wavelengths, λ =
710 nm (left) and 780 nm (right)

3.3 Anderson Localization

When discretized on a square lattice, (8) acquires the form of Kirchhoff’s
equation characterized by the Hamiltonian H with off-diagonal elements
Hij = −εij and diagonal elements Hii =

∑
j εij , where j refers to the nearest

neighbors of i and εij take values εm and εd for metal and dielectric bonds,
respectively. It was suggested in [65] that the operators of such a type acting
on a lattice be called Kirchhoff Hamiltonians (KH). Off-diagonal entries of
such a Hamiltonian assume random values ±1 for directly connected nodes.
This property makes KH similar to a tight-binding Hamiltonian describing
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the motion of a quantum particle in a disordered lattice with an off-diagonal
disorder. Such a model was used by Anderson [44] to show “that at low
enough densities no diffusion at all can take place”, which is now called the
theory of Anderson localization.

A scaling theory of local-field fluctuations and optical nonlinearities, which
maps the Anderson localization problem, was simultaneously developed for
random metal–dielectric composites near a percolation threshold [34]. The
theory predicts that in the optical and infrared spectral ranges, the local fields
are very inhomogeneous and consist of sharp peaks representing localized sur-
face plasmons. The local fields exceed the applied field by several orders of
magnitude, resulting in giant enhancements of various optical phenomena.
The developed theory quantitatively describes enhancement in percolation
composites for an arbitrary nonlinear optical process. Details of this theory
are presented in the preceding contribution.

3.4 The Percolation Regime

Now, we can summarize the important points as follows. Because of the self-
similarity of percolating clusters, every size of resonating cluster is present
in a sample, and then every interaction length is active, giving rise to every
plasmon mode frequency. Because of strong disorder in a thin granular metal
film, these plasmon–polariton modes are strongly localized within a certain
arrangement of metallic clusters, which resonates at a certain frequency. This
strongly localized mode takes energy from the electromagnetic field, and this
increases its amplitude dramatically, as long as the balance of loss and profit
of energy is not reached. When this happens in a wavelength range of low
intrinsic absorption of energy for both components (metal and vacuum), the
process produces giant local enhancement of the electromagnetic field in very
small areas called “hot spots”. Because gold and silver poorly absorb in the
infrared range, the absorption, as has been pointed out (see Sect. 2.3) in this
range in the percolation regime, is due to the excitation of the hot spots. This
is the same energy accumulation process which produces giant fields within
a Fabry–Perot cavity and then allows about 100% of light transmission at
the resonating frequency, although the reflectance of both mirrors is close
to 1. With the granular metal system, the main difference is that it appears
whatever the frequency of the incident light because every frequency can find
some special sites for its resonance modes.

The hot spots are then responsible for the existence of surface-enhanced
Raman scattering (SERS), which would not be visible without locally en-
hanced electromagnetic fields. In fact, because the scattered light and the
incident light are at frequencies very close to each other, the same local res-
onance mode acts for both of the wavelengths together in the same area.
Then, if the field amplitude is locally enhanced by a factor of 102, the scat-
tered intensity can be enhanced by a factor of 108, which makes the Raman
scattering visible. Figure 8 shows the granular metal efficiency for ZnTPP
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Fig. 8. Granular silver efficiency for SERS on ZnTPP adsorbed molecules. The
x axis gives the Raman frequency shift when the sample is lighted by the 576-nm
ray of an argon laser. The lowest curve gives the intensity of the light scattered
by the bare silicon substrate. The intermediate curve (slightly shifted for visibility)
gives the intensity of the light scattered by a single layer of ZnTPP adsorbed on
the silicon substrate. The highest curve gives the scattered intensity for ZnTPP
molecules adsorbed on the top of the silver percolating granular film deposited on
the silicon substrate

(zinc tetraphenyl porphyne) molecules adsorbed by the Langmuir–Blodgett
technique at the surface of a percolating silver film. This efficiency has been
studied all over the percolation regime [35,36], for different metal filling fac-
tors p.

In accordance with the theoretical model presented in the preceding paper
by Sarychev and Shalaev, it is found first that granular metallic films are
efficient all along the percolation regime, and second that there exists a slight
minimum of efficiency at the percolation threshold. This last point is shown
in Fig. 9, which represents a histogram of the integrated scattered light for
different values of p on both sides of pc. There is a small drop in the efficiency
close to the percolation threshold pc ≈ 0.6. One should expect a second
maximum of efficiency when increasing the filling factor above pc. However,
this is not shown here, because the growing process induces rearrangement
of the metal grains for high values of p. This makes the high p samples not
easily comparable to the percolating samples.
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Fig. 9. Histogram of the SERS efficiency for the peaks at 1350 cm−1. There is
a small drop in efficiency close to the percolation threshold pc ≈ 0.6. One should
expect a second maximum of efficiency when increasing the filling factor above pc.
However, this is not shown here because the growing process induces rearrangement
of the metal grains for high values of p. This makes the high p samples not easily
comparable to the percolating samples

4 Experimental Observation of “Hot Spots” Using
a Scanning Near-Field Optical Microscope

Near-field optics has demonstrated its ability to break the diffraction barrier
in terms of resolution and has recently become a powerful tool for inves-
tigating the physical properties of submicroscopic objects [45,46]. Usually,
subwavelength sources or detectors (often a metal coated optical fiber that
has a small aperture) are used close to the sample surface to get such reso-
lution [47]. Another near-field optical method is the apertureless technique,
which uses a sharp dielectric [48] or metallic [49] tip instead of a fiber. We
have developed a new scanning near-field optical microscopy (SNOM) tech-
nique, which has the unigueness of using a metallic tip without an aperture
as a probe [50].

4.1 Near-Field Versus Far-Field Imaging

Let us take a familiar example dealing with basic optics to recall the physical
limitations of the classical microscope. A slit (or a hole) is illuminated by
a monochromatic plane wave (wavelength λ) parallel to the slit plane; see
Fig. 10.

A suitable optical system makes an image of the slit on a screen or a de-
tector. When the slit width a is much larger than the diffraction angle α, the
objective of the microscope collects the light and allows imaging of the slit.
If a decreases, α increases and fills up the half space when a becomes smaller
than λ. So, if we still reduce a, the diffraction angle can no longer increase,
and any perfect optical system (diffraction limited system) used to image the
slit will not be able to differentiate the slit’s sizes when a = λ/2 or λ/10 or
λ/100. The information dealing with the object structure does not propagate
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Fig. 10. Diffraction by a slit: a is the slit width, λ is the wavelength

but “stays” at the sample level in the near field (a distance of about λ/2π).
The wave-vector module of these evanescent waves can increase along the slit
surface to values larger than in air.

The aim of scanning optical near-field optical microscopy is to reveal op-
tical information associated with subwavelength structures, which are mainly
or totally contained in the evanescent field at distances from a sample surface
much smaller than the wavelength. This subject has attracted considerable
attention in the past fifteen years. Various experimental and theoretical ap-
proaches can be found in [45,51,52].

4.2 Fibers or Tips?

How can we reach the near field of the sample under investigation? After the
very realistic approach suggested by Synge [53] in the 1930s and the pioneer-
ing work of Lewis [54] and Pohl [55], one can say that most of the instruments
built for scanning optical near-field microscopy (SNOM) use a metal coated
tapered optical fiber with a nanometric hole at the tip apex. In this widely
adopted approach, only a tiny fraction of the light coupled in the fiber is
emitted by the aperture because such systems squeeze the electromagnetic
field in the tapered region and act like metallic waveguides above their cutoff
frequency. So there is a trade-off between resolution, which is higher for small
holes and small angles of the tapered part, and efficiency, which is larger for
large holes and large angles. Typical resolution is around 50 nm (commercial
instruments claim better than 100 nm), and efficiency is in the range 10−3 to
10−6 of the power injected in the fiber when the tip acts as a nanosource. De-
spite their low light throughput, tapered fibers are unique when one tries to
make highly localized sources and/or detectors. Among the other drawbacks
of the fiber approach, which are of importance for infrared spectroscopists,
is the limited transmission range of the widely used silica fibers. Other fibers
can be used in the infrared [56], but the tapering process is far from being
optimized, and only micron range resolution has been reported.

In the application reported below, as in a recent application in biol-
ogy [58], the spatial resolution required was not obtainable with optical fibers.
The use of a tip such as the apex of a near-field probe (atomic force or tun-
neling) which will scatter the local field (propagation and evanescent waves)



Plasmon Excitation and Localized Giant Fields 203

has proven to be very powerful in both resolution and efficiency [48,49,50].
To understand the physical origin of these properties, let us recall that in the
very near field of the tip, electromagnetic fields behave like electrostatic ones
and that a metallic tip exhibits a larger field and larger enhancement when
the radius of curvature is smaller [57].

In our case, the tip is made of tungsten metal with a complex dielectric
constant relatively flat in the spectral range investigated in our experiments
(UV to near-infrared). It is conical, as can be seen in Fig. 11. The field at
short distance r from the tip apex (kr � 1) can be written as [57,59]

E = k(kr)ν−1 sinβ
(

ur +
uθ

ν

∂

∂θ

)
a(θ0, θ, α) , (12)

where a is a function of the angle of incidence θ0, the angle of observation θ,
and the semiangle of aperture α of the tip cone. ur and uθ are the unit
vectors in spherical coordinates; ν is positive and smaller than 1, and it
depends on α. The other parameters are the wave vector k = ω/c and the
angle of polarization β of the incident wave.

In an elegant theoretical approach presented recently, a general expression
for the signal detected in SNOM is derived based on the reciprocity theorem
of electromagnetism [60]. The component of the electrical field in the direction
of an analyzer at the detector position is given by an exact expression in the
experimental situation. The detected field is an overlapping integral between
the experimental field and a term proportional to the response function of
the instrument [52]. The response function is proportional to the derivative of
the reciprocal field. To determine an approximate and practical description of
this reciprocal field, the authors use the expression for E given in (12). With
this model, their approach provides a versatile and useful tool to analyze
experimental results, such as the polarization effect and spectral response,
and to identify the key parameters.

Using a metallic tip does not require any kind of propagation through
dielectric materials, and the setup can be used over a very wide range of
wavelengths. Although developing the relation between the properties of the

Fig. 11. SEM image of a tungsten tip
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sample in the near field of the optical probe and the detected far field remains
a difficult task [62], we will show below that we can gain useful information,
which cannot be obtained by other techniques. Very recently, a new procedure
to detect the near-field response even in the presence of strong background
scattering has shown that simultaneous amplitude and phase nanoscale imag-
ing are possible [61].

4.3 The Setup

Our scanning near-field optical microscope (SNOM) works simultaneously as
an atomic force microscope (AFM) [50]. We describe below the transmission-
mode scheme, shown in Fig. 12.

The SNOM and AFM probe is an apertureless metallic tip made from
a tungsten wire etched by electrochemical erosion. The typical radius of cur-
vature of the conical tip end is around 20 nm, sometimes less than 10 nm
(measured by scanning electron microscopy SEM) (Fig. 11). The extremity
of the tip is bent by 90◦ (≈ 1 to 2mm) before sealing the arm to a piezoelectric
transducer that can excite the cantilever perpendicularly to the sample sur-
face. The frequency of vibration (3 to 12 kHz depending on the length of the
arm) is close to the resonant frequency of the cantilever, and the amplitude of
vibration is chosen to be close to 50 nm. The metallic tip vibrates above the
sample as in the atomic force microscopy (AFM) tapping-mode technique.
The vibrational amplitude is detected and monitored optically. A feedback
system keeps the amplitude of vibration constant during scanning of the
sample surface via a piezoelectric translator attached to the piezoelectric
transducer. The error signal gives a topographical signal of the surface of the
sample, the AFM signal. The tip and the sample are set below a commercial
microscope (Olympus BH). The Ti/sapphire source is sent to a first micro-

Fig. 12. Experimental SNOM setup
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scope objective (20×, f = 10,NA = 0.4) which focuses the light on the surface
of the sample. The state of polarization of the incident light can be controlled
externally. The collection is axially symmetrical above the sample and is done
by a second microscope objective (for example 50×, f = 6.9,NA = 0.6). The
detector is a photomultiplier.

The vibration of the tip modulates the near-zone field on the sample sur-
face. The tip periodically scatters the electromagnetic field near the sample
surface and radiates it in the far field. The locally scattered electromagnetic
field of the near-field region is detected by using lock-in detection at the out-
put of the photomultiplier. This near-field optical signal, the SNOM signal,
has at least the optical resolution of the tip’s end [64]. The dc signal coming
from transmitted light and its residual modulation due to the modulation
of the cantilever is rejected by a black screen inserted in the collected flux
before the observation. It allows working almost in a dark-field configuration
and also improves the dynamic of the detector. As the tip scatters the near-
field optical signal of the sample surface in any direction, the signal collected
in this dark-field configuration is mainly this scattered optical signal. The
experiments presented below were made in the dark-field configuration.

4.4 Experimental Observation of “Hot Spots”

Direct experimental observation of localized surface plasmon modes in semi-
continuous metal films was reported in [65]. The observed near-field images of
a percolation film were in qualitative agreement with theoretical predictions
and numerical simulations. However the optical excitations were localized in
100-nm areas, which is significantly smaller than λ but larger than the lateral
size of the grains. Typical images for two different wavelengths are displayed
in Fig. 13.

To observe the localized fields in random semimetallic films at the scale
of a grain’s size, we improved the setup used in previous experiments.

Fig. 13. First experimental observation of the “hot spots”: SNOM images in a per-
colation gold-on-glass film for two wavelengths, λ = 714 nm (left) and 770 nm (right)
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4.4.1 AFM Measurements

Semicontinuous metal films are formed of metallic grains, whose typical sizes
are of the order of 10–20 nm, deposited on a glass substrate. The end of the
tip is of the same order of magnitude as the grain size, as can be seen in
Fig. 11. Because the adhesive coefficient of gold grains on glass is poor, the
tapping mode can induce the grains to slip. The first step is then to reduce
the interaction between the tip and the sample to a minimum. This can be
achieved by using low-frequency vibration of the cantilever and careful ad-
justment of the contact interaction. A typical AFM image of a semicontinuous
film close to the percolation threshold is shown in Fig. 14. It can be seen that
the roughness of the surface is of the order of 10 nm and the shape resem-
bles that observed in the TEM image in Fig. 3. Due to convolution with the
tip size, the mean height of the metallic grains is not directly related to the
roughness. A better determination of the height of the grains is achieved by
scanning the surface of a more dilute sample. This is shown in Fig. 15 where
the scan of the surface of the sample (20-Å in mass thickness) is displayed.
It can be seen that the typical height of metallic granules is of the order of
20 nm. TEM measurements indicate a lateral size of about 10 to 30 nm, in
good agreement with these AFM measurements.

Fig. 14. AFM image of a 55-Å sample

4.4.2 SNOM Observations

SNOM and AFM data were recorded simultaneously on all samples inves-
tigated. We already mentioned that granular metallic films are efficient all
along the percolation regime in enhancing the Raman scattered signal (see
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Fig. 15. AFM and SNOM images of 20-Å mass thickness sample

Fig. 9). This is clearly put in evidence by recording the SNOM signal on the
20-Å sample using a slightly different device (illumination by total internal
reflection). The experimental results shown in Fig. 15 depict local enhance-
ment of the fields not correlated with the topography of the sample.

New software was used to acquire and average the data, which resulted
in a better signal-to-noise ratio using the improved setup described in the
previous paragraph.

The SNOM experimental data were processed slightly. The “pseudoslope”
resulting from imperfections in the feedback loop and, most importantly,
from a drift of the whole setup was removed. The average slopes in the x
and y directions of the image were determined using a least-squares fit. The
coordinates of the plane of inclination were defined by removing these average
slopes, and the removing plane was brought back to the z = 0 plane. We recall
that the SNOM detected signal in our SNOM technique is proportional to the
amplitude of the modulated field, and consequently we squared the detected
signal to find the local-field intensity.

We also performed the near-field spectroscopy by parking the tip at dif-
ferent points of the sample surface and varying the wavelength. The nano-
structures at different points resonate at different λ, as can be seen in Fig. 16.
Again, there is qualitative agreement between theory and experiment. The
spectra consist of several peaks ≈ 10 nm in width, and they depend markedly
on the spatial location of the point where the near-field tip is parked. Strong
evidence of plasmon-mode localization comes from the fact that different
spectra are observed for two points spaced apart by only 100 nm.

In Fig. 17, we show the near-field image of the local-field distribution on
the surface of a percolating gold-on-glass film at the wavelength λ = 800 nm.
Clearly our apparatus allows one to resolve even the most localized modes.
The resolution of one pixel is 16 nm, close to the mean size of gold grains
and about two orders of magnitude smaller than the optical wavelength. The
intensity of the “hot spots” can exceed the applied field by at least two orders
of magnitude even on one single localized mode.
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Fig. 16. Spectroscopy on two points

Fig. 17. Near-field image of the “hot-spots” at the wavelength λ = 800 nm
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5 Conclusion

The characterization of semicontinuous 2-D metal–dielectric films, using ei-
ther nonoptical or linear optical methods, has been conducted for different
stages of the filling factor, starting with low values, crossing the percolation
transition, and ending with a homogeneous thin film. The near-field imaging
and spectroscopy of random metal–dielectric films near percolation suggest
localization of optical excitations in small nanometer-scale “hot spots,” which
represent very large local fields. The spatial positions of the spots strongly
depend on the light frequency. The observed patterns of the localized modes
and their spectral dependences agree with theoretical predictions and numer-
ical simulations. Their existence is responsible for the observation of surface
enhanced Raman scattering, which would not be visible without them. From
the fact that the local-field enhancement is large, it can be anticipated that
nonlinear processes of the nth order could exist because they are proportional
to the local fields at the nth power. This opens a fascinating possibility for
nonlinear near-field spectroscopy of single nanoparticles and molecules.
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Abstract. Surface Enhanced Raman spectroscopy (SERS) was discovered in 1978
and has grown to become a significant surface diagnostic and analytical technique.
It has also launched a wide variety of investigations into the electromagnetic, and
especially the optical, properties of nanostructured disordered materials. A number
of phenomena contribute to SERS including adsorbate resonances as well as new
resonances (such as metal to molecule charge transfer transitions) that result form
the formation of the adsorbate-to-surface bonds, or other adsorbate-metal inter-
actions. Chief among the contributions to SERS, however, is the enhancement of
the optical fields in the vicinity of the nanoparticles constituting the SERS-active
system. The field enhancement is especially high when highly localizable resonances
such as surface plasmons are excited. Aggregates and assemblies of nanoparticles (of
appropriate materials) can, in turn, manifest unusually enhanced SERS by virtue
of particle-particle interactions. For example, while the SERS enhancement in the
vicinity of single silver nanoparticles rarely exceed 104, the Raman spectrum of
molecules located in the interstitial volume between two closely-spaced nanoparti-
cles can be enhanced some 10 orders of magnitude when the two particles approach
each another to within molecular dimensions and the system is excited at an ap-
propriate wavelength. Other aggregates can Show similar levels of enhancement at
special locations within the aggregate. Large fractal aggregates form a special class
of enhancing aggregates. Illuminating such aggregates, in general, results in a highly
inhomogeneous distribution of enhancement over the body of the aggregate with
electromagnetic hot Spots where the Raman enhancement can reach or slightly ex-
ceed 10 orders of magnitude. Moreover, such hot Spots can be excited with a broad
range of wavelengths (although the pattern of hot spots is critically wavelength
dependent). Recently, reports have been published suggesting SERS enhancements
upwards of1014 , sufficient for single molecule SERS detection. Although the cause
of such huge enhancements was at first mysterious, we suggest that these observa-
tions result from the aforementioned electromagnetic effects in aggregates combined
with either intramolecular or metal-to-molecule (or molecule-tometal) resonances.
We also Show that the purported optical pumping of vibrationally excited states
by such intense SERS transitions is spurious.

1 Introduction

Surface-enhanced Raman Scattering spectroscopy (SERS) is now a well-
established phenomenon that has been extensively studied for over two dec-
V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 215–227 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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ades by several dozen groups [1]. Its attributes have attracted the attention
of physicists, chemists, and engineers, and its potential as an analytical tool
for detecting molecules at the subpicomolar level has kept SERS a vibrant
field of inquiry. More recently, the prospect of detecting SERS from single
adsorbed molecules [2,3,4] has invigorated the field enormously. Some aspects
of the interpretation of those observations have created some controversy. For
example, Nie reported the existence of individual “hot” silver and gold parti-
cles capable of SERS enhancements in excess of 1014 [2]. Although originally
the authors of [2] concluded that the hot particles were individual particles
of low aspect ratio, they have softened that conclusion recently in the light
of more recent observations by Käll [2] and Brus [4] and now suggest that
the hot “particles” might, in fact, be small compact clusters. The intriguing
properties of the hot particles include very rapid saturation as a function
of surface coverage by adsorbate, implying that only a small fraction of the
surface of a hot particle manifests such large enhancements. Only a small
fraction of a given ensemble of particles is “hot.” The excitation spectra asso-
ciated with the large enhancements narrowly peak at particle-size-dependent
wavelengths. The aspect ratio of the particles, moreover, does not seem to
correlate well with their giant enhancement abilities.

Kneipp and co-workers report an elegant series of experiments from which
she argues two novel effects, both implying very large enhancements, again
exceeding 1014. These large enhancements are reckoned in two ways. First,
Kneipp observes unusually intense anti-Stokes Raman emission [3], implying
a strongly non-Boltzmann population in vibrationally excited states of the
adsorbed molecules studied. She claims that this is indicative of optical pump-
ing by the Raman process itself. Normally Raman is orders of magnitude too
weak to produce such pumping. A simple analysis of these observations sug-
gests that for such an effect to be observed, the overall emission cross section
must be enhanced by some 15 orders of magnitude, or alternatively, the lo-
cal radiative intensity must be increased by an equivalent extent, or some of
both mechanisms must occur whose total contribution produces a 15 order
of magnitude increase over ordinary Raman. There are no known phenomena
that would boost the Raman cross section so extraordinarily. If, on the other
hand, one ascribes the effect to field enhancement, the resultant local field
would not be tolerated by ordinary samples.

In another series of elegant experiments, Kneipp measures SERS from
colloidal silver aggregates dosed with so small a quantity of adsorbate that,
on average, only a single adsorbate molecule resides on any given silver ag-
gregate [3]. A statistical analysis of the time series of the observed Raman
intensities suggests that essentially every adsorbate molecule introduced into
the system can be accounted for in the resulting Poisson statistics of the Ra-
man signal suggesting that, in every case, the single adsorbate molecule riding
on a silver aggregate occupies a high-enhancement location. This contrasts
with Nie’s observation that very few particles are capable of ultrahigh en-
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hancement. Recently, Käll and co-workers [2] reported single molecule SERS
from hemoglobin adsorbed on a silver colloid. In most other respects their ob-
servations paralleled those of Nie and members of his group. However, Käll’s
group concluded that the hot particles were dimers or small clusters of col-
loidal silver particles and that most of the enhancement could be accounted
for by the very strong fields that, it is thought, exist in the interstices or sharp
clefts in the dimers. Michaels et al. [4] repeated some of the experiments of
Nie on silver and obtained phenomenologically the same results. Addition-
ally, Michaels et al. measured the resonant Rayleigh spectra of the particles
and concluded that intense Rayleigh and SERS scattering did not correlate.

Although some of the above observations appear to challenge the conven-
tional understanding of SERS, in fact, they accord with our present under-
standing of SERS.

2 Results and Discussion

As it is currently understood, SERS is primarily a phenomenon associated
with the enhancement of the electromagnetic field surrounding small metal
(or other) objects optically excited near an intense and sharp (high Q), dipo-
lar resonance such as a surface plasmon polariton. The enhanced reradiated
dipolar fields excite the adsorbate, and, if the resulting molecular radiation re-
mains at or near resonance with the enhancing object, the scattered radiation
will again be enhanced (hence, the most intense SERS is really frequency-
shifted elastic scattering by the metal). Under appropriate circumstances, the
field enhancement will scale as E4

L, where EL is the local optical field. A great
deal of early SERS literature dealt with this phenomenon [5]. For particles
with regions of very high curvature (ellipsoidal or rod-shaped particles), the
enhancement near those sharp regions can be very much greater than for
spherical or near-spherical particles.

Another contribution to the observed SERS intensity is generally referred
to as “chemical enhancement.” This arises from the fact that many adsor-
bates bind sufficiently strongly to the SERS-active surface that the Raman
scatterer cannot properly be construed to be the adsorbate alone, but rather
an adsorbate–surface complex, more or less analogous to a metal–ligand or
perhaps cluster–ligand coordination complex. As a result, the Raman cross
section of the scatterer might be increased in much the same way as the Ra-
man cross section of ligand vibrational modes is often increased in coordina-
tion complexes over that of the free ligand. The creation of a surface complex
might, moreover, lead to resonances in the visible region of the spectrum, even
for colorless adsorbates, due to metal-to-molecule or molecule-to-metal tran-
sitions owing to the convenient location of the Fermi energy of most metals
in an energy region intermediate between the energy of the HOMO and the
LUMO of many molecules. These new states can contribute resonantly to the
Raman cross section of the surface complex, increasing its magnitude further.
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Although most workers in the field recognize these two contributions to SERS
of which the electromagnetic contribution is the dominant (indeed, the con-
tribution that defines the salient features of SERS, after all, all metal/ligand
systems can, in principle, engage in “chemical enhancement,” yet SERS is
a phenomenon that is robust with only a few metals and with systems com-
prised predominantly of nanoparticles), the antipathy of some groups to the
electromagnetic (EM) contribution [6] has obscured the origin of SERS over
the past two decades. However, attempts to account for the major aspects of
SERS primarily in terms of chemical contributions have not been successful.

A more subtle SERS mechanism (also often referred to as chemical en-
hancement), proposed by Otto [6] and Persson [7], suggests that the SERS
enhancement results from the interaction of chemisorbed molecules with bal-
listic electrons that arise through plasmon excitations.

An EMmodel in terms of single particles is, in most cases, a poor model for
real SERS-active systems. Most SERS-active systems are actually assemblies,
sometimes very large assemblies, of coupled nanoparticles. The EM fields as-
sociated with such assemblies have been approximated in a variety of ways:
gratings, fractal aggregates, small compact clusters, and periodic superlat-
tices. For compact or periodic systems of particles, one has shown that the
EM field strength at interstitial locations in the aggregate can be greatly
increased over the field surrounding a single constituent particle in the ag-
gregate [8]. Interstitial sites might also correspond to the chemically most
active surface sites. An adsorbate molecule landing on a randomly rough
surface might remain strongly bound to such chemically active sites after
diffusing on the surface.

Many SERS-active systems, such as colloid clusters that have aggregated
via so-called cluster–cluster aggregation or randomly rough surfaces produced
by restricted diffusion on cold surfaces possess scaling or fractal symmetry [9].
Stockman [10] and Shalaev [11] and co-workers predicted a number of novel
optical properties for such aggregates resulting from their fractality. The ap-
proach taken by those groups is to consider that the cluster or the surface is
composed of a large number of individual particles each interacting through
dipole–dipole coupling. The dipolar EM fields in the vicinity of such surfaces
will be those corresponding to the normal modes of the interacting dipoles.
(This problem is isomorphic with vibrational excitation, except that here we
are dealing with plasmon “oscillations.”)

Among the robust optical features of these fractal systems that distinguish
them from the optical behavior of compact clusters are (1) the optically al-
lowed normal modes span a broad range of wavelengths, whereas in compact
or periodic clusters, most modes would not be dipole active. Hence, the ab-
sorption spectrum of a fractal aggregate (or surface) is, in general, broad,
whereas that of a compact aggregate is much narrower. (2) Many of the nor-
mal modes will be highly localized in regions of the aggregate that are small
with respect to the overall size of the aggregate and the wavelength of the
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exciting light. Although some normal modes of some compact clusters will be
localized, this would be an accidental feature of those compact clusters. In
general, for compact or periodic aggregates, the normal modes are delocalized
over all or most of the volume of the cluster. (3) Most optical properties of
fractal clusters, such as their absorption and their SERS excitation spectra,
rapidly approach a size-independent form which will also be independent of
the cluster’s specific shape, so long as it belongs to the same class of fractal.

For compact clusters, size-independence is approached slowly, and the
absorption spectrum will depend critically on cluster geometry. Of these three
properties, the second — excitation localization — is the most intriguing.
What it implies is that for essentially all fractal clusters, many of the normal
modes will be so localized that the enhancement resulting from the interaction
of all of the particles comprising the cluster will be concentrated in very small
regions of the cluster, in so-called hot spots, where the enhancement can
be many orders of magnitude higher than the average enhancement. Local
enhancements ∼ 1011 have been predicted in these hot spots [11]. Because
the normal mode patterns corresponding to even closely located excitation
wavelengths can be quite different, the hot spots will not, in general, reflect
local geometric features of the cluster. Hence, for some normal modes, the hot
spots will correspond to interstitial surface sites, for others to hilltops. When
the aggregate is dosed with very few molecules, as one might do in attempting
to measure SERS from single molecules, an aggregate might seem “cold” or
“hot” depending on whether the normal mode has a hot spot where the
molecule happens to be for the excitation wavelengths used. If the molecule
binds strongly to the surface, then, in general, few aggregates will seem hot.
Contrariwise, a molecule that is mobile can diffuse in and out of the hot spot.
It may even be trapped in the hot spot by the strong dipolar field gradients
at the periphery of the hot spots.

The situation is more unpredictable for compact clusters. Because com-
pact clusters have few normal modes for which the fields are highly con-
centrated, only few in an ensemble of compact clusters will appear hot and
only for a narrow range of wavelengths. However, one can, in principle, find
some sites, normally interstitial sites, where the electromagnetic enhance-
ment could be such that, locally, SERS intensities ∼ 1011 are encountered.
We believe that a great deal of the giant enhancements reported by Nie and
Kneipp and others are due to the field-concentrating properties of aggregates.
It is also clear, however, that another effect contributes as well to raise the
observed enhancement to the reported ∼ 1014. We note that almost all of the
results reported so far have been with molecules with a rich spectrum in the
visible region of the spectrum. The added enhancement may be due to some
form of resonance.

Many of the salient features of the EM theory of fractals have been cor-
roborated using near-field microscopy and spectroscopy [12]. For example, it
has been shown that the EM fields near the surfaces of self-affine, randomly
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rough surfaces produced by collapsing colloidal metal aggregates under the
influence of gravity, are highly localized. More recently, we were able to mea-
sure good quality near-field SERS spectra from which one could construct
near-field Raman maps of SERS transitions in which the hot spots are also
visible. For example, Fig. 1 shows a scanning electron micrograph of a sample
produced by allowing colloidal silver particles to aggregate then settle gravi-
tationally on a glass plate. The silver aggregate was exposed to phthalazine.
The near-field SERS spectrum measured at the surface of that sample with
a sharpened optical fiber tip with a resolution < 100 nm is shown in Fig. 1.
Maps of the SERS intensities of a number of Raman bands were obtained by
manually moving the tip to lattice points over a 3×3 µm grid, measuring the
near-field SERS spectrum at each point, fitting a Lorentzian under the band
in each spectrum, and then plotting the result. A shear-force topographic im-
age was taken before and after each set of measurements. The resulting maps
are shown in Fig. 1. Hot spots with dimensions < 1 µm are clearly visible.
We have also shown that the excitation spectra measured by probing the near
field in very small regions of such samples display a number of narrow lines
corresponding to the normal modes of surface plasmon excitation in which
the region of the aggregate being probed participated.

Careful experiments in which the Stokes and anti-Stokes intensities in the
SERS spectra of several molecules were measured over five orders of magni-
tude of laser excitation and showed (i) that although large anti-Stokes intensi-
ties were observed (for dye molecules), as previously reported, the anti-Stokes
intensity depended linearly on laser power over many orders of magnitude;
(ii) adsorbed small, colorless molecules, though showing intense SERS spec-
tra, showed no unusual anti-Stokes intensities; and (iii) a careful analysis of
the physics of the proposed Raman pumping would imply local radiative in-
tensity (i. e., 〈|EL|2〉) enhancements ∼ 1014 which would result in a staggering
expected SERS enhancement ∼ 1028.

Let us look at this problem in a little more detail. Following the method
of Kneipp and co-workers [3], the anti-Stokes/Stokes ratios of various bands
of toluene were measured using the same 830-nm laser excitation and instru-
ment settings to take into account both the thermal population ratio and
the wavelength dependence of the instrument response. Dividing the mea-
sured crystal violet anti-Stokes/Stokes ratio at wave number νm by the ratio
measured for a band of toluene with similar wave number produces the func-
tion K(νm) which should then be a wavelength and instrument-independent
measure of the factor by which the anti-Stokes/Stokes ratio exceeds the ex-
pected thermal value. For Rhodamine 6G and crystal violet adsorbed on
aggregated silver, values of K were found (as with the authors of [3]) that
greatly exceeded unity, ranging from 3 to 50. Unlike in [3], we were never able
to discover a laser intensity range where the anti-Stokes intensity depended
quadratically on the incident laser intensity, even at the highest laser fluxes
below which the sample remained undamaged. Moreover, we found K values
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Fig. 1. Top left: Shear-force topographic image of a silver film produced by collapsing phthalazine-covered colloidal silver aggregates
gravitationally onto a pyrex cover slide. Top right: The near-field SERS spectrum of phthalazine measured on the film imaged in the
previous panel. A, B, C: near-field Raman intensity maps of the SERS bands shown in the previous spectrum measured over a 3×3 �m
portion of the colloidal silver film
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greatly exceeding unity even at the very lowest laser powers used. Both of
these observations seriously challenge the notion that the inordinately large
anti-Stokes to Stokes ratios derive from optical pumping of vibrationally ex-
cited states by Raman transitions, as proposed in [3].

3 Interpretation

To propose a plausible alternative explanation, we begin by deriving an ex-
pression for K which explicitly allows for the presence of a resonant contri-
bution to the Raman process and hence for differing Stokes and anti-Stokes
cross sections, σS and σA(cm−2), of the surface-adsorbed molecule. In ad-
dition, we consider the simplest case of Stokes and anti-Stokes SERS field
enhancement, given by G(νi − νm) = β2

i β
2
S and G(νi + νm) = β2

i β
2
A, where

νi and νm are, respectively, the frequencies of the incident radiation and vi-
bration m and the parameters βi, βS, and βA denote the field enhancement
at the incident, Stokes, and anti-Stokes wavelengths. This approach is more
detailed than that of [3], where all of the enhancement, it was assumed, be-
longs to the effective cross section and is not associated with the field. This
assumes implicitely that the Stokes and anti-Stokes cross sections are equiv-
alent, which, in general, is not so, and that the entire magnitude of the SERS
enhancement is effective in pumping population from the ground to the vi-
brationally excited state. In fact this is not the case. The electromagnetic
contribution to the SERS enhancement, it is understood, is due to two res-
onances: the first is the resonance of the incident laser field with a surface
plasmon polariton mode of the SERS-active system; the second is the res-
onance of the Raman-scattered field with the surface plasmon. The second
process is clearly an electromagnetic effect that, in principle, does not involve
the adsorbed molecule and, hence, would not contribute to the pumping of
vibrationally excited molecular states. (This is not strictly true. One could
postulate that the Raman-shifted field is involved in a variety of stimulated
processes. However, we have considered this possibility and found that the
inclusion of stimulated processes leads to strongly nonlinear dependences of
the Raman signals on laser intensity. Accordingly, we will not discuss such
processes further.) Since only the β2

i part of the field enhancement partici-
pates in any Raman pumping process and the β2

S and β
2
A terms contribute

only to the observed Stokes and anti-Stokes intensities without contributing
to the pumping, the field enhancements associated with SERS, even taking
into account the real possibility of the existence of hot spots in the aggregated
samples where the field-intensity exceeds the average by four or five orders
of magnitude, cannot account for the levels of field enhancement required to
produce the anti-Stokes/Stokes ratios reported. Moreover, ascribing the effect
to an inordinate increase in cross section introduces a new complexity in the
mechanism for so unusual a cross-sectional increase that far exceeds what is
encountered in even the most efficient resonance Raman processes and cer-
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tainly exceeds those occurring near metal surfaces where radiative rates are
normally increased. Even should a more detailed and complex model for the
field enhancement be considered such as those proposed by Stockman and
Shalaev [10,11], the point remains that only a small fraction of the SERS
enhancement can be associated with the enhancment of the field that can
play a role in populating the excited vibrational state.

An expression for K(νm) derived for a simple twostate model in terms of
the lifetime of the excited vibrational state τ(s) and the incident light inten-
sity nL (photons cm−2s−1) is easily derivable. The expression, which assumes
that a steady state is established in the vibrational state populations by the
exciting field, the various optical transitions, and nonradiative depopulation
processes, is

K(νm) =
(
σAβ

2
A

σSβ2
S

)[
σS(νm)τ(νm)β2

i nLehνm/kBT + 1
σA(−νm)τ(νm)β2

i nL + 1

]
. (1)

This expression reduces to that used in [3] in the limit of σAτnL � 1 by
setting σS = σA and setting all values of β to unity since all of the enhance-
ment is combined in the cross section. This expression suggests a number
of points: (1) K approaches unity for small values of nL and nonresonant
excitation processes (i. e., σS = σA), provided that βA ≈ βS; (2) the Stokes
and anti-Stokes cross sections need not be the same under resonance condi-
tions; therefore K need not be unity even if the field enhancement and/or nL

is small; and (3) if we consider a value of νm = 1200 cm−1, for example,
then ehνm/kBT ≈ 400, indicating that if the Raman pumping mechanism is
operating, there exists only a small range of incident radiation intensities
before saturation is achieved. Therefore, it is unreasonable to truncate the
denominator to unity as in [3] since by doing so, the correct saturation be-
havior of K will not be realized. Exploring the expression further and taking
typical parameter values from spectra of crystal violet: nL = 10−24 cm−2s−1,
τ = 10−11s, and K(1174 cm−1) = 8; setting σS = σA and βA ≈ βS and as-
suming that Raman pumping is the dominant mechanism for the nonunity
value of K leads to the condition σSβ

2
i ≈ 10−15 cm2. If we further assume

a large resonant Raman cross section of 10−25 cm2, a local-field intensity at
the molecule, this results in a prediction of incident field intensities of the or-
der β2

i nL ≈ 1034 cm−2s−1, or over 1015W/ cm2. Clearly, the adsorbate would
not survive such fields intact, not to mention the fact that we assumed a value
of β2

i ≈ 1010 which is several orders of magnitude larger than most existing
estimates of the average field-intensity enhancement. Any attempt to reduce
the value of the local-field intensity would imply a proportional increase in
the Raman cross section, resulting in resonant enhancements greater than
1010 which is already uncommonly high. It is worth noting that the power
taken above is at the higher end of the powers used in our study. If we go
to the lower powers, where nonunity values of K are still observed, a further
four to five orders of magnitude must be assumed for the value of σSβ

2
i . None
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of these scenarios is as plausible as the possibility that the Stokes and anti-
Stokes cross sections or field enhancements or both differ by relatively small
factors and that no pumping is in fact taking place.

To probe further the origin of the nonunity values of K, SERS spectra
of nondye adsorbates, including nitropyridine, phthalazine, benzoic acid, and
pyrazine were investigated. In all of those cases, K was 1 ± 0.5, implying
that the anti-Stokes signal arises (within experimental error) from purely
thermal effects. Within the context of our explanation, this observation also
implies that for this last set of adsorbate, there is no resonance effect and
σS = σA. This is further evidence that the origin of the unusual anti-Stokes
intensities observed with the dyes is somehow related to unequal Raman
cross sections for the Stokes and anti-Stokes processes, likely arising from
the effects of resonance. One should note that neither of the dye molecules
used has a significant absorption cross section at the excitation wavelength
used (830 nm). Hence, the resonance postulated must involve a new resonance
involving the adsorbate–surface complex. Such a resonance does not require
the adsorbate to be a dye, i. e., to possess absorptions in the visible in its
unadsorbed state. Nevertheless, dye molecules do possess states conveniently
located in energy from which resonant transitions for the surface complex
might be more readily manufactured. This is the likely reason why resonance
is observed for adsorbed dyes, even when excited with a wavelength that is
not resonant for the dye in solution and not observed for the series of colorless
molecules referred to above when they are adsorbed on silver.

4 Conclusion

From this, we conclude that a better explanation for the observed intense anti-
Stokes emission can be framed in terms of EM SERS enhancements coexisting
with resonance Raman enhancement. The latter can result in unequal Raman
cross sections for Stokes and anti-Stokes transitions [13]. This does not require
one to propose the occurrence of optical pumping of excited vibrational states
by the surface-enhanced Raman transitions.

Therefore, we believe that the results reported by Nie and Kneipp so
far can be accounted for by a combination of strong local EM excitation in
colloidal metal aggregates (generally small compact aggregates) with added
contributions from resonance enhancements. The fact that, so far, the re-
ports have focused largely on adsorbed dye molecules is, in our view, not
a coincidence. One needed the opportunity for additional resonance enhance-
ment that those systems provide, on top of electromagnetic enhancement.
Because AFM images tend to show the particles as “compact”, we pro-
pose that the particles involved are either compact colloidal aggregates or
“failed fractals” [14]. Such aggregates would possess few normal plasmon
modes that would have highly localized and concentrated fields (hot spots).
Because of the high localization of the fields, only a few aggregates would



SERS and the Single Molecule 225

manifest a SERS spectrum under circumstances where only one or very few
adsorbate molecules decorate a given cluster. Only those clusters in which
the adsorbed molecule is coincidentally bound at a location on the cluster
corresponding to a hot spot would show inordinate SERS intensities. This
explains the rarity of hot particles and the sharpness of the excitation spec-
trum for a given group of hot particles. This also accounts for the fact that
as one continues to add adorbate to a sample of particles, progressively more
particles become “hot.” Adding adsorbate increases the probability that an
ad-molecule eventually binds to a location on the aggregate where the field is
concentrated. This also explains the fact that for a given particle, the SERS
intensity saturates rapidly and then becomes roughly independent of further
coverage. Once the surface sites within the hot spots on an aggregate are
populated, further surface coverage would not add significantly to the SERS
intensity.

According to this explanation, localization of the EM field due to particle–
particle interactions in an aggregate results in a SERS enhancement of the
order of 1011 [11]; the remaining enhancement arises from resonance Ra-
man and other so-called chemical enhancement effects. The fact that reso-
nant Rayleigh and SERS scattering do not correlate also accords well with
this view. Rayleigh scattering is a coherent process that depends on aver-
aging a two-point field correlation over the entire volume of the aggregate.
Rayleigh scattering is phase-dependent, and the variation in the field’s phase
and amplitude from point to point on the aggregate is important. Raman
is an incoherent, phase-independent process in which the enhancement is
defined by the one-point correlation: < |E(r)|4 >. The very intense fields
that exist at hot spots would dominate this average [15]. Hence the aggre-
gates that show intense Rayleigh scattering need not be those manifesting
the most intense SERS signals or vice versa. Our explanation also does away
with the implied requirement that there are very special and rare adsorption
sites on a particle where the adsorbate molecule binds chemically. Although
we recognize the known fact that some surface sites can be more reactive than
others, the very early saturation of the SERS signal with added adsorbate [4]
suggests that surface sites suitable for chemisorption are very rare indeed.
There is no reason to suppose that silver aggregates possess such rare, highly
reactive adsorption sites. The model we propose does not require such highly
site-selective surface chemistry.
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Abstract. We review surface-enhanced linear and nonlinear Raman scattering ex-
periments on molecules and single wall carbon nanotubes attached to colloidal silver
and gold clusters. Surface-enhanced hyper-Raman scattering and surface-enhanced
anti-Stokes Raman scattering from pumped vibrational levels are studied as two-
photon excited Raman processes where the scattering signal depends quadratically
on the excitation laser intensity. The experimental results are discussed in the
framework of strongly enhanced electromagnetic fields predicted for such cluster
structures in so-called “hot spots.” The electromagnetic enhancement factors for
Stokes, pumped anti-Stokes, and hyper-Raman scattering scale as theoretically pre-
dicted, and the field strengths in the hot spots, it is inferred, are enhanced of the
order of 103. From our experiments we claim a very small density of hot spots
(0.01% of the cluster surface) and lateral confinement of the strong field enhance-
ment within domains that can be as small as 10 nm.

Effective cross sections of the order of 10−16 cm2 and 10−42 cm4 s for Stokes and
pumped anti-Stokes scattering, respectively, are adequate for one- and two-photon
Raman spectroscopy of single molecules.

1 Introduction

During the last decade, detecting and characterizing single molecules, includ-
ing artificial large molecules, such as nanotubes or quantum dots, using laser
spectroscopy became a matter of growing interest [1,2,3]. In general, since
the spectroscopic signal is proportional to the number of molecules that con-
tribute to the signal, single molecule spectroscopy means dealing with very
low signals. Therefore, methods for enhancing optical signals are essential
for developing single molecule spectroscopy. Exciting opportunities for en-
hancing spectroscopic signals exist, when the target species is attached to
metallic nanostructures. In the very close vicinity of such structures, local
optical fields can be strongly enhanced when they are in resonance with the
collective excitation of conduction electrons, also called surface plasmon res-
onances. Particularly high field enhancement seems to exist for ensembles of
V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 227–249 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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metallic nanoparticles exhibiting fractal properties, such as colloidal silver or
gold clusters formed by aggregation of colloidal particles or island films of
those metals [4,5,6]. Plasmon resonances in such structures occur over a rel-
atively wide distribution of frequencies and simultaneously, they tend to be
spatially localized and enhanced in small areas, so-called “hot spots” whose
dimensions can be smaller than tenths of a wavelength [7]. Very favorable
conditions for single molecule spectroscopy exist when the target molecule is
attached to a hot spot and can be probed by the high local optical fields.
Moreover, the strong lateral confinement of the field enhancement provides
an additional opportunity for selecting a single species. Hot areas on cluster
structures provide particularly attractive opportunities for nonlinear probes
of single molecules, where the signal depends on the enhanced field intensities
raised to a power of two or greater.

Because of its high information content on chemical structure, Raman
scattering is a very promising technique for single molecule spectroscopy.
The information about a molecule is considerably increased when nonlinear
Raman techniques are applied in addition to “normal” linear Raman scat-
tering. For example, hyper-Raman scattering follows different selection rules
than normal Raman scattering, and therefore it can probe so-called “silent
modes” that are forbidden in normal Raman scattering and in infrared ab-
sorption [8,9]. The general disadvantage of Raman spectroscopy and also
of nonlinear Raman spectroscopic techniques is the extremely small cross
section that makes, for example, the use of hyper-Raman scattering nearly
impossible as a practical “spectroscopic tool.” Linear Raman scattering cross
sections fall between 10−30 cm2 and 10−25 cm2 per molecule; the larger values
occur under favorable resonance Raman conditions; hyper-Raman scattering
has cross sections of approximately 10−65 cm4 s/ photon.

In spite of these small cross sections, recently, single molecule Raman
spectra have been measured by several groups (for an overview see [10]).
The experiments are based on the phenomenon of a strongly increased Ra-
man signal from molecules attached to metallic nanostructures, the effect of
so-called “surface-enhanced Raman scattering” (SERS) [11,12,13]. The un-
expectedly high Raman scattering signal from molecules attached to a metal
substrate with nanometer-scaled structure or “roughness” [14,15,16] might be
one of the most impressive effects for demonstrating the interesting optical
properties of metallic nanostructures, which occur due to resonances with the
plasmon excitations in the metal. In particular, strong enhancement has been
observed when molecules are attached to colloidal silver or gold clusters or to
island structures of those metals. The high local optical fields in the hot spots
of such cluster structures provide a rationale for the high enhancement level,
which is necessary for nonresonant single molecule Raman spectroscopy [17].

According to the electromagnetic field enhancement model, nonlinear Ra-
man effects should be surface enhanced to a greater extent than “normal”
Raman scattering. In agreement with this hypothesis, for molecules attached
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to colloidal silver clusters, we obtained Raman scattering and hyper-Raman
scattering at nearly the same signal level since the much stronger field en-
hancement for the nonlinear effect compensated for its smaller cross sec-
tion [18,19].

In this article, we review surface-enhanced linear and nonlinear Raman
scattering experiments. In particular, we want to discuss the feasibility of ap-
plying nonlinear Raman scattering to single molecules located in the hot areas
of a metal cluster structure and the potential of SERS experiments performed
on large artificial molecules such as single wall carbon nanotubes. Surface-
enhanced hyper-Raman scattering and “pumped” anti-Stokes Raman scat-
tering are selected as nonlinear or two-photon excited Raman probes where
the Raman scattering signal depends quadratically on the excitation laser
intensity. Our experimental findings in surface-enhanced Stokes, anti-Stokes,
and hyper-Raman scattering as well as in surface-enhanced Raman scattering
from single wall carbon nanotubes are discussed in the framework of a strong
local electromagnetic field enhancement in the hot spots of colloidal metal
clusters.

2 Surface-Enhanced Linear and Nonlinear
Raman Scattering

In this section, we briefly introduce surface-enhanced linear and nonlinear
Raman scattering and discuss experiments when the target species is attached
to colloidal silver or gold clusters.

2.1 Experimental

Figure 1 shows the schematic of an experimental setup for surface-enhanced
linear and nonlinear Raman spectroscopy on molecules attached to colloidal
silver and gold clusters [20]. The colloidal cluster–target molecule complex is
provided in aqueous solution or “dry” on a glass slide. Raman scattering is
excited using an argon-ion laser pumped Ti:sapphire laser operating in the
near infrared (NIR). The Raman light can be observed at the Stokes and
anti-Stokes side of the NIR excitation laser. Hyper-Raman scattering can be
measured at the Stokes side of the second harmonic of the NIR excitation
laser in the near-ultraviolet region.

Surface-enhanced Stokes and anti-Stokes Raman spectra are excited in
the CW mode of the Ti:sapphire laser using 104–106W/ cm2 intensities. For
surface-enhanced hyper-Raman studies, the laser is used in the mode-locked
picosecond regime to achieve excitation intensities of about 107 W/ cm2.
Grating spectrographs were used to disperse the scattered light. Surface-
enhanced Stokes and anti-Stokes Raman light (shifted relative to the NIR
excitation) and surface-enhanced hyper-Raman light (shifted relative to the
second harmonic of the NIR light) can be measured simultaneously in the
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Fig. 1. Schematic experimental setup for surface-enhanced linear and nonlinear Raman spectroscopy
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same spectrum using the first and second diffraction order of the spectro-
graph. This allows direct measurement of the ratio between SEHRS and
SERS signal power [18,19]. The relative wavelength sensitivity of the system
for Stokes Raman, compared to anti-Stokes Raman and hyper-Raman scat-
tering, was determined by using Stokes and anti-Stokes Raman spectra of
benzene measured at NIR excitation and its second harmonic.

2.2 Surface-Enhanced Linear Raman Scattering

Raman signals can be enhanced by more than 10 orders of magnitude, when
the molecule is attached or in the very close vicinity of silver or gold structures
in dimensions of tens of nanometers. In analogy to “normal” Raman scat-
tering, the number of Stokes photons per second P SERS

S in surface-enhanced
Raman scattering can be written as

P SERS
S = N0σ

SERS
s nL , (1)

where σSERS
S describes an effective cross section of the surface-enhanced Ra-

man process and S denotes the Stokes scattering. nL is the photon flux density
of the excitation laser which is equal to the incoming laser field |E(0)(νL)|2
divided by hνL and by the focus area. E(ν) is the field strength, and νL and
νS are the laser and the Stokes frequencies with

νS = νL − νM

or

νaS = νL + νM . (2)

νM is the molecular vibrational frequency and minus and plus stand for Stokes
and anti-Stokes scattering, respectively. N0 is the number of molecules in the
vibrational ground state, that are involved in the SERS process.

It is generally agreed that more than one effect contributes to the en-
hancement of the Raman signal [11,12,13]. The enhancement mechanisms
are roughly divided into so-called “electromagnetic” field enhancement ef-
fects and “chemical first layer” effects. The latter effects include enhancement
mechanism(s) of the Raman signal, which can be explained in terms of specific
interactions, i. e., electronic coupling between molecule and metal [21], result-
ing in a larger Raman cross section σRS

ads compared to that of the molecule
without coupling to the metal σRS

free. The electromagnetic field enhancement
arises from an enhanced local optical field at the place of the molecule, de-
scribed by field enhancement factors A(ν). Then, the SERS cross section can
be written as

σSERS
s = σRS

ads|A(νL)|2|A(νS)|2 , (3)

where

|A(ν)|2 = |E(ν)|2
|E(0)(ν)|2 . (4)
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E(ν) are the local optical fields (laser and the scattered field) and E(0)(ν)
are the same fields in the absence of the metal nanostructures.

The SERS enhancement factor GSERS for Stokes scattering is determined
by the ratio of the effective SERS cross section σSERS

S to the “normal” Raman
cross section σRS

S,free,

GSERS =
σRS

ads

σRS
free

|A(νL)|2|A(νS)|2 . (5)

The first term in formula (5), σRS
ads/σ

RS
free, describes the “chemical” en-

hancement effect. Chemical SERS enhancement factors may contribute fac-
tors of 10 to 1000 to the total SERS enhancement [21,13]. The second term
describes local-field enhancement effects.

The electromagnetic contribution to SERS enhancement strongly depends
on the morphology of the metal nanostructures and on the dielectric con-
stants of the metal (for an overview, see [11,12,13]). The field enhance-
ment exhibits particularly exciting properties for fractal metallic nanostruc-
tures [22,5,6,4,23] and can reach 12 orders of magnitude for colloidal silver
and gold cluster structures [24,25,26].

In the following, we discuss some experimental observations on SERS per-
formed on colloidal silver and gold clusters. Figures 2a and 2b display Stokes
and anti-Stokes SERS spectra of crystal violet attached to isolated colloidal
gold spheres in aqueous solution. Figure 3a shows the electron micrographic
view of one gold sphere and the extinction spectrum of the aqueous solution
of many isolated spheres. NaCl was added to the aqueous solution to induce
aggregation of the spheres, but spectra in Figs. 2a and 2b were measured in
the first minutes after addition of the salt. No changes in the extinction spec-
trum of the colloidal solution were observed, indicating that no aggregation
occurred during this time. Therefore, the electromagnetic SERS enhance-
ment should be mainly related to isolated gold spheres of about 60 nm in
diameter. On the other hand, if there is any additional “chemical” enhance-
ment related to NaCl induced “active sites” [27], that effect should already
exist. After several minutes, when changes in the extinction spectrum from
curve a to curve b in Fig. 3 indicated the formation of colloidal gold clusters
(see also electron micrographs in Fig. 3), the SERS Stokes signal strongly
increased (Fig. 2c). Now a strong anti-Stokes spectrum also occurs, as shown
in Fig. 2d. Particularly, higher frequency modes appear at unexpectedly high
signal levels in the anti-Stokes spectrum. This behavior indicates a very high
SERS enhancement since molecules that are “pumped” to the first excited
vibrational levels due to the strong Raman process now contribute to the
anti-Stokes signal in addition to the thermally excited molecules [24]. We
discuss this “pumped” anti-Stokes Raman scattering as a nonlinear Raman
process in more detail later. Here, we use the anti-Stokes scattering only for
a rough estimate of the SERS enhancement factor. In the stationary case as
in our CW experiments, SERS cross sections are inferred from anti-Stokes to
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Fig. 2. Stokes (a, c) and anti-Stokes (b, d) SERS spectra of crystal violet on
isolated colloidal gold spheres (a, b) and on colloidal gold clusters (c, d)

Stokes SERS signal ratios P SERS
aS /P SERS

S normalized to the ratio in a normal
Raman experiment PRS

aS /P
RS
S (Boltzmann population) according to [24]:

P SERS
aS /P SERS

S

PRS
aS /P

RS
aS

= σSERSτ1e
hνM
kT nL + 1 , (6)

where τ1 is the lifetime of the first excited vibrational state assumed to be of
the order of 10 ps [28]. T is the sample temperature (300K), and h and k are
the Planck and Boltzmann constants, respectively [30].

In the anti-Stokes SERS spectrum measured from crystal violet on isolated
gold spheres, the higher frequency anti-Stokes bands do not appear due to
their weak thermal population. The anti-Stokes to Stokes signal ratio of the
1174 cm−1 crystal violet SERS line measured in Fig. 2a,b is in agreement with
the ratio measured for the 1211 cm−1 line of toluene, which represents the
Boltzmann population of the vibrational levels. That means that no Raman
pumping can be observed for the smaller enhancement factors of isolated
colloidal gold spheres since the effective Raman cross section is not large
enough for measurably populating the first vibrational levels. According to
formula (6), in SERS experiments on colloidal gold clusters, effective SERS
cross sections on the order of 10−16 cm2 per molecule must be operative,
corresponding to total enhancement factors of about 1014 for a nonresonant
Raman process in order to explain the observed anti-Stokes spectra.

Similar total enhancement factors of about 1014 were found for colloidal
silver clusters. Figure 4 shows surface-enhanced Stokes and anti-Stokes Ra-
man spectra of the DNA base adenine on colloidal silver clusters displaying
the strong Raman line of the adenine ring breathing mode at 735 cm−1 and
lines in the 1330 cm−1 region. As an indication of a very strong SERS effect,
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Fig. 3. Electron micrographs and extinction curves of isolated colloidal gold spheres
and of colloidal clusters

Fig. 4. NIR-SERS Stokes and anti-Stokes spectra of adenine measured on a silver
cluster of about 8 �m. Parameters: 100mW, 830 nm excitation with 1�m spot size
and 1 s collection time

higher frequency lines at the anti-Stokes side appear at relatively high signal
levels, and effective Raman cross sections of the order of 10−16 cm2/molecule
can also be inferred for adenine [31]. Adenine has absorption bands in the
ultraviolet. Therefore, at 830 nm excitation, no molecular resonance Raman
effect will contribute to the large Raman cross section observed.

SERS enhancement factors of 1014, as they are inferred from vibrational
pumping, are also confirmed in single molecule Raman experiments. Figure 5a
shows 100 Raman spectra measured in time sequence from a sample, which
contains an average of 0.6 crystal violet molecules in the probed volume.
Single target molecules are attached to colloidal silver clusters (see magnifi-
cation glass in Fig. 1) and move into and out of the probed volume due to
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Fig. 5. Single molecule SERS spectra for confirming SERS enhancement factors of
the order of 1014(see text for explanation). (a) 100 SERS spectra collected from
an average of 0.6 crystal violet molecules; (b) Peak heights of the 1174 cm−1 line;
(c) background signal; (d) peak heights of a Raman line measured from ∼ 1014

methanol molecules. The horizontal lines display the thresholds for one-, two-
and three-molecule signals (b), the average background (c), and the average 1014-
molecule signal (d). The insets in (b) and (d) show the Poisson and Gaussian statis-
tics of single molecule and many molecule Raman signals, respectively. (Reprinted
with permission from [25]. Copyright 1997 American Institute of Physics)

Brownian motion. Figure 5b displays the signal strengths of the 1174 cm−1

crystal violet peak in the 100 measurements showing a Poisson distribution
for seeing just one, two, three, or, very likely zero molecules in the probed
volume. Figure 5c shows the background signal at 1174 cm−1 when no crys-
tal violet is in the sample. For comparison, Fig. 5d shows the signal of the
1030 cm−1 methanol Raman line, which comes from about 1014 methanol
molecules in the probed volume. Methanol does not show SERS enhance-
ment. A comparison between Figs. 5b and 5d shows that SERS signals of
a single crystal violet molecule appear at the same level as the normal Ra-
man signal of 1014 methanol molecules, confirming a SERS enhancement
factor of the order of 1014 compared to a nonresonant Raman process [25].
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2.3 Surface-Enhanced Raman Scattering from Single Wall
Carbon Nanotubes

The theory predicts that extremely strong field enhancement is confined
within very small areas, smaller than the wavelength of the light [7], but
still large compared to the size of a molecule. Therefore, a single molecule
SERS experiment performed on a “normal” molecule provides no information
about the dimension of a hot spot. This can be different for large artificial
molecules, such as single wall carbon nanotubes. A single wall carbon nano-
tube (SWNT) is a graphene sheet rolled up into a seamless cylinder to form
a high aspect ratio (length/diameter) one-dimensional (1-D) macro-molecule,
with a cylinder typically from 1 to 3 nm in diameter and a few microns long.
SWNTs can be semiconducting or metallic, depending on the nanotube ge-
ometry. Raman spectroscopy provides a sensitive probe to distinguish semi-
conducting from metallic nanotubes through measurements on the tangential
G-band feature near 1580 cm−1. The variation in tube diameters results in
small changes in the Raman frequencies for the tangential G band from tubes
of different diameters [32]. Therefore, Raman spectra measured from a bun-
dle of nanotubes, normally consisting of tubes with a diameter distribution,
show inhomogeneously broadened Raman lines.

In our experiment, small bundles of single wall carbon nanotubes are
attached to a fractal colloidal silver cluster [26]. When nanotubes are in
contact with the cluster, the Raman signal can be enhanced by more than
10 orders of magnitude. Simultaneously, the inhomogeneous line width of the
Raman line can strongly decrease. Figure 6 shows SERS spectra in the region
of the tangential G band of semiconducting tubes measured from a bundle of
tubes on a fractal silver cluster. The line width of the Raman band changes
from place to place on the cluster, and in very rare cases, it becomes about
10 cm−1. This value is very close to the theoretical homogeneous line width,
suggesting that only a very small number of tubes, maybe even a single tube,
just in contact with the cluster at a “hot spot,” contributes to the SERS
spectrum. Single wall carbon nanotubes have diameters between 1 and 3 nm;
selecting a “few” tubes, or even a single tube, requires field confinement
within less than 10 nm.

2.4 Pumped Anti-Stokes Raman Scattering

Anti-Stokes Raman scattering starts from the first excited vibrational lev-
els and is proportional to the number of molecules in the first excited vi-
brational state N1. This number N1 relative to the number of molecules
in the vibrational ground state N0 is determined by the Boltzmann fac-
tor. As briefly discussed above, a strong surface-enhanced Raman Stokes
process with an effective cross section σSERS

S populates the first excited vi-
brational levels. Depopulation of these levels is determined by anti-Stokes
scattering and by the vibrational lifetime τ1. Figure 7 shows a schematic of
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Fig. 6. SERS spectra of the tangential band of semiconducting single wall carbon
nanotubes in contact with fractal colloidal silver clusters. Spectra measured with
1 �m spot size from different places on the cluster show different line widths of the
Raman band (see text)

these processes and the appropriate rate equation for the number of molecules
in the first excited vibrational state. In a weakly saturating intensity regime,
exp(−hνM/kT ) ≤ σSERS

S τ1nL � 1 which in our experiments is between about
5×105W/ cm2 and 1×107W/ cm2, the anti-Stokes signal PaS and the Stokes
signal PS can be estimated according to [24]

P SERS
aS = (N0e−

hνM
kT +N0σ

SERS
S τ1nL)σSERS

aS nL , (7)

P SERS
S = N0σ

SERS
S nL . (8)

The second term in the equation for the anti-Stokes power P SERS
aS describes

a quadratic dependence on the excitation intensity. This nonlinear anti-Stokes
scattering

P SERS
aS,nl = N0σ

SERS
aS,nl n

2
L (9)

can be described by an effective two-photon cross section

σSERS
aS,nl = σSERS

S σSERS
aS τ1 . (10)

Figure 8 shows plots of anti-Stokes and Stokes signal powers of crystal violet
on colloidal gold clusters versus excitation laser intensities. The lines indicate
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Fig. 7. Schematic Stokes and anti-Stokes Raman scattering

Fig. 8. Surface-enhanced Stokes (N) and anti-Stokes (�) Raman scattering sig-
nals of the 1174 cm−1 line of crystal violet on colloidal gold clusters plotted
vs 830 nm CW excitation intensity. The inset shows selected anti-Stokes spectra
(A: 3MW/ cm2, B: 1.4MW/ cm2, and C: 0.7MW/ cm2). The Rayleigh background
is suppressed by a notch filter up to about 900 cm−1. (Reprinted with permission
from [20]. Copyright 2000 SPIE)

quadratic and linear fits to the experimental data, displaying the predicted
quadratic and linear dependence. The Stokes signal P SERS

s always remains
linearly dependent on the laser intensity. This behavior is different from non-
linear coherent anti-Stokes Raman scattering, which is generated by nonlinear
coupling of the anti-Stokes and Stokes fields. In that case, the Stokes power
also becomes nonlinearly dependent on the excitation laser intensity.
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Assuming a SERS cross section of approximately 10−16 cm2 and a vi-
brational lifetime of the order of 10 picoseconds, effective two-photon cross
sections can be inferred at about 10−43 cm4 s.

This provides a two-photon excited Raman probe at a cross section more
than seven orders of magnitude larger than typical cross sections for two-
photon excited fluorescence [33]. The large effective cross section can be ex-
plained by the nature of the process, which is a two-photon process exploiting
the vibrational level as a real intermediate state.

Analogously to (3), we can split chemical and electromagnetic enhance-
ment and write an expression for the effective surface-enhanced cross section
for pumped anti-Stokes scattering:

σSERS
aS,nl = (σRS

ads)
2τ1|A(νL)|4|A(νS)|2|A(νaS)|2 . (11)

The enhancement factor of this nonlinear effect is [34]

GSERS
aS,nl =

(
σRS

ads

σRS
free

)2

|A(νL)|4|A(νS)|2|A(νaS)|2 . (12)

Because of its very high cross section, this two-photon effect can be observed
at relatively low excitation intensities using CW lasers. For instance, at ex-
citation photon flux densities of 1024 photons/ cm2 s, the anti-Stokes signal
appears at a signal level 20 times lower than the Stokes signal [35]. This con-
firms cross sections of the order of 10−42 cm4 s for the two-photon process.

Surface-enhanced pumped anti-Stokes Raman spectroscopy provides all
the advantages of two-photon spectroscopy, such as a linear increase of the
spectroscopic signal relative to the background for increasing excitation inten-
sities. For illustration, the inset in Fig. 7 shows anti-Stokes spectra together
with the Rayleigh background. Moreover, anti-Stokes spectra are measured at
the high energy side of the excitation laser, which is free from fluorescence,
since two-photon excited fluorescence appears at much higher frequencies.
The two-photon process inherently confines the volume probed by surface-
enhanced anti-Stokes Raman scattering compared to that probed by one-
photon surface-enhanced Stokes scattering [20]. Similar effects of confinement
of the probed volume are known from two-photon excited fluorescent detec-
tion of single molecules [36].

2.5 Surface-Enhanced Hyper-Raman Scattering (SEHRS)

Hyper-Raman scattering (HRS) is a spontaneous nonlinear process, i. e.,
different molecules independently scatter light due to their hyperpolarizabil-
ity and generate an incoherent Raman signal shifted relative to the second
harmonic of the excitation laser. The number of surface-enhanced hyper-
Raman Stokes photons P SEHRS can be written as

P SEHRS = N0σ
SEHRSn2

L , (13)
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where σSEHRS is the effective cross section for the surface-enhanced hyper-
Raman process.

Hyper-Raman scattering can follow symmetry selection rules different
from one-photon Raman scattering, and therefore HRS can probe vibrations
that are forbidden in Raman scattering and also in infrared absorption [8,9].
The “normal” hyper-Raman cross section σHRS is extremely small, of the
order of 10−65 cm4 s. HRS can be enhanced analogously to normal Raman
scattering by a “chemical” effect and by enhancement of the optical fields
when the molecule is attached to metallic nanostructures. Then, the surface-
enhanced hyper-Raman cross section is

σSEHRS = σHRS
ads |A(νL)|4|A(νHS)|2 , (14)

where σHRS
ads describes an enhanced hyper-Raman cross section compared to

that of a “free” molecule [37]; the A(ν) describe the enhancement of the
optical fields. We can write an enhancement factor for SEHRS as

GSEHRS =
σHRS

ads

σHRS
free

|A(νL)|4|A(νHS)|2 . (15)

Strong surface-enhancement factors can overcome the inherently weak na-
ture of hyper-Raman scattering and surface-enhanced hyper-Raman spectra,
and surface-enhanced Raman spectra can appear at comparable signal lev-
els [18,19]. This is demonstrated in the middle spectrum in Fig. 9, which
displays surface-enhanced hyper-Raman and Raman signals of crystal violet
on colloidal silver clusters measured in the same spectrum (see also Fig. 1).

Taking into account the different sensitivity of the Raman system in the
near-infrared and blue regions, the SEHRS signal is a factor of 100 weaker
than the SERS signal. The experimental ratios between SERS and SEHRS in-
tensities can be combined with the corresponding estimated “bulk” intensity
ratio between RS and HRS scattering for the applied 107W/ cm2 excita-
tion intensity (about 108 [9]) to infer a ratio of about 106 between surface-
enhancement factors of hyper-Raman scattering and Raman scattering. Com-
bining this ratio with NIR-SERS enhancement factors of crystal violet on
colloidal silver clusters of the order of 1014, total surface-enhancement fac-
tors of hyper-Raman scattering on crystal violet adsorbed on colloidal silver
clusters of the order of 1020 can be inferred [38].

The enormous total enhancement factor for HRS, six orders of magnitude
more than for “normal” RS, in principle, can be discussed in terms of a strong
increase of the hyperpolarizibility due to interaction between the molecule
and the metal electrons or by a strong field enhancement.

Figure 10 shows hyper-Raman spectra of crystal violet on colloidal sil-
ver clusters measured at different excitation wavelengths. The hyper-Raman
signals decrease strongly with decreasing excitation wavelength. No hyper-
Raman spectrum was measured at 760 nm excitation and below. This can
be explained in the framework of a “field-enhancement model” where the
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Fig. 9. SEHRS and SERS signals of crystal violet on colloidal silver clusters mea-
sured in the same spectrum using 107 W/ cm2 NIR excitation (middle trace, see
also Fig. 1). In the upper and the lower traces, SEHRS and SERS spectra are dif-
ferentiated by placing a NIR absorbing filter in front of the spectrograph or by
switching off the mode-locked regime of the Ti:sapphire laser, respectively

Fig. 10. Surface-enhanced hyper-Raman spectra of crystal violet on fractal colloidal
silver clusters measured at 833 nm (A), 815 nm (B), 798 nm (C), and 785 nm (D).
(Reprinted with permission from [38], Copyright 1999 Elsevier)

total enhancement benefits from enhancement of the laser and the scattering
field (15). In general, field enhancement decreases for decreasing wavelengths.
When the excitation wavelengths change from 830 to 750 nm, the wavelengths
of the hyper-Raman fields change between 450 and 390 nm where field en-
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hancement decreases rapidly [6]. At 750 nm excitation, the hyper-Raman
Stokes field does not excite any eigenmodes on the colloidal silver cluster.
This missing enhancement for the scattering field reduces the total enhance-
ment to a level which is not sufficient to compensate for the extreme weakness
of the hyper-Raman effect, and therefore we do not detect a hyper-Raman
signal. This experimental finding supports the important role of electromag-
netic enhancement in surface-enhanced hyper-Raman scattering.

The appearance of surface-enhanced hyper-Raman and Raman scatter-
ing at comparable scattering powers suggests that surface-enhanced hyper-
Raman scattering is a spectroscopic technique that can be applied to single
molecules.

3 Discussion

Extremely strong enhancement factors are observed for surface-enhanced lin-
ear and nonlinear Raman effects on colloidal silver and gold clusters at near-
infrared excitation. Table 1 shows the effective cross sections observed in our
experiments. For comparison, the table also shows typical cross sections for
non-surface-enhanced optical processes.

The order of magnitude for the cross sections for “normal” linear SERS is
confirmed in several experiments performed by other groups [39,40,41,42] (see
Sect. 2.2), but most of these experiments, except [42], benefit from additional
molecular resonance Raman enhancement.

In general, the strong enhancement of the Raman signal includes elec-
tromagnetic and chemical contributions. However, the experimental finding,
that extremely large SERS enhancement is always related to colloidal silver
or gold clusters [24,25,26,31,35,38,40,41,42,43,44] is an important indication
that electromagnetic field enhancement plays a dominant role.

Figure 11 shows a typical fractal colloidal silver cluster structure used in
our surface-enhanced linear and nonlinear NIR Raman experiments and the
extinction spectrum of the aqueous solution of such clusters. The colloidal
silver clusters have a fractal dimension of 1.63 ± 0.05 [45], in good agree-
ment with values found for colloidal gold clusters [46]. Strongly enhanced

Table 1. Representative “normal” and surface-enhanced linear and nonlinear ef-
fective cross sections per molecule

Resonance Raman 10−16 cm2

Fluorescence 10−16 cm2

Two-photon fluorescence 10−50 cm4 s/ photon
Hyper-Raman 10−65 cm4 s/ photon
Pumped anti-Stokes Raman 10−71 cm4 s/ photon
Surface-enhanced NIR-Raman 10−16 cm2

Surface-enhanced pumped anti-Stokes Raman 10−43 cm4 s/ photon
Surface-enhanced hyper-Raman 10−45 cm4 s/ photon
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Fig. 11. Electron micrographs and extinction spectra of colloidal silver cluster
structures used in the experiments

and highly localized fields, which are predicted for fractal colloidal cluster
structures in so-called “hot spots” [5,6], can provide a rationale for the ob-
served enhancement level. Moreover, plasmon resonances in a fractal cluster
cover a broad frequency range from visible to the near infrared. This makes
fractal clusters attractive for enhancing nonlinear effects, which very often
involve optical fields at widely separated frequencies.

Note that for “normal” linear SERS, smaller clusters can show enhance-
ment factors comparable to those obtained for fractal colloidal clusters. We
also performed single molecule experiments on relatively small clusters 150–
300 nm in size, formed by only 10–30 individual colloids (see for example [35]).
Other authors have achieved single molecule sensitivity in SERS even for
smaller clusters containing three to five colloidal particles [40,41,42]. Theo-
retical estimates for two particles in close contact show particularly strong
electromagnetic enhancement at interparticle sites which result in electromag-
netic SERS enhancement factors up to 1011 to 1012 [47], i. e., the same order
of magnitude as SERS enhancement predicted for the hot spots on a fractal
cluster [5,6]. But observation of surface-enhanced hyper-Raman scattering
and strong vibrational pumping effects were possible only for cluster sizes
of approximately 1µ or larger. In particular, using small compact clusters,
we did not observe surface-enhanced hyper-Raman scattering. This may be
because the small compact clusters do not have such a broad plasmon res-
onance making it impossible that the laser and the hyper-Raman field can
benefit simultaneously from plasmon resonance enhancement.

The surface of a fractal colloidal cluster structure shows a very inhomo-
geneous field distribution. This theoretical result was confirmed by near-field
measurements [17]. SERS experiments performed on fractal cluster structures
using relative high concentrations of the target molecule (about one mono-
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layer on the fractal surface) also show that only a very small fraction (0.01%)
of the molecules available on the surface of the cluster can be involved in the
Raman process at an extremely high enhancement level [24]. That means
that total SERS enhancement factors of 14 orders of magnitude are available
only at a few places on the cluster (about 0.01% of the cluster surface).

SERS spectra performed on single wall carbon nanotubes show that the
field enhancement on a fractal cluster is strongly confined within domains
that can be as small as 10 nm.

Table 2 summarizes our experimental findings on the enhancement factors
for nonresonant linear and nonlinear Raman scattering performed on fractal
colloidal silver structures at near-infrared excitation. The first column shows
the experimentally observed total enhancement factors [48].

We assume a “chemical” enhancement factor of about 100. This is the
approximate order of magnitude we need to fill the gap between experimen-
tally observed total SERS enhancement factors for small “NaCl activated”
spheres [31] and electromagnetic estimates for such spheres [49]. The “chemi-
cal contribution” to the total enhancement should be preserved when colloidal
particles form clusters.

Based on (5), (12), and (15), we can separate the “chemical” contribution
to SERS enhancement. The third column in Table 2 then shows the value
ascribed to electromagnetic enhancement. The table also shows the contribu-
tions to the electromagnetic enhancement factor from enhancing all optical
fields involved in the process [50].

The estimate of the field-enhancement factors A(ν) for a fractal cluster is
described in [6]. In general, these field-enhancement factors must be averaged
over the cluster [6], but the numbers in the first column are experimental data
taken from (single) molecules on “hot” spots, or the data are at least domi-
nated by the Raman signals coming from these molecules [51]. Therefore, we
believe that our experiments benefit from field-enhancement factors available
in the hot spots of the cluster and do not represent average values.

In general, hot spots for different plasmon frequencies might be located at
different places on the cluster, and the hot spot for a special Raman process is
always a compromise. However, for small Raman shifts, both laser and scat-
tered fields are very close, resulting in relative optimum field-enhancement
conditions. Field enhancement for Stokes SERS and pumped anti-Stokes
SERS should behave as a constant field-enhancement factor A(ν) raised to

Table 2. Enhancement factors of nonresonant linear and nonlinear Raman effects
on fractal colloidal silver structures inferred from experiments using NIR excitation∗

Total Field effect
Raman scattering 1014 1012 |A(νL)|2 ∗ |A(νS)|2
Hyper-Raman scattering 1020 1018 |A(νL)|4 ∗ |A(νHRS)|2
Pumped anti-Stokes 1028 1024 |A(νL)|4 ∗ |A(νaS)|2 ∗ |A(νS)|2
∗ Assuming a factor of 10–100 “chemical” enhancement
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the power of four and eight, respectively (see last column in Table 2). This
agrees with our experimental results for a field-enhancement factor A(ν) of
the order of 103. The experimentally observed enhancement factor for hyper-
Raman scattering also scales quite well in this schema, at least for a long
excitation wavelength (830 nm), where the hyper-Raman field is still in reso-
nance with plasmon excitations of the silver cluster. This is surprising, since
it is unlikely to find such an optimum spot for the large shift between the
frequencies of laser field and hyper-Raman Stokes field, where all fields are
enhanced by a factor 103 [52].

The importance of an enhancement of all fields is demonstrated by turning
off the SEHRS effect when the frequency of the scattered field becomes too
high to meet any plasmon resonance in the fractal (Fig. 10).

Effective cross sections of the order 10−16 cm2 and 10−42 cm4 s for Stokes
and pumped anti-Stokes scattering , respectively, allow one- and two-photon
Raman spectroscopy of single molecules. Moreover, the different surface-
enhanced linear and nonlinear Raman experiments on molecules and single
wall carbon nanotubes on colloidal silver and gold clusters provide insight
into the dimensions and the nature of the field enhancement of colloidal
metal clusters.
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45. K. Güldner, R. Liedtke, K. Kneipp, H. J. Eichler, Morphological Study of

Colloidal Silver Clusters Employed in Surface-Enhanced Raman Spectroscopy
(SERS), Europhys. Conf. Abstr., H. D. Kronfeldt (Ed.) (European Physical
Society, Berlin 1997) Vol. 21 C, p. 128 242

46. D. A. Weitz, M. Oliveria, Phys. Rev. Lett. 52, 1433 (1984) 242
47. H. Xu, J. Aizpurua, M. Kaell, P. Apell, Phys. Rev. E 62, 4318 (2000) 243
48. It is worth noting that the total enhancement factor for normal Raman scat-

tering was derived from vibrational pumping and independently, from a very
straightforward experiment by comparing the nonenhanced Raman signal from
1014 methanol molecules and the surface-enhanced Raman signal from one
molecule attached to a colloidal silver cluster. Also the ratio between SEHRS
and SERS signals is measured in a manner in which experimental errors can
be excluded (see Sect. 2.5) 244

49. D. S. Wang, M. Kerker, Phys. Rev. B 24, 1777 (1981) 244
50. K. Kneippy, Exp. Technik Phys. 38, 3 (1990) 244
51. In single molecule experiments, we detected between 70 and 80% of the

molecules [25,31]. This implies that it is very likely that molecules attach to
the cluster just at the “hot” spots 244

52. There is also a possibility that hyper-Raman scattering benefits from a larger
“chemical” enhancement effect than Raman scattering, which may compensate
for the more unfavorable conditions for field enhancement [37] 245





Electromagnetic Response of Ferromagnetic

Cermet: Superparamagnetic Transition

Mireille Gadenne

Laboratoire d’Optique des Solides, Université Pierre et Marie Curie
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Abstract. Magnetic interactions between light and matter are known to be very
weak and are nearly always neglected. However, in well-separated monodomain
magnetic particles, the local interaction between the magnetic field of light and the
magnetic moments does not vanish and has to be taken into account. After recalling
the necessary concepts about the magnetism of nanosized superparamagnetic par-
ticles, we present the theory (an extension of Onsager’s theory) modeling the local
interaction between the magnetic field and the magnetic medium, leading to an av-
eraged description in terms of effective dielectric and magnetic permeability. Then,
we apply the model in the infrared range and show the expected main effects; we use
physical realistic parameters describing nanosized ferromagnetic particles (nickel)
embedded in an insulating matrix (aluminum nitride) and look at the influence of
particle size and temperature on the variations of permeability versus frequency.
These results are compared with the first experiments.

1 Introduction

Interaction between the magnetic field of an electromagnetic wave and a mag-
netic medium is scarcely taken into account and generally the permeability
is supposed to be equal to the permeability of vacuum µ0. In this review, we
are interested in a medium whose permeability may be different from µ0, and
we look at its influence on the optical response in the infrared range.

We shall consider light as a probe for the study of the relaxation of su-
perparamagnetic particles, and the period of the light will then be taken as
the unit of measurement time.

First, we recall the definitions relative to the magnetic properties of the
elementary particle and present superparamagnetism and the fundamental
relaxation time involved in switching the magnetic moments in a two-level
system. Then, we build a model of an inhomogeneous medium including
monodomain grains, and determine an effective magnetic permeability for
such a mixture which takes into account both processes: induction and su-
perparamagnetic relaxation, when the medium is submitted to the field of
electromagnetic radiation.

Afterward, in the framework of our model, we study the influence of mag-
netic permeability on the optical properties by calculating the transmission,

V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 249–274 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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reflection, and absorption of a thin homogeneous film equivalent to a hetero-
geneous cermet film. Then, we look at the influence of the main parameters
on the superparamagnetism–ferromagnetism transition and predict the conse-
quences for optical absorption. Finally, we compare the theoretical calculation
to the first experimental results.

2 Description of the Materials Studied

2.1 Cermet

The “cer-(amic) met-(al)” is an inhomogeneous medium constituted of an
insulating matrix with nanoscale inclusions of metal; the matrix is quasi-
amorphous, actually composed of microcrystals. The volumetric concentra-
tion in metal (or filling factor) f is much smaller than the critical value corre-
sponding to the percolation threshold. The material behaves macroscopically
as an insulator and for simplicity we shall suppose that the metallic inclusions
are regularly shaped (almost spheroidal) and dilute in the matrix, with weak
electrical interactions. These inclusions are made of classical “ferromagnetic
metals” which have a magnetic moment even in a zero applied magnetic field.
According to Weiss, an internal interaction due to an exchange field lines up
electrons spins and magnetic moments in a volume called a magnetic domain.
Macroscopically, a ferromagnetic crystal appears as a collection of regularly
oriented domains called Weiss domains, delimited by a thick border, called
a Bloch wall, where the magnetization direction progressively changes from
one domain to its neighbor.

Transition metals are optically “bad” metals, in the sense they have an
intricate band structure and an interband absorption edge in infrared range,
situated at very low energy. In the near-infrared range, the free-electron model
(or Drude model) cannot be used [1]. And when it becomes useful for energy
lower than the interband absorption edge, the relaxation time is very short
(h/τe ≈ 0.5 eV instead of 0.05 for a noble metal) [1].

2.2 Definition of a Ferromagnetic Mono-Domain Particle

When the size of the metallic grains is very small, the dipolar interaction be-
tween crystallites inside a grain decreases, becomes negligible in comparison
with the exchange energy, and there is no thermodynamic need to separate
the grain into several domains. Anyway, the thickness of the Bloch wall should
become of the same order of magnitude as the size of the grain itself. So, in
agreement with experimental results [2,3], we are allowed to consider that
each nanosized particle has uniform magnetization whether or not the ap-
plied field exists. The associated permanent magnetic moment in each grain
cannot be cancelled; when no field is applied, its orientation could be ran-
dom but because of anisotropic energy, there are privileged directions called
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easy magnetization directions. When a static magnetic field is applied, the
direction of the permanent moment changes, following the field.

The critical size, under which the particle becomes monodomain, is ob-
tained by comparing the free energy of a uniform magnetization distribution
to the energy of a repartition in domains [4]. On one hand, if the anisotropy
is very small, the energy of a spherical monodomain particle, with magne-
tization M and radius a, is Fm = 1

2

(
4π
3

)2
a3M2. On the other hand, the

necessary energy to build a Bloch wall between two domains is F = Fpπa
2

where Fp is the wall energy per unit area. For a grain to be small enough to
be a monodomain, its radius has to be smaller than a critical value amono.
We obtain this value by writing that the wall energy has to be larger than
the energy Fm, which gives

amono =
9Fp
8πM2

.

Considering the numerical values for nickel given by [4] (M = 480G and
Fp ≈ 4 erg cm−3), the critical radius is amono ≈ 30 nm. The reader may look
at [5] for a more rigorous calculation.

3 Magnetic Anisotropy

When subjected to an external magnetic field, the magnetization of a macro-
scopic ferromagnetic crystal depends on the direction of the applied field.
It is known that there exist preferential directions for magnetization, called
easy axes. The corresponding anisotropic energy can be expressed by using
the angles between magnetization and lattice vectors of the crystal unit cell.
A rigorous theory was developed by Van Vleck [6].

In the particular case of fcc nickel crystals, for instance, the easy axis for
magnetization is [111], and the expression of anisotropic energy becomes

EK = k(sin2 2θ + sin4 θ sin2 2Φ) , (1)

where θ is the polar angle and Φ the azimuthal angle between magnetization
and easy axis [111] and the thermal variations of K follow an exponential
law [7]

K = K0 exp(−αT 2) . (2)

The numerical values which we shall consider in this chapter are K1 = 5 ×
104 erg cm−3 for T = 300K and K1 = 3× 105 erg cm−3 for T = 200K. These
values provide α = 3.5× 10−5K−2 and K0 = 1.258× 106 erg cm−3.

When ferromagnetic crystals are of micro- or nanoscopic size, crystalline
anisotropy is not the only factor to be taken into account. For instance, when
inclusions are ellipsoidal, the direction of magnetization is determined mainly
by the shape and is oriented along the longer dimension of the grain; this is
called “shape anisotropy.”Moreover, in nanosized inclusions, the organization
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of atoms on the surface plays a very important role and becomes predominant.
The surface anisotropic energy can be written as

Eσ = Kσ cos2 θs , (3)

where θs is the angle between the magnetic moment and the normal to the
surface. The variations of these two last anisotropic energies versus temper-
ature are generally considered negligible but still have to be investigated.

3.1 Relaxation Time

A magnetic grain in a monodomain particle is considered to have a macrospin
with a single magnetic moment per grain in one direction related to the easy
magnetization axis. We can suppose that the assembly of such particles is
governed by the two-level model due to Néel [5].

According to this model (Fig. 1), a monodomain particle has two sta-
ble levels and may switch between two opposite orientations, if the thermal
activation allows the transition through the potential barrier. A relaxation
time τ is phenomenologically introduced to describe the competition between
anisotropy that aligns the moments and thermal agitation that gives a ran-
dom orientation, and the way thermodynamical equilibrium is reached. Mak-
ing the approximation that anisotropy is a small perturbation, the expression
of energy is simplified and can be written as KV sin2 θ [8] where θ is the an-
gle between the easy magnetization axis and the applied magnetic field; this
energy has two minima (θ = 0 and θ = π). There are two orientations for the
moment and two corresponding values of magnetization. Under thermal agi-
tation, some moments may change their orientation with a probability given
by Néel’s law ν = ν0 exp(−KV

kbT ) which is a consequence of the more general
Arrhénius law for relaxation time τ = τ0 exp( V

kbT ).
Here the prefactor τ0 is taken as a constant but depends on the material

and is still studied, leading to controversial numerical results, according to
authors [8,9,10].

Fig. 1. Superparamagnetic two-level model. θ is the angle between the magnetic
moment and the easy magnetization axis
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We emphasize here because it will be studied at the end of this review,
that relaxation time depends strongly on the anisotropic constant K, the
volume of the particles V , and also the temperature T .

3.2 Magnetization and Coercive Field

The way the magnetic moment of the particle follows the applied field de-
pends on the kind of dominating anisotropy, the value, and the direction of
the applied field [11].

It is possible to determine the coercive field Hc which is the minimum field
able to switch the magnetization of one grain. Studying the variations of Hc
of an assembly of particles for various concentrations does not give trivial
results [12]. In our case of very low concentration, Hc is almost zero when the
temperature is in the range T = 200 to 300K as shown in Fig. 2 corresponding
to experimental SQUID measurements on a thin cermet Ni–AlN film.

Fig. 2. Experimental SQUID magnetization measurement of a Ni–AlN film (thick-
ness d = 1 �m, filling factor f = 0.2); tm can be regarded as infinite. The hysteresis
cycle area decreases when temperature increases, and all the monodomain particles
have superparamagnetic behavior when temperature T is above 100K

3.3 Relation between Measuring Time, Critical Volume,
and Blocking Temperature Tb

When studying the magnetization switch in a metallic grain, we have to
compare the time tm necessary for observation and the relaxation time τ .
Two extreme situations may happen:
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• either tm � τ , then the particle cannot reach equilibrium during measure-
ments, the moments cannot switch, and the medium seems to be blocked
in the initial state.

• or tm � τ , then the medium reaches equilibrium, and every monodomain
particle behaves as a paramagnetic medium.

So, for a given value of tm, two approaches may be followed:
When temperature T is defined, it is possible to determine a critical vol-

ume Vcr below which grains can switch and then behave as superparamag-
netic.

Vcr =
kbT

K
ln
(
tm
τ0

)
=

kbT

K
ln
(

1
ωτ0

)
. (4)

When the volume of particles is determined, there exists a blocking temper-
ature above which the medium is superparamagnetic, given by the relation,

TB =
KV

kb ln
(

t
τ0

) =
KV

kb ln
(

1
ωτ0

) . (5)

As an example, we show evidence for superparamagnetic behavior in Fig. 2.
In a SQUID, the measuring time is much larger than the relaxation time,
and the magnetic moments may follow the applied magnetic field if ther-
mal agitation is large enough to prevent blocked states. There is competition
between anisotropic energy and thermal energy. When T = 5K, the mo-
ments are blocked, and there is a classical hysteresis cycle for magnetization,
but when T is larger (here T = 100K and above), thermal energy liberates
the moments that can follow the applied magnetic field as a paramagnetic
medium.

When a weak, high-frequency magnetic field is applied, it can be consid-
ered a perturbation, and a linear response is obtained. (If this assumption
cannot be made, see [13,14,15,16])

The alternative applied field is considered a probe, and its frequency cor-
responds to the time of measurement tm = 1/ω.

Using a Debye function, the linear response for susceptibility of the
medium is given by

< χ(ω) >=
Nm2

3kbT
1

1− iωτ
. (6)

For a mixture of grains in a nonmagnetic matrix of metal concentration f
and magnetization per volume unit m0,

χ(ω) =
m̄2
0fV

3kbT
1

1− iωτ
. (7)
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When the real and imaginary parts can be separated, the usual variation
versus ω is observed:

χ′(ω) =
m̄2
0fV

3kbT
1

1 + ω2τ2
,

χ′′(ω) =
m̄2
0fV

3kbT
ωτ

1 + ω2τ2
. (8)

If the time tm is larger than the relaxation time τ , the response does not
depend on the frequency and is almost the static response of a superparam-
agnetic system,

χ′
(ω=0) =

m̄2
0fV

3kbT

and

χ′′ = 0 . (9)

If tm is smaller than τ , the moments cannot follow the variation of the field,
and the system is blocked.

The transition between these two behaviors is the range of frequency
(when tm ≈ τ) we are interested in, since the imaginary part is maximum
and the real part shows up as an inflexion point.

Using the linear response theory, we define magnetic permeability as

µ = 1 + 4πχ (10)

that will be needed in optics.

4 Interaction with an Electromagnetic Wave:
Theoretical Approach

The behavior of inhomogeneous media, when subjected to an external static
or variable magnetic field is studied in some of other reviews in this book.
In this section, we limit ourselves to the study of the response of material
to an electromagnetic wave. We suppose that the wavelength is much larger
than the grain size and much larger than the average intergrain separation.
Then, the quasi-static approximation for the electromagnetic field surround-
ing metallic grain is valid.

Starting from the Maxwell equations (c.g.s.-u.e.m. system)

∇ · E = 0 ,

∇× E = −µ

c

∂H

∂t
,

∇ · H = 0 ,

∇× H =
ε

c

∂E

∂t
+

4πσ
c

E , (11)
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the propagation equation in a conducting medium is obtained:

∇2E =
εµ

c2
∂2E

∂t2
+

4πσµ
c2

∂E

∂t
, (12)

where E,H, σ, ε, µ are, respectively, the electric field, the magnetic field, the
conductivity, the dielectric function and the magnetic permeability.

In the case studied, when scattering of the radiation can be neglected, in-
homogeneous nanocermets behave as homogeneous isotropic media and can
then be characterized by effective dielectric function ε and magnetic per-
meability µ. Doing so, we replace the local-field distribution by an effective
equivalent mean field. In fact, we shall see that the nonlocal electrical field is
valid in the range of filling factor and wavelength studied because interactions
are not the dominant problem. However, we shall consider the local magnetic
field distribution, as needed for establishing the mean field equivalence when
it is necessary.

4.1 Study of the Effective Dielectric Function

As the metallic inclusions are in a very low concentration range (f < 0.2),
we consider that the particles are far enough from each other to prevent any
dipolar or multipolar interaction. It is possible to calculate the effective di-
electric function ε using an effective medium theory, and it is well known that
the most simple Maxwell Garnett theory is efficient enough with this assump-
tion. The grains are not connected to each other and are totally embedded
in an insulating matrix. The sample is globally insulating. In this approach,
inclusions are subjected to a mean external applied field, and the behavior of
the whole medium is that of the matrix. Far below the percolation threshold,
the effective dielectric function is given by the relation,

f
εi − εm

Lεi + (1− L)εm
=

ε− εm
Lε+ (1− L)εm

, (13)

where εi, εm, ε are, respectively, the dielectric function of the insulator, the
metal, and the effective medium. We use the expression found in reference [17]
where depolarizing factor L is included to take into account the morphology
of inclusions. If we assume that these metallic inclusions are spherical, the
depolarizing factor L is equal to 1/3.

4.2 Study of Effective Magnetic Permeability of a Cermet

Usually, in optical studies concerning isotropic nonmagnetic media, because
the components of the mixture do not have any permanent magnetic mo-
ments, the relative permeability remains real and constant equal to 1 as it
is in vacuum. But for inhomogeneous media with ferromagnetic particles,
namely, cermets with ferromagnetic metal inclusions, the permeability is no
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longer equal to 1; it becomes a complex quantity in an adequate spectral
range of electromagnetic radiation.

Moreover, to predict the magnetic permeability, it is not possible to use
the Maxwell Garnett approximation because of the presence of permanent
magnetic moments: using the Clausius–Mossotti relation leads to a polariza-
tion divergence when the density of permanent dipoles increases, which is
not realistic. To prevent this “catastrophe,” it is better to follow the Onsager
approach [18] established for permanent electric dipoles. The expression of
a local magnetic field can be established and extended [19] to an inhomoge-
neous medium, including permanent magnetic dipoles.

4.2.1 Onsager’s Theory

Let us assume that the metallic grains are very small and the dipolar interac-
tion negligible in regard to exchange interactions. In a quasi-static magnetic
field, the magnetization of the composite, in which the inclusions have per-
manent magnetic moments, is due to the alignment of the permanent ferro-
magnetic moments and also to the induced magnetic moment resulting from
eddy currents.

If we consider a single magnetic monodomain particle in a quasi-static
magnetic field H, its magnetization has two terms

m = m0u+ βF , (14)

where m0 is the ferromagnetic moment of the particle, u is the unit vector
in the direction of the permanent moment, β is the complex magnetic polar-
izability of the particle, and F is the local magnetic field, which is different
from the applied field H.

Onsager analyzes the local field F as composed of two terms: the cavity
field component G and the reaction field component R. Both components
are obtained by solving boundary-value problems. Because of the permanent
moment of a single particle, an inhomogeneous field is created, which induces
magnetic moments in every particle around the first one: the orientation of
the permanent moment of the neighboring particles is modified, creating the
reaction field R. If we consider that the anisotropy is small, the reaction field
can be considered proportional to the permanent moment. To find its expres-
sion, it is possible to solve Laplace equation ∆Ψ = 0 for a magnetic moment
in the center of a sphere of radius a surrounded by a magnetic medium with
permeability µ. Using boundary conditions for Ψ and its derivative, the so-
lutions

Ψ1 =
∞∑

n=0

(
Anr

n +
Bn

rn+1

)
Pn(cos θ) when r > a

Ψ2 =
∞∑

n=0

(
Cnr

n +
Dn

rn+1

)
Pn(cos θ) when r < a (15)
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become

Ψ1 =
3

2µ+ 1
m

r2
cos θ ,

Ψ2 =
m

r2
cos θ − 2(µ− 1)

2µ+ 1
m

a3
r cos θ . (16)

The local Onsager fields are

F 1 =
3µ

2µ+ 1
Hm when r > a ,

F 2 = Hm +
2(µ− 1)
(2µ+ 1)a3

m when r < a , (17)

where

‖Hm‖ = m
√
1 + 3 cos2 θ
r3

. (18)

The reaction field is

R =
2(µ− 1)
(2µ+ 1)a3

m . (19)

Moreover, we have to determine the perturbation of the applied field due to
a cavity in a medium of permeability µ around the particle. We have, then,
to solve the same Laplace equation with other boundary values.

Instead of H , the field becomes

G =
3µ

2µ+ 1
H , (20)

called the cavity field.
The local field which interacts with the particle is the Onsager field

F = G+R . (21)

This expression given here for a spherical particle can be generalized [20].

4.2.2 Calculation of Effective Permeability

Now, we consider an assembly of spherical ferromagnetic monodomain parti-
cles (N is the number of particles per unit volume). Each particle has a mag-
netic moment randomly oriented when there is no applied field H (we suppose
that anisotropy is negligible).

The polarizability of one particle is given by

β =
4πa3

3
β̄ (22)
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if β̄ is the polarizability per unit volume. The total magnetization (per unit
volume) is

M = N 〈m〉 (23)

and is related to the applied field by

M =
µ− 1
4π

H , (24)

which provides the following equation for a static applied field:

(µ− 1)
4π

H =
m̄0〈u〉3(2µ+ 1) + 9µβ̄H

3(2µ+ 1)− 8π(µ− 1)β̄
. (25)

The magnetic permanent moment per unit volume is m̄0; it corresponds to the
saturation magnetization. According to Onsager’s model, the thermodynamic
averaged u (in every direction) is

〈u〉 = µm̄04πa3H
kbT [3(2µ+ 1)− 8π(µ− 1)β̄]

. (26)

For an oscillating field H, the averaged u has to be multiplied by a Debye
factor

Γ (ω) =
1

1− iωτ
, (27)

where τ , the orientation relaxation time previously defined (Sect. 3.1), follows
the Arrhénius law [21]

τ = τ0 exp
(
KV

kbT

)
. (28)

Finally, the self-consistent equation which gives the permeability is

(µ− 1)
4π

=
9µ(2µ+ 1)Γ (ω)

(
4πa3m̄2

0
3kbT

)
[
3(2µ+ 1)− 8π(µ− 1)β̄

]2 + 9µβ̄
3(2µ+ 1)− 8π(µ− 1)β̄

. (29)

In our case of random distribution of very small metallic particles, bearing
a magnetic dipolar moment, the expression has to be modified to take into ac-
count the volume fraction f occupied by the metallic particles in the medium.
The polarizability per unit volume β̄ becomes fβ̄, and the relation giving the
effective magnetic relative permeability becomes

(µ− 1)
4π

=
9fµ(2µ+ 1)Γ (ω)

(
4πa3m̄2

0
3kbT

)
[
3(2µ+ 1)− 8π(µ− 1)fβ̄

]2 + 9fµβ̄
3(2µ+ 1)− 8π(µ− 1)β̄f

(30)

This equation is a third-order polynomial where only one solution is physically
correct:

Aµ3 +Bµ2 + Cµ+D = 0 , (31)
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where

A = 4(9 + 16π2f2β̄2 − 24πfβ̄) ,
B = −24πf [β̄(3− 4πfβ̄) + 3XΓ (ω)] ,
C = −3{32π2β2f2 + 12πf(XΓ (ω) + 3β) + 9} ,
D = −[9 + 16πβ̄f(3 + 4πβ̄)f ] ,

and (32)

X =
4πa3m̄2

0

3kbT
. (33)

If the permanent magnetic moment m0 = 0, the quantity X cancels, and
this expression becomes the Clausius–Mossotti relation.

5 Numerical Results and Influence
of Various Parameters

5.1 Superparamagnetism

To calculate the magnetic permeability, we first assumed that the tempera-
ture is responsible for equilibrium (Boltzmann statistical study) in the pres-
ence of a static magnetic field. Then this assumption was supposed to be valid
also when the applied field alternates with a period larger than the relaxation
time of the magnetic moments, so that the system can equilibrate and follow
the field. That means that the medium behaves as a paramagnetic medium
but with a moment larger than paramagnetic atoms.

This is a manifestation of superparamagnetic behavior.
The variations are governed both by the magnetic relaxation time τ , which

is included in the Debye function, and the magnetic polarizability (eddy cur-
rents). The terms X and τ depend on the filling factor, the radius of the
particles, and the temperature.

With this model, it is possible to describe the whole response of the in-
homogeneous medium to an electromagnetic wave in a very large spectrum.
As both the polarizability and the Debye function depend on frequency, the
response of the system is governed by induced magnetization and by the max-
imum of the Debye function, whatever the intensity of the magnetic field.

Let us look at some results of calculation and predict the influence of
various parameters. Equation (30) is solved numerically. The right solution
is found by keeping only the positive determination of the real part µ′ and
the imaginary part µ′′ of µ.

5.2 Influence of the Filling Factor

Because we use Onsager’s model, there is no longer a catastrophe in Fig. 3,
even in the range of large filling factors. Anyway, the large values of filling
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Fig. 3. Variations in real and imaginary parts of µ versus ferromagnetic metal filling
factor f for λ = 500�m which corresponds to wave number σ = 20 cm−1 according
to Onsager’s model

factor will not be studied here because interactions are definitely supposed
to be weak. The variations of permeability for a wavelength belonging to the
range of interest (λ = 500µm) versus filling factor f are regularly monotonic
and increasing. For f = 0, the values are µ′ = 1 and µ′′ = 0, as expected.

5.3 Variations of Magnetic Permeability versus Frequency

The results of calculation using formula (30) are presented in Fig. 4. In the
high optical frequency range (> 1015Hz), because of eddy currents and Lenz’s
law, the real part of the magnetic permeability becomes smaller than one (the
susceptibility is negative, and the behavior is diamagnetic), and the imagi-
nary part shows a maximum corresponding to the maximum of the magnetic
polarizability of an elementary spherical particle. In the low-frequency range
(≈ 1012Hz), the dominant feature is the superparamagnetic relaxation, re-
sponsible for a maximum in the imaginary part µ′′, when the optical fre-
quency corresponds to the relaxation time for superparamagnetic behavior
and for a large variation in the value of the real part µ′ (from 1 to 4 or 5).

5.4 Influence of the Particle Size

As can be presumed from the expression for the relaxation time, the exponent
is proportional to the volume of the particle and consequently, the maximum
of the imaginary part µ′′ of µ shifts towards smaller frequencies when the
radius of the spherical particles increases. In the meantime, the maximum
becomes higher (Fig. 5).

In actual material, the assembly of particles is not monodisperse, and
generally it is necessary to consider a distribution D(r) of particle size. The
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Fig. 4. Variations of the permeability µ versus frequency according to (30). The
radius is 5 nm, temperature is T = 300K, relaxation time τ0 = 10−13 s, and the
constant of anisotropy is K = 5× 104 erg cm−3

Fig. 5. Variations of the imaginary part µ′′ versus energy when varying the radius
of the metallic inclusions according to the effective medium theory (a = 3, 5 and
7 nm). The maximum value increases with the radius of inclusions

equation that gives µ becomes

µ− 1
4π

=
9µ(2µ+ 1)

kbT

∫ ∞

0

D(r)Γ (ω, r)fm̄2
0

(
4πr3

3

)
dr[

3(2µ+ 1)− 8πfβ̄(r)(µ − 1)
]2

+9µ
∫ ∞

0

D(r)fβ̄(r)dr[
3(2µ+ 1)− 8πfβ̄(r)(µ − 1)

] (34)

The curves are modified, and the variations are wider and smoother. We can
deduce from Fig. 6 that the optical effect we are looking for will be attenuated
because of the non-mono-dispersion of the size of the metallic grains.
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Fig. 6. Influence of the dispersion of the size of particles: the log-normal size dis-
tribution D(r) is centered on < r >= 5nm with σ = 1.3

5.5 Influence of Temperature on the Variation
in µ versus Frequency

When the temperature decreases, the relaxation time increases, the curve
describing the variations of µ shifts toward the low frequencies (higher time
period of the electromagnetic field), and the amplitude of the maximum in-
creases.

Moreover the magneto-crystalline anisotropy depends on temperature ac-
cording to an exponential law

K = K0e−cT 2
. (35)

Consequently, when the temperature decreases, the exponent in the expres-
sion of the relaxation time increases, and the maximum of the µ curve hap-
pens at lower frequency (100 times less frequency between 300K and 200K)
(Fig. 7).

When anisotropy is supposed to be mainly due to shape and surface for
very small and irregular shaped particles we have seen that the energy barrier
is independent of temperature T . In this case, we observe (Fig. 8) that the
relaxation time does not vary so much as for magneto-crystalline anisotropy
and that there is only a small shift of the permeability value when tempera-
ture varies.

In Fig. 9, we show the variations of magnetic permeability versus temper-
ature for a given frequency (the frequency in the figure is ω = 3.7×1012 s−1).

We observe a maximum in temperature which can be related to the block-
ing temperature, the border between the superparamagnetic relaxation, and
the blocked state.
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Fig. 7. Magnetocrystalline anisotropy: the anisotropic constant K1 depends on
temperature. Variations of permeability µ versus frequency for two different tem-
peratures: T = 300K, K1 = 5×104 erg cm−3 and T = 200K, K1 = 3×105 erg cm−3,
according to [7]

Fig. 8. Shape and surface anisotropy: the anisotropic constant does not depend on
temperature; variations in µ versus frequency for two temperatures

6 Consequences on Optical Absorption

It is necessary to test the validity of our assumptions in regard to actual
materials which could be ferrofluids, powders of metallic grains and insu-
lating oxide mixed together, or metallic grains in a polymer matrix. Our
own approach consists of studying the optical properties of thin cermet films
deposited onto transparent substrates. For instance, these samples can be
classically prepared by radio-frequency cosputtering on intrinsic silicon sub-
strates, and the measurements are performed with a fast fourier transform
spectrometer (FFTS).
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Fig. 9. Variations of real and imaginary parts of magnetic permeability calculated
with effective medium, versus temperature for λ = 500�m (the period of light is
Tw = 1.67× 10−12 s, ω = 3.7× 1012 s)

6.1 Expression of Reflectance and Transmittance
of a Thin Magnetic Film

For that purpose, we have to rewrite the expressions of the reflectance and
transmittance of a thin film when the effective magnetic permeability is no
longer equal to one, but has a complex value. These optical parameters (re-
flectance and transmittance) for an effective medium containing ferromag-
netic particles are explicit functions of both the optical thickness

ϕ =
2πd
λ

√
(εµ)eff (36)

and the admittance

g =

√(
ε

µ

)
eff

. (37)

Following Lamb et al. [22], we assume that there is no coupling between the
effective values of ε and µ. We consider that the product (εµ)eff = εeffµeff ,
and we define

β = kd =
2πd
λ

√
εeffµeff = ϕ′ − iϕ′′ (38)

as the optical thickness of the film and

g =
√

εeff
µeff

= g′ − ig′′ (39)

as the admittance.
If these quantities are known, it becomes possible to calculate the absorp-

tance A = 1 − R − T for a thin film by replacing complex ε and µ in the
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complete expressions of R and T (including ϕ and g) [23]. As it is unusual in
optics calculations, we shall present the whole development.

Let us consider [23] an isotropic thin film characterized by the complex
effective functions and its thickness d.

Let A (z) be the field matrix vector in a plane z. We define

A (z) =
∣∣∣∣E(z)H(z)

∣∣∣∣ =M (d)A (z + d) (40)

with

M (d) =
∣∣∣∣m11 m12

m21 m22

∣∣∣∣ =
∣∣∣∣ cosϕ (i/g) sinϕ
ig sinϕ cosϕ

∣∣∣∣ . (41)

We can notice that the physical solutions for the optical thickness and the
admittance should have a positive imaginary part because of the absorbing
nature of the medium.

So we can express

g′ =
1√
2

√√√√ε′µ′ + ε′′µ′′

µ′2 + µ′′2 +

√
ε′2 + ε′′2

µ′2 + µ′′2 ,

g′′ =
1√
2

√√√√−ε′µ′ + ε′′µ′′

µ′2 + µ′′2 +

√
ε′2 + ε′′2

µ′2 + µ′′2 , (42)

and

ϕ′ =
2πd
λ

1√
2

√
(ε′µ′ − ε′′µ′′) +

√
(ε′2 + ε′′2) (µ′2 + µ′′2) ,

ϕ′′ =
2πd
λ

1√
2

√
− (ε′µ′ − ε′′µ′′) +

√
(ε′2 + ε′′2) (µ′2 + µ′′2) . (43)

Given the amplitude of the incident wave (taken as a unit), we have to find
the complex amplitudes of the reflected and transmitted waves. They can be
defined as

r = ρ exp (iδr) (44)

and

t = τ exp (iδt − 2iπn0d/λ) , (45)

respectively.
Solving the matrix (41) and using the continuity of the tangential com-

ponents of the field across the first and the last surfaces of the film,

r =
g0 (m11 + gsm12)− (m21 + gsm22)
g0 (m11 + gsm12) + (m21 + gsm22)

,

t =
2g0 exp (2iπn0d/λ)

g0 (m11 + gsm12) + (m21 + gsm22)
, (46)
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where g0, gs are, respectively, the values of g for the ambient and the sub-
strate. As we suppose that they are nonabsorbing media and without perma-
nent magnetic moment, these quantities are real: g0 =

√
ε0 = n0, and gs =√

εs = ns. Separating real and imaginary parts, we obtain the module of the
amplitude of the reflection and transmission coefficients, |ρ|, and |τ |, and we
can express the energy factors reflectance R = ρρ∗ = |r|2 and transmittance
T = ns

n0
ττ∗ = ns

n0
|t|2:

R =
abe2ϕ

′′
+ cde−2ϕ

′′
+ 2r cos 2ϕ′ + 2s sin 2ϕ′

bde2ϕ′′ + ace−2ϕ′′ + 2t cos 2ϕ′ + 2u sin 2ϕ′ ,

T =
16n0ns

(
g′2 + g′′2

)
bde2ϕ′′ + ace−2ϕ′′ + 2t cos 2ϕ′ + 2u sin 2ϕ′ , (47)

with
a
d = (g′ ∓ n0)2 + g′′2

b
c = (g′ ± ns)

2 + g′′2

r
t =

(
n20 + n2s

) (
g′2 + g′′2

)− (g′2 + g′′2
)2 − n20n

2
s ∓ 4n0nsg′′2

s
u = 2g′′ (ns ∓ n0)

(
g′2 + g′′2 ± n0ns

)
.

Taking the limit where the material is no longer magnetic (µ′ = 1, and
µ′′ = 0), we obtain the same expressions for the admittance and the optical
thickness as the classical Abelès formulas [23].

Now, it is possible to predict the variations of thin cermet films in the
whole optical range from the near-UV region (0.4 µm) up to the microwave
region (500 µm). In next section, we propose, as an example, the calculation
of the optical reflectance R and transmittance T under normal incidence in
the optical range up to λ = 1000 µm of cermet thin films, including very
small ferromagnetic monodomain particles of nickel (grain size r < 10 nm)
embedded in an amorphous matrix of aluminum nitride or aluminum oxide
deposited on a double-sided optically polished silicon substrate.

6.2 Application to Cermet: Curves in the Spectral Range
Corresponding to the Relaxation Time τ0

6.2.1 Comments on Calculated Curves

Let us sum up the main points of our theoretical study. We consider in Fig. 10
the curves of real and imaginary parts of permeability versus frequency on
a logarithmic scale using the effective medium model discussed previously.
The initial relaxation time τ0 = 10−13 s. Considering anisotropy as mainly
magnetocrystalline and according to [7], we take K1 = 5 × 104 erg cm−3

when T = 300K and K1 = 3 × 105 erg cm−3 when T = 200K. This means
a large variation of barrier energy with temperature. When the temperature
T = 300K, we can notice that in the high frequency range, larger than



268 Mireille Gadenne

Fig. 10. Real and imaginary parts of permeability calculated with the effective
Onsager model for three temperatures. The hatched window represents the optical
measurement range performed with a FFTS

5 × 1013 s−1, the real part µ′ is equal to one and the imaginary part µ′′ is
close to zero: the material is transparent. The frequency is too high to be
followed by the magnetic moment. This behavior looks like the behavior of
a magnetically ordered crystal, although there is no organization in domains
here. On the contrary, when frequency decreases in the very far infrared,
below 1012 s−1, the permeability increases (µ′ ≈ 4.3 and µ′′ can reach 2.5),
and the material becomes absorbing: as the period of light is larger than
the relaxation time, the moments follow the electromagnetic field, consuming
some energy to change the direction of the moments. The maximum absorbed
energy in the incident electromagnetic wave corresponds to the maximum of
the imaginary part of µ, which is a kind of resonance.

When the temperature decreases, we have seen that the curves shift to-
ward a lower frequency. For T = 200K, the maximum of µ′′ happens when
the frequency is lower than 1011 s−1. The sample is always transparent in
the optical range (1012, 1015 s−1) and becomes absorbing only in the mi-
crowave range. The transition region between T = 200K and T = 300K
is particularly interesting as it corresponds to the change in behavior be-
tween superparamagnetic absorbing material and blocked-state transparent
material. In Fig. 10 we have pointed out the range corresponding to the op-
tical measurements we can reach with a fast fourier transform spectrometer
(10 µm < λ < 1000 µm). We observe that in this hatched window a sample
can change its behavior just by heating from 200 to 300K.
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Fig. 11. Calculated variations of reflectance R, transmittance T , and absorption A
versus temperature. The wavelength is 500 �m, and the film thickness is 25 �m.
Anisotropy is supposed to be purely magnetocrystalline

The optical consequence is obvious in Fig. 11 where the calculated vari-
ations of reflectance, transmittance, and absorptance are presented versus
temperature for a cermet film made of nickel aluminum nitride (thickness
d = 25 µm, λ = 500 µm). Between 5 and 200K, the film is almost transpar-
ent; above 200K, the behavior changes and the transmission (which is the
right parameter for studying this phenomenon) decreases strongly; the trans-
mittance minimum happens at T ≈ 250K. Finally, when the temperature
continues to increase, the transmission slowly increases, which confirms what
was predicted by the variations of µ′ and µ′′ shown in Fig. 9.

In crystalline anisotropy, the variation of the barrier energy versus tem-
perature K(T )V is mainly responsible for these results. But in “shape” or
“surface” anisotropy, the barrier energy is supposed to be independent of
temperature. For the calculations presented in Fig. 12, we take K1 constant
and equal to 5× 104 erg cm−3. The shape of the curves of optical properties
becomes completely different. In particular, the minimum of transmission
happens at a much lower temperature than previously. The temperature cor-
responding to the transmission minimum seems to be very sensitive to the
kind of anisotropy for a given film thickness, filling factor and wavelength.
The transmission measurement in a well-defined size grain sample may give
an idea of the kind of anisotropy (which is always a hard problem to solve).

6.2.2 Two Examples of Experimental Results

In Figs. 13, 14, and 15 are shown the measurements performed with a FFT
spectrometer on two different cermet films: the matrix is either alumina
(Fig. 13) or aluminum nitride (Figs. 14 and 15). Heating was very slow be-
tween 5K and 300K. All of the influence of temperature on substrate and
matrix has been taken off by differential measurements.
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Fig. 12. Calculated variations of reflectance R, transmittance T , and absorption A
versus temperature. The wavelength is 500 �m, and the film thickness is 25 �m.
Anisotropy is considered as purely shape and surface anisotropy without any strong
dependence on temperature

Fig. 13. Transmittance of a Ni–Al2O3 film versus wavelength. The film thickness
is d = 1 �m and the filling factor f = 0.2

In Fig. 13, we observe that transmission increases with wavelength and
that there is a shift of transmission beginning between 100 and 150K. The
shift goes on regularly when the temperature increases, corresponding to in-
creasing absorbed energy when more and more particles become superpara-
magnetic.

In Fig. 14, we show the transmittance of a Ni–AlN film with d = 1 µm and
f = 0.2. We can notice that the curves superimposed in the small wavelength
region (λ = 50 µm), where permeability µ′ = 1 and µ′′ = 0, are shifted with
a change in the slope of transmission between 5 and 100K from λ ≥ 80 µm, up
to 350 µm. The curves corresponding to 100, 200, and 300K are very close to
each other, which is significant, as accurate measurements are difficult in the
far-infrared range. The blocking temperature corresponding to the measuring
time 10−12 s could be between 5 and 100K in Fig. 14, whereas it seems to
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Fig. 14. Experimental results. Transmittance of a Ni–AlN film versus wavelength.
The thickness of the film is d = 1 �m and the filling factor is f = 0.2

Fig. 15. Experimental variations of transmittance of a cermet film with same filling
factor and thickness but without granular structure

be a little higher for the alumina matrix in Fig. 13, probably because of the
mean size of particles.

In an actual assembly of particles, there is a distribution of size and shape
and consequently, a distribution of barrier energy. For this reason the change
between blocked states and the superparamagnetic state cannot be so sudden,
experimentally. For wavelengths between 200 µm and 250 µm, other particles
becomes superparamagnetic, and there is a new shift between transmission
at T = 100K and transmission at T = 200K.

As a proof of the superparamagnetic behavior in the previous figure, we
show in Fig. 15, the same measurement on a film with the same thickness
and composition but where the nickel atoms are mostly dispersed in the ma-
trix of aluminum nitride without forming nanosized ferromagnetic metallic
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clusters, as confirmed by TEM micrographs. For this “amorphous” film, the
measurement in the SQUID does not present any evidence of superparamag-
netic behavior. In this case, we notice that the transmission is not sensitive
to temperature and that the only variations are due to the usual noise in
far-infrared measurements.

7 Conclusion

In this contribution, we have pointed out that it is not always justifiable to
neglect interaction between the magnetic field of an electromagnetic wave
and a magnetic medium. This interaction induces local effects, very often
averaged and weak, but sometimes measurable when they are cooperative. It
is the case for ferromagnetic nanosized inclusions where exchange energy is
negligible.

The experimental results shown here are only the first stammering ones.
The author hopes that this work will raise other experimental studies, where
the various parameters will be isolated, controlled, and optimized.

Practically, the numerical calculation shows that granular ferromagnetic
metals could be temperature-tunable absorbers for far-infrared and micro-
wave radiation.
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Abstract. We review our theoretical and experimental work done on light propa-
gation and scattering in magnetic fields.

1 Introduction

For more than one century, we have known that Maxwell’s equations provide
a complete description of the propagation of classical electromagnetic waves.
For applications in daily life, it has become customary to describe the interac-
tion of matter on a macroscopic level, i. e., without worrying about individual
atoms, but looking only at charge distributions on scales large compared to
the atomic scale. Microscopic charges and currents are described by the po-
larization density vector P and the magnetization M . It is important to
realize that this description is only approximate. Cases are known for which
the macroscopic Maxwell equations seem to break down since they do not
predict the observed behavior [1,2,3]. Macroscopically, it is still possible to
consider a charge density ρ and a current density J , but we will focus on
dielectric materials for which both of them vanish.

A solution of Maxwell’s equations becomes feasible when so-called consti-
tutive relations are put forward that relate the microscopic parameters P and
M to the macroscopic electromagnetic fields E and B. Constitutive relations
are subject to symmetry relations [4]. For instance P is, like the electrical
field E, a polar (parity-odd) vector that changes sign upon space inversion.
On the other hand, the magnetic field B is a pseudovector, invariant under
a space inversion, but variant upon time-reversal. One symmetry allowed,
a constitutive relation for the polarization density P could be [4]

P = χ0E + χ1∂tE × B + χ2(B · B)E + χ3(E · B)B + · · · . (1)

For simplicity, we have adopted an isotropic medium so that all constitutive
parameters χn are scalars and not second-rank tensors. In the above equation,
many other terms are possible, and we have — for future use — just collected
the terms linear in the electrical field and without time derivatives of the mag-
netic field. They are still nonlinear in the magnetic field, which complicates
V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 275–302 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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the solution of the macroscopic Maxwell equations. A dramatic simplification
occurs if the magnetic field B is in fact a low-frequency, external field B0

that is orders of magnitude larger than that of the electromagnetic field itself.
In that case, the constitutive relation linearizes to

P (ω) = χ(ω,B0) · E(ω) , (2)

with the electrical susceptibility tensor,

χij(ω,B) = χ0δij + χ1ω iεijkBk + χ2B
2δij + χ3BiBj . (3)

We have inserted harmonic waves with frequency ω. The dielectric tensor
is defined as ε ≡ 1 + χ. The constitutive relation above is purely linear in
the electromagnetic field E and demonstrates that magneto-optics can be
considered a particular case of nonlinear optics. If we disregard the existence
of the microscopic magnetization M , an “unwarrantable refinement at opti-
cal frequencies” according to Landau, Lifshitz and Pitaevskii [5], Maxwell’s
equations and the constitutive equation (2) for P can be combined to give
one linear “Helmholtz equation”,

∇ × ∇ × E(ω, r) +
ω2

c20
χ(r,B0) · E(ω, r) =

ω2

c20
E(ω, r) . (4)

The fascinating analogy of this equation to the Schrödinger eigenvalue equa-
tion has frequently been emphasized [6,7,8] and is often of great use in finding
its solutions, using results from quantum mechanics. As in Schrödinger’s the-
ory, conservation of electromagnetic energy is guaranteed when the electro-
magnetic “potential” χ is a hermitan operator, i. e., χij = χ̄ji. This happens
when all coefficients χn in (3) are real-valued.

2 Magneto-Optics of Homogeneous Media

Local, homogeneous media are characterized by a susceptibility that is in-
dependent of r. Equation (4) can now easily be solved upon inserting plane
waves,

E(ω, r) = e(ω,k) exp(ik · r) , (5)

with a yet unknown polarization vector e. The wave equation (4) reduces to
the so-called “Fresnel equation”,

det
[
k2 − kk − ω2

c20
− χ(B0)ω2

]
= 0 , (6)

which provides the complex dispersion law ω(k).
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The different terms in (3) correspond to different well-known magneto-
optical effects. Let us first concentrate on the term χ2 in (3). We easily obtain
the dispersion law given by

n2
ω2

c20
≈
(

k ± V c0
n

B0

)2
, (7)

where we dropped small terms quadratic in the magnetic field and introduced
the complex index of refraction n ≡ √

1 + χ0, as well as the Verdet constant
V ≡ 1

2χ1ω
2. If χ0 and χ1 are both real-valued, (7) locates the “constant-

frequency” surfaces in k space around two spheres, translated over a distance
V B/n from the origin along and opposite to the magnetic field (Fig. 1). Their
separation is largest when the k vector is parallel to the magnetic field (the
so-called “Faraday” geometry) and vanishes when they are mutually orthog-
onal (the “Voigt” geometry). The two spheres lift the degeneracy of the two
states of circular polarization ±, resulting in two different group velocities for
different circular polarizations. For linearly polarized light in the Faraday ge-
ometry, this leads to a rotation of the polarization vector along the magnetic
field over an angle V Br, with r the distance of propagation. This is called
the Faraday effect. If χ0 has an imaginary part, the light will be absorbed.
A nonzero value of Imχ1 implies different absorption for different states of
circular polarization. This is called magnetic circular dichroism (MCD).

The terms involving χ2 and χ3 in (3) are quadratic in the magnetic field
and generate a uniaxial symmetry in the dielectric tensor. The resulting linear
birefringence is called the Cotton–Mouton effect. This effect is often much
smaller than the Faraday effect and has a crucial difference from the Faraday
effect. Only the Faraday effect satisfies the relations,

εij(B0) = εji(−B0) �= εji(B0) . (8)

The equality is a general consequence of the time-reversal symmetry of matter
+ magnet [5]; the minus-sign is due to the fact that the magnetic field is

Fig. 1. Dispersion law for the Faraday effect. The degeneration of the two circular
states ± of polarization is lifted. Their constant frequency surface is shifted along or
opposite to the magnetic field. They remain degenerate only for wave vectors per-
pendicular to the magnetic field, but the group velocity for both modes is deflected
along the magnetic field
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a pseudovector. The inequality implies that the Faraday effect, contrary to the
Cotton–Mouton effect, breaks time-reversal symmetry only in the subsystem
of matter. This aspect gives the Faraday effect an important role in the more
general context of light propagation in the presence of broken symmetries.

2.1 Magnetodeflection of Light

The bending of electrons in a magnetic field caused by the Lorentz force
lies at the very base of many electronic phenomena in disordered metals
and semiconductors, such as the Hall effect and the magnetic suppression of
weak localization. The question naturally arises whether light propagating
in non-scattering, homogeneous media is also deflected by a static transverse
magnetic field. Some aspects of the deflection of light by a magnetic field
have already been discussed in [5]. Those effects, as has been estimated, are
very small [9], which may explain why, to our knowledge and surprise, they
have never been observed until recently. A different kind of magnetodeflec-
tion has been reported in absorbing homogeneous media [10]. The question
whether light is bent by magnets in homogeneous media has recently been
raised again by ’t Hooft and Van der Mark [11]. This topic is part of a much
broader discussion on the properties of macroscopic electromagnetic fields
inside dielectrics, that still yields new results, despite its long history [12,13].

In a nonabsorbing medium, the direction of wave propagation is unam-
biguously given by the group velocity vG = dω/dk. The absence of absorption
also guarantees that vG is parallel to the Poynting vector S = (c0/4π)E×B,
a theorem that is left as an exercise in [5]. From (7), for the group velocity
in the presence of the Faraday effect,

v±
G =

c0
n

k̂ ± V c20
ωn2

B0 . (9)

On the basis of this equation, the optical energy flow can be deflected by
a magnetic field. We note that the deflection is only in the direction of the
magnetic field and no “magnetotransverse” term, perpendicular to both mag-
netic field and wave vector is present.

From Maxwell’s equations, we can calculate the Poynting vector (c0/4π)
E × B,

S±(B0) ∝ Renk̂ ± Re
(
V c0n

ωn

)
B0 + Im

(
V c0n

ωn

)
k̂ × B0 . (10)

In this expression, we have allowed for absorption and magnetic circular
dichroism. They cause differences between the directions of the Poynting
vector and the group velocity. In particular, the Poynting vector contains
a magneto-transverse component k̂ × B0.

In nonlocal media, the electromagnetic current density is known to be
different from the Poynting vector [5,14,15]. In media with local response,
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the Poynting vector is widely accepted as the current density. The conflict
above with the group velocity puts the validity of the Poynting vector as
the energy flow at stake in absorbing media. Arguments based on energy
conservation and macroscopic Maxwell equations show that the energy flow
of an electromagnetic wave is given by the more general expression

S̃ ≡ c0
4π

E × B +∇× T , (11)

where T is some vector field to be determined [16]. The ambiguity in the
energy flow, reflected by the existence of the second term in (11), is well ap-
preciated in standard textbooks on electrodynamics [4,16,17,18] but is always
discarded.

2.2 Bending of Light by Magnetic Fields

To experimentally test the various predictions for the direction of energy
flow, we determined the deflection of light upon propagation in several ho-
mogeneous dielectrics in a transverse magnetic field [19]. The setup is shown
schematically in Fig. 2. A light beam of a given polarization state is normally
incident on the sample, placed in a transverse magnetic field, alternating at
8Hz. The transmitted light is detected by two-quadrant split photodiodes,
whose interconnecting axis can be directed along the B0 axis or the k × B0

axis. The difference between the photodiode signals represents a magnetic-
field-induced lateral displacement of the beam after passage through the
sample. From (10), it is clear that this displacement can be determined by
subtracting the B0 axis displacement signals for left- and right-circularly
polarized light, according to

S+(B0)− S−(B0)
S

=
2V c0
nω

B0 . (12)

Fig. 2. Schematic setup of the deflection experiment. As shown, the displacement
of the beam in the k×B direction is detected. By rotating the photodiode assembly
over 90◦ along k, the B axis displacement is detected. Taken from Rikken and Van
Tiggelen [19]
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Figure 3 confirms the displacement along the magnetic field, predicted by (9).
Note that the observed deflection is only of the order of 10−7 radians. Our
estimated inaccuracy is well below this value. This is the first experimental
observation of deflection of light in a magnetic field. The good agreement
with theory also gives us confidence in our experimental setup.

A comment on these conclusions was published by ’t Hooft, Nienhuis, and
Paaschens [20]. They argued that exactly in Voigt geometry, the eigenmodes
are both linearly polarized, none of which suffer from magnetodeflection.
They explained our experiments by a “misalignment” of only 10−7mrad of
the magnetic field. Their considerations are correct but do not affect the
magnetodeflection predicted by (12) [21]. Our He–Ne laser has a nearly
diffraction-limited angular divergence of 10−3mrad. The photodiodes mea-
sure the deflection of the intensity weighted wave vector average. Therefore,
only a fraction of 10−4 of the light flux propagates within the critical range.
This fraction will not be deflected. The remainder behaves conform to our
description using circularly polarized eigenmodes. For our experiment, the
improved deflection theory of ’t Hooft et al., therefore, would introduce a rel-
ative correction in the deduced deflection angle of the beam of 10−4, which
is far below the experimental relative uncertainty of this angle (±5× 10−2).

We have also carefully looked for the magnetotransverse bending present
in the Poynting vector (10) and proportional to the magnetic circular dichro-
ism ImV . Experimentally, we found no significant deflection at the level of
two orders of magnitude below the theoretical prediction of (10) [19]. To our

Fig. 3. bB axis displacement δ versus sample length L [laser wavelength 632.8 nm,
sample material is Plexiglas (n = 1.49, V = 4.5mrad/Tm) and magnetic field
strength B = 0.48T.] Dashed line is a linear fit to the data points. Inset shows
the dependence of the deflection angle θ = δ/L on magnetic field strength, also for
Plexiglas. Dashed line is a linear fit to the data points
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knowledge, this is the first time that the widely accepted Poynting vector
definition, its direction in particular, is experimentally proven to be incorrect
and that the more general relation (11) must be invoked. The absence of
a magnetotransverse deflection in homogeneous absorbing media emphasizes
the different impact of a magnetic field on absorbing and scattering media;
as will be shown below, the latter exhibits such a reflection.

It seems indeed possible to find a choice for T that reconciles the energy
flow as expressed by (11) with the group velocity, which in turn is consistent
with our experimental observation. We emphasize that this choice is not
necessarily unique. Although we have not clarified the physical significance of
such remarkable, albeit unavoidable, choices for T , these findings contribute
to the ongoing discussion on the interpretation of the Poynting vector as the
flow of electromagnetic energy [23].

3 Magneto-Optics of Heterogeneous Media

3.1 Single Magneto-Mie Scattering

To undertake a study of magneto-optics of heterogeneous media, one is
obliged first to understand the magneto-optics of one small spherical par-
ticle. Already in the 1970s, Ford and Werner [24] made an extensive study
of magneto-Mie scattering. The small perturbation of the Faraday effect, of
the order of 10−4, to the standard Mie problem [25], justifies a perturbation
theory linear in the magnetic field, quite similar to the standard treatment
of the Zeeman effect in atomic orbitals.

The first-order magneto-optical change in the differential cross section
dσ/dΩ(k → k′) can be guessed from symmetry arguments. Let us consider
a Mie sphere made of a dielectric constant given by (3). Being a scalar,
the magneto cross section linear in B0 must be proportional to either
k · B0, k′ · B0 or det(k,k′,B0). Being pseudoscalars, the first two options
are parity-forbidden. The only expression allowed by symmetry and linear in
the magnetic field is

1
σtot

dσ
dΩ

(k → k′;B0) = F0(θ) + F1(θ) det(k,k′,B0) . (13)

This cross section also obeys the reciprocity principle

dσ
dΩ

(k → k′;B0) =
dσ
dΩ

(−k′ → −k;−B0) . (14)

F0(θ) is the phase function of the conventional Mie problem [25] and — by
rotational symmetry — depends only on the angle θ between k and k′. For
the same reason, F1 can depend only on the angle θ. In [26], we developed
a method for calculating F1(θ). For a Rayleigh scatterer, the Born approxi-
mation can be used which leads to F1(θ) ∼ (V/k) cos θ.
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It is well known that for applications in multiple scattering, the anisotropy
of the cross section is important [6]. For Mie spheres, this anisotropy is quan-
tified by the “anisotropic factor” 〈cos θ〉, which is cos θ averaged over F0(θ).
This factor discriminates forward (cos θ > 0) from backward (cos θ < 0) scat-
tering. In magneto-Mie scattering, a second anisotropy shows up that discrim-
inates “upward” from “downward” scattering (Fig. 4). If the magnetic field is
perpendicular to both the incident and outgoing wave vectors, (13) predicts
a difference between upward and downward flux, both defined with respect
to the magnetotransverse direction k×B0. The magnetoanisotropy η1 of one
scatterer can be quantified exactly as the normalized difference between total
flux upward and total flux downward. An easy calculation yields [26]

η1 ≡ 2π
∫ π

0

dθ sin3 θF1(θ) . (15)

If η1 �= 0, we shall speak of “magnetotransverse light scattering.” No magne-
totransverse anisotropy survives for one Rayleigh scatterer, as can easily be
checked by filling in F1 ∼ cos θ. At least two Rayleigh scatterers are required
to generate a net effect [26], or, alternatively, a Mie sphere with finite size
(Fig. 5).

Fig. 4. Scattering geometry for magnetotransverse scattering from a Mie sphere,
given an incident plane wave from the left

3.2 Multiple Magnetoscattering of Light

In principle, when the medium is heterogeneous, light is scattered and con-
cepts like “Faraday rotation” become ill-defined. Even in a random medium,
it seems possible to define a dielectric constant associated with the “effective
medium”. When small particles of the heterogeneous medium are magnetoac-
tive, the effective medium is undoubtedly magnetoactive as well. The wave
will undergo a Faraday effect on its way from one scatterer to the other. Since
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Fig. 5. Polar plot of the phase function associated with the magneto cross section
of Mie scatterers with size parameter x = 2πa/λ = 5. Solid line denotes positive
magneto cross section, symbols denote negative magneto cross section. Magnetic
field is directed perpendicular to the plot. Taken from Lacoste et al. [26]

the typical distance between two scattering events is typically the mean free
path �, we expect a typical Faraday rotational angle of

α ≈ VeffB� cos θ , (16)

with Veff some effective medium Verdet constant and θ the angle between the
wave vector and the magnetic field. If the matrix is inert and the scatterers
have a Verdet constant V and volume fraction f , the choice Veff ≈ fV does
not a priori seem unreasonable.

Alternatively, the Faraday effect can be understood as a magnetically in-
duced phase shift φ = σVeffB� cos θ of a wave with circular polarization σ.
Since multiple scattering tends to randomize the state of circular polarization,
the magnetic field induces a net zero phase shift of a wave. This excludes the
Faraday effect as a direct phenomenon in multiple scattering. Nevertheless,
novel effects in multiple scattering can exist that have the Faraday effect at
their origin. The typical fluctuation of the magnetically induced phase shift in
multiple scattering,

√〈φ2〉 ≈ |VeffB�|, is likely to be a parameter quantifying
the impact of Faraday effect in multiple scattering, just like the parame-
ter ωcτ (the cyclotron motion executed by an electron during one mean free
time) is known to quantify magnetic effects in electronic transport. Three
magneto-optical scattering phenomena are now known to exist: the photonic
Hall effect, photonic magnetoresistance, and the magnetic supression of co-
herent backscattering.
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The influence of a magnetic field on coherent backscattering will not be
discussed here. Experimental work by Maret et al. demonstrated that in-
terference phenomena in multiple scattering are suppressed by an external
magnetic field due to the broken time-reversal symmetry [27]. The universal
parameter governing the suppression is indeed found to be VeffB0� [28], as
confirmed by numerical simulations [29] and calculations with point scatter-
ers [30] as well as Mie spheres [31].

The physics of multiple scattering can best be understood by adopting
a diffusion picture for the multiply scattered light. This familiar picture as-
serts that the average local current density J is due to a gradient in electro-
magnetic energy density ∇ρ. The so-called Fick’s law reads [6],

J(r) = −D · ∇ρ(r) , (17)

with Dij the diffusion tensor. Because the current and the gradient are both
parity-odd vectors, D must be parity-even. Fick’s law breaks time-reversal
symmetry since D is believed to be a positive definite tensor, and only the
current changes sign upon time-reversal. This symmetry breaking is due to
the ensemble-average that has been assumed implicitly in (17) and makes
macroscopic transport phenomena irreversible.

The impact of a magnetic field on light diffusion can be understood qual-
itatively by realizing that the magnetic field is a pseudovector. Onsager re-
lations apply to transport coefficients and thus also to the diffusion tensor,

Dij(B0) = Dji(−B0) , (18)

so that,

Dij(B0) = D0δij + DH(B0)εijk(B0)k
+D⊥

(
δijB

2
0 − (B0)i(B0)j

)
+ D‖(B0)i(B0)j . (19)

The first term is just the ordinary, isotropic diffusion tensor. The second
term induces an energy current perpendicular to the energy gradient and the
magnetic field, i. e., is magnetotransverse. In analogy to a similar effect for
electrons in disordered semiconductors, we will refer to this as the photonic
Hall Effect (PHE). The last two terms are quadratic in the magnetic field
and make the current along the magnetic field different from that perpen-
dicular. We will call this photonic magnetoresistance (PMR). Similar effects
occur in the so-called Beenakker–Senftleben effect, describing the influence
of a magnetic field on the thermal conductivity of paramagnetic and dia-
magnetic gases [32]. In the following subsections, we discuss the relation of
these macroscopic effects to their microscopic equivalents discussed earlier,
and report on their experimental verification.
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3.3 Theory of Magnetodiffusion

One of the aims of multiple scattering theory is to establish a link between
the macroscopic and the microscopic world. More specifically, we want to
understand, qualitatively and quantitatively, the diffusion tensor (19) from
the magneto cross section of one particle.

A rigorous theory for the photonic Hall effect was recently developed by
Lacoste and Van Tiggelen [33,34]. Using a microscopic transport theory, a re-
lation was found between the photonic Hall effect of one Mie particle, quan-
tified by the parameter η1 in (15), and the magnetotransverse diffusion DH
defined in (19),

DHB0
D0

=
1
2

η1
1− 〈cos θ〉 =

π

1− 〈cos θ〉
∫ π

0

dθ sin3 θF1(θ) . (20)

Such a relation is intuitively reasonable, provided that single scattering is the
basic building block of multiple scattering, which is true when the mean free
path is much bigger than the wavelength. This was assumed in deriving (20).
Perhaps less intuitive is the presence of the average cosine 〈cos θ〉 of the
scattering cross section in (20). This parameter can be very close to one, as for
large dielectric spheres [25], which greatly amplifies the relative importance
of the photonic Hall effect. This factor was absent in an earlier calculation,
which used Rayleigh point scatterers [35] but turned out to be important
to come to a quantitative agreement between theory and experiments. Note
that, by (20), DH/D0 should be independent of the scatterer concentration,
provided it is small enough to ignore cluster effects.

In view of the familiar relation D = 1
3vE�

∗ of the diffusion constant in
terms of the speed of light and the mean free path �∗ [6], one can write the
ratio DHB0/D0 as a ratio of two transport mean free paths. This is more
convenient for later purposes. This ratio can be used to define what we call
the “photonic Hall angle”. In electronic transport, this would be σxy/σxx with
σij the conductivity tensor, directly proportional to the diffusion tensor [36].

In Fig. 6, we show �∗⊥/�∗ as a function of the size parameter, for a contrast
in the index of refraction of m ≡ nS/nm = 1.128, corresponding to CeF3 in
glycerol. For particles sizes around 4 µm, we calculate �∗⊥/�∗ = +0.06VBλ
which, for V = −1100 rad/Tm (at temperature T = 77K) and vacuum wave-
length λ0 = 0.457 µm yields �∗⊥/�∗ = −2× 10−5/T. The experimental value
is �⊥/�∗ ≈ −1.1± 0.3× 10−5/T for a 10 vol.% suspension [22].

A theory for the photonic magnetoresistance, i. e., the diffusion coeffi-
cients D⊥ and D‖ in (19), has so far been developed only for pointlike scat-
terers with Verdet constant V and volume fraction f [37], for which the
prediction is

D⊥
D0

= −12
5

(fV B0�)
2
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Fig. 6. Ratio DH/D0 (photonic Hall angle) of magnetotransverse diffusion to
isotropic diffusion, in units of the dimensionless parameter 2πV B/k, as a func-
tion of size parameter x = ka (a is the particle radius). Solid line corresponds to
Mie spheres with index of refraction m = 1.28; dashed line is the Rayleigh–Gans
approximation, valid as m → 1. Taken from Lacoste and Van Tiggelen [33]

and

D‖
D0

= −6
5
(fV B0�)

2
. (21)

This calculation always implies a negative magnetoconductance (positive
magnetoresistance) proportional to the typical fluctuations in the magnet-
ically induced phase shift between two collisions. This property is expected
to be valid in general. In the dilute regime, the ratios D⊥,‖/D0 are expected
to be independent of the concentration of the scatterers.

3.4 Experiments on Magnetodiffusion

For experimental observation of the photonic Hall effect, scatterers with
a large Verdet constant are required. This can be found in materials con-
taining large concentrations of rare-earth ions like Ce3+, Ho3+, or Dy3+. In
these paramagnetic materials, the Verdet constant is inversely proportional
to temperature and can thus be further enhanced by cooling.

The photonic magnetotransport phenomena were measured by phase-
sensitive detection of the magnetically induced changes in the scattered and
transmitted intensities. An alternating magnetic field B0(t) = B0 cosΩt
with B0 ≈ 1T and Ω ≈ 40Hz was applied perpendicularly to the illumi-
nating and collecting light guides. Monochromatic illumination was provided
by an argon ion laser or with an incandescent lamp in combination with
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a narrow-band interference filter. The scattered light was measured with sil-
icon photo-diodes or photomultipliers outside the magnetic field region (see
Fig.7). Both linear and quadratic magnetic field responses can be measured
this way at the fundamental and second-harmonic frequencies Ω and 2Ω,
respectively. The mean free path �∗ of the light in these scattering media
was determined by measuring their optical transmission T by an integrating
sphere and using T = 1.6 �∗/L, where L is the sample thickness [38].

To deduce the various diffusion coefficients from our measurements, we
have to know their relation to the current emerging from our cylindrical
sample. This engineering part of the experiment was examined by solving the
diffusion equation, with diffusion constant D0 for a cylinder geometry with
radius R and length L, with radiative boundary conditions at the surface and
on the sides [38]. We adopted a source at a depth x0 ≈ � at one side of the
cylinder with a radial profile Jin(R) across the output of the multimode fiber
used in the experiment. The magnetotransverse current can be calculated
from this solution using Fick’s law (17). These calculations demonstrated the
following relation for the normalized photonic Hall effect:

η ≡ Iup − Idown
1
2 (Iup + Idown)

= F

(
L

R

)
�H
R

. (22)

The function F depends only on the ratio of the length and width of the
cylinder, not on the mean free path. For the experimental value L/R = 2.6,
we estimated F ≈ 5. A measurement of η thus gives direct access to the
magneto-transverse transport mean free path �H.

Fig. 7. Schematic setup for the observation of the photonic Hall effect. F = optical
fiber, PD = photo-diode, B is the magnetic field
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The role of sample geometry for the photonic magnetoresistance is easier
to obtain since a slab geometry and an integrating sphere suffice. The total
transmission coefficient, normalized to the one measured without magnetic
field, is obtained from

∆T (B0 =‖,⊥)
T

=
D‖,⊥B20

D0
. (23)

All geometry-dependent factors cancel since they are the same with and with-
out the magnetic field.

3.4.1 Normal Photonic Hall Effect

The photonic Hall effect is qualified by the difference of transverse photon
flux ∆ I⊥ = IL − IR, normalized by the transversely scattered intensity I =
1
2 (IL + IR). This ratio should be proportional to the ratio of the magneto-
transverse mean free path and the transverse dimension, as stated by (22).
We estimate a systematic error of at least a factor of 2 in attributing values
to �H and �∗ on the basis of Fick’s law. Another uncertain factor is the broad
size distribution of the scatterers.

The results shown in Fig. 8 confirm the predicted linear magnetic field de-
pendences of this quantity. By normalizing it by the magnetic field, we obtain
the photonic Hall effect per Tesla which is characteristic for a given scatter-
ing sample. Figure 9 shows the temperature dependence of the photonic Hall
effect per tesla. As the only temperature-dependent parameter in the scat-
tering process is the Verdet constant, the observed linear dependence on the

Fig. 8. Normal photonic Hall effect vs. magnetic field, showing linear behavior.
Sample was EuF2 in resin, observed with light of wavelength λ = 457 nm. Taken
from Rikken et al. [42]



Manipulating Light with a Magnetic Field 289

Fig. 9. Photonic Hall effect (per tesla) vs. temperature. The plot confirms the 1/T
behavior predicted for paramagnetic scatterers. Sample was EuF2 in resin, observed
with light of wavelength λ = 457 nm. Taken from Rikken et al. [42]

inverse temperature confirms the linear relation between η and the Verdet
constant. Figure 10 shows the mean free path �∗ and η as a function of the
volume fraction of scatterers. We see that for large f , where �∗ becomes much
smaller than the sample thickness and we are entering the multiple scatter-
ing regime, the Hall angle seems to become independent of f . The value for
the magnetotransverse scattering length that we deduce at that point, us-
ing (22), is �H/B = −1 nm/T, i. e., �H/�∗ ≈ −1.1× 10−5/T, which is in good
agreement with the Mie theory [33] discussed earlier. The inset shows the
normalized photonic Hall effect for several different scatterers, as a function
of the Verdet constant of the scatterers. The sign of the magnetotransverse
photon flux was deduced from the phase angle of the lock-in. The linear re-
lation that is observed, including the sign, cannot simply be explained by
the linearity with the Verdet constant because the index of refraction also
varies considerably among the different samples. Nevertheless, our magneto-
Mie theory for CeF3 theory reproduces this linearity for the photonic Hall
effect assuming polydisperse samples containing ZnS, Al2O3, TiO2, CeF3,
and EuF2 [34]. The calculated photonic Hall effect changes rapidly as a func-
tion of particle size and can even change sign, but on average, the sign of
the photonic Hall effect reflects the sign of the Verdet constant. The esti-
mated anisotropic factor for our sample equals 〈cos θ〉 ≈ 0.9. Therefore, the
amplification factor 1/(1− 〈cos θ〉) for the photonic Hall effect is significant
and improves theoretical predictions considerably for Rayleigh scatterers [35].
The pertinent role of the sign of the photonic Hall effect makes the analogy
with the behavior of electrons and holes in the electronic Hall manifest again.
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Fig. 10. Photonic Hall effect (per tesla) vs. volume fraction f of CeF3 particles at
a temperature T = 77K. Also plotted is the transport mean free path as a function
of volume fraction (left vertical axis) which decays basically as 1/f (dashed). Taken
from Rikken and Van Tiggelen [21]

In this analogy, the Verdet constant of the scatterer takes over the role of
electronic charge.

3.4.2 Photonic Hall Effect in Inverted Media

So far, we considered media with magnetoactive scatterers in a passive ma-
trix. One might argue that in electronic magnetotransport, the effect of the
magnetic fields occurs mainly between the scattering events. This raises the
question whether a photonic Hall effect exists in “inverted” media, consisting
of passive scatterers in a magnetoactive matrix.

The inverted medium is mathematically much more difficult to handle,
and therefore no theoretical description is available at present. Martinez and
Maynard [29] studied the inverted medium using a Monte-Carlo simulation
but did not treat magnetodiffusion. Intuitively, there is no reason to believe
that the photonic Hall effect differs from that in normal media. For volume
fractions around f ≈ 50%, it is in fact impossible to discriminate between
scatterers and matrix.

In the experiments [39], we used two different matrices, a saturated aque-
ous dysprosium chloride solution and a dysprosium nitrate glass. These are
transparent apart from a few narrow and weak 4f–4f transitions of the
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Dy3+ ion. The following values were found for the optical parameters at
a wavelength of 457 nm: The refractive index of the solution nm = 1.44,
the Verdet constant V = −19 rad/Tm at 300K, the refractive index of the
glass nm = 1.53, and its Verdet constant V = −59 rad/Tm at 300K. Scat-
tering samples were prepared by adding Al2O3 particles to the matrix. The
average size of these particles was 1 µm with a 50% size dispersion. The
refractive index of these scatterers was ns = 1.72. Their volume fraction f
ranged between 0.5 and 10%.

We measured �∗ as a function of the volume fraction f of the solution
samples and found that over a large range of volume fractions, �∗ ∝ f−1.
Figure 11 confirms the predicted linear magnetic field dependence of the
photonic Hall angle. It is important to note that the sign of the photonic
Hall effect in inverted media with paramagnetic scatterers is the same as that
obtained in normal media, where the magneto-optical activity is concentrated
in paramagnetic scatterers. The temperature dependence is implied in Fig. 11.
As the only temperature-dependent parameter in the scattering process is the
Verdet constant, the observed linear dependence on the inverse temperature
confirms the linear relation between the normalized photonic Hall effect and
the Verdet constant of the matrix, which identifies the Faraday effect between
the scatterers as its physical origin.

Fig. 11. Inverted photonic Hall effect vs. the magnetic field and the temperature
(inset). As for the normal photonic Hall effect, the inverted photonic Hall effect is
linear in the magnetic field and inversely proportional to temperature. Sample was
Al2O3 particles with volume fraction f = 4.2% imbedded in a dysprosium nitrate
glass. Wavelength of the light was λ = 457 nm. Taken from Düchs et al. [39]
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Fig. 12. Inverted photonic Hall effect vs. volume fraction of inert Al2O3 scatterers
in a dysprosium nitrate glass, measured at a temperature T = 77K. Taken from
Düchs et al. [39]

The effect of scatterer concentration on the photonic Hall effect is shown in
Fig. 12 for the glass samples. Upon decreasing the scatterer volume fraction,
an increase in the normalized photonic Hall effect is obtained, until at a low
volume fraction, the photonic Hall effect decreases and even changes sign.
The increasing photonic Hall effect with decreasing volume fraction can be
understood as a mean free path effect; Fig. 13 shows the photonic Hall effect
as a function of the mean free path of the high volume fraction samples in
the top panel of Fig. 12. It shows the linear dependence of the photonic
Hall effect on the mean free path as long as this is much smaller than the
sample dimensions, i. e., in the multiple scattering regime. For smaller volume
fractions, i. e., longer mean free paths, this no longer holds and for the lowest
volume fractions, one enters the single scattering regime which apparently
gives an opposite sign for the magnetotransverse photon flux. The volume
fraction at which this turnover occurs is higher for the glass samples because
the refractive index difference between scatterer and matrix is smaller for
these samples; so the mean free path is longer than for a solution sample at
the same scatterer concentration.

For “normal” media, our experiments have shown empirically that the
normalized photonic Hall effect in the multiple scattering regime is pro-
portional to VeffB�∗ for the range of concentrations studied, where Veff =
fVs [22]. We now propose the empirical expression for arbitrary two-
component media in the multiple scattering regime:

η = G[fVs + (1− f)Vm]�∗ . (24)
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Fig. 13. Inverted photonic Hall effect vs. mean free path, measured in the multiple
scattering regime (i. e., relatively large f in Fig. 12). Sample was the same as in
Fig. 12. Taken from Düchs et al. [39]

The factor G can depend only on the shape of the sample, but this was not
studied. For the experiments done so far, the value G ≈ 1×10−2 covers both
the normal and the inverted photonic Hall effect.

3.4.3 Photonic Hall Effect in Absorbing Media

Absorption is a specific property of classical waves and has no equivalent in
charge transport. Therefore, we conducted experiments on the photonic Hall
effect in the presence of absorption [40].

We first investigated the role of absorption in the scatterers. To that end,
we used particles of HoF3, obtained by chemical precipitation, and put them
in a transparent, inert homogeneous matrix. The particles had an average
radius r ≈ 0.5 µm and a broad size distribution between r = 0.2 µm and
r = 5 µm, that was determined using scanning electron microscopy. The
Ho3+ ions have a narrow 4f–4f transition 5I8 →5 F4 around λ ≈ 534 nm. By
varying the wavelength of the diffusing light over a few tens of nanometers,
we were able to scan across the absorption band, thereby strongly varying the
imaginary part of the index of refraction κs, without significantly affecting
the other optical parameters. The real part of the refractive index is ns = 1.6
outside the absorption peak, and it varies only by 0.004 around the absorption
peak.

The absorption spectrum in Fig. 14 was measured with a UV-vis spec-
trometer at room temperature from a thin slab of HoF3 powder dispersed
in an index-matched resin at 23 vol%. The absorption maximum blueshifts
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from λ = 534 nm at T = 300K toward λ = 529 nm at T = 85K. From the
measurements carried out at T = 300K on samples of different thickness,
we concluded that the imaginary part of the refractive index is κs ≈ 0.0012
at λ = 535 nm and T = 300K and the absorption length in the multiple
scattering samples is La ≈ 31± 6 µm at λ = 535 nm. We assumed that these
values stay the same at T = 85K when corrected for the blueshift. Other
optical parameters undergo only minor changes: the Verdet constant of HoF3
is ReVs ≈ 400 rad/Tm and was seen to vary by only 20% across the absorp-
tion band (Fig. 14a). The magnetic circular dichroism ImVs is estimated to
be smaller than 1 rad/Tm [41] in this spectral range. We estimate a variation
∆ �∗/�∗ ≤ 0.25 in the mean free path across the absorption band due to the
change of the complex index of refraction ns + iκs with λ. The resin ma-
trix had a refractive index nm ≈ 1.566 at 589 nm. Samples were prepared by
mixing HoF3 powder at a volume fraction of f = 23% with the liquid resin,
followed by curing. We measured a transport mean free path �∗ ≈ 70±26 µm
in the transparent spectral region of HoF3.

We observed again a linear magnetic field dependence of ∆ I⊥/I⊥. This
linear behavior was independent of the amount of absorption. Figure 15 con-
tains the main result: It shows the normalized photonic Hall effect η as a func-
tion of wavelength around the absorption maximum. Outside the absorption
band, we obtain negative values for η. These values agree in sign and mag-
nitude with the results obtained in [22] and [42] for similar paramagnetic

Fig. 14. Verdet constant (a) and absorption profile (b) for HoF3 powder in
resin, both at room temperature, around a wavelength of 535 nm. Taken from
Wiebel et al. [40]
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Fig. 15. Observed photonic Hall for a HoF3 powder scanned along the absorption
profile. The solid line is the prediction of Mie theory. Taken from Wiebel et al. [40]

scatterers. As the absorption increases, the photonic Hall effect η decreases
to zero and rapidly changes sign around the absorption band center. The sign
change of η seems to occur at the wavelength where La roughly equals �∗.
In the center of the absorption band, we obtain values for the photonic Hall
effect that are roughly four times larger than those measured in the transpar-
ent region of HoF3. At this wavelength, the absorption length La ≈ 31 µm
is smaller than �∗ and much smaller than the sample dimensions. As the
maximum value of the photonic Hall effect coincides with the wavelength of
maximum absorption, we conclude that the observed changes in the photonic
Hall effect are dominated by absorption effects. Variations of other relevant
optical parameters would have led to only minor changes in the photonic Hall
effect.

To investigate the impact of absorption in the medium outside the scat-
terers, we prepared samples of similar, but transparent CeF3 scatterers in the
same resin matrix that was made absorbing by dissolving an organic dye into
it. Values up to κm ≈ 0.001 were obtained this way, i. e., comparable to the
values of κs for the absorbing scatterers in the transparent matrix. We found
no significant variation of the normalized photonic Hall effect η with increas-
ing κm. Quite surprisingly, we see that the role of absorption in the matrix
is very different from that of absorption in the magnetoactive scatterers.

The Mie theory developed by us to calculate the photonic Hall effect of
spherical scatterers of arbitrary size [26,33] allows for the inclusion of absorp-
tion inside the scattering particles but does not allow for absorption in the
matrix. In the calculation, we assume a complex refractive index ns + iκs(λ)
and use κs(λ) obtained from the absorption spectra in Fig. 14, corrected for
the low temperature blueshift. We took ReVs = 400 rad/Tm and �∗ = 70 µm
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and completely disregarded ImVs. The geometry factor F in (22) was kept
constant, although we estimate theoretically that this factor may increase
by perhaps a factor of 2 in the range of absorption covered in this experi-
ment. The broad size distribution of the scatterers was taken into account
by averaging our numerical results over particle sizes between 0.2 and 5 µm.
The results were found quite independent of the exact choice of the particle
size distribution. As shown in Fig. 15, they show good agreement with the
experimental results. Note that no adjustable parameters are used, as all of
them were determined experimentally. The good agreement suggests that the
observed wavelength dependence of the photonic Hall effect η is mainly due
to the effect of absorption on the magneto cross section of one Mie particle.
Our numerical study can be summarized by the simple relation

η = (α + βκs)VsB0�∗ , (25)

where α and β are parameters that may depend on sample geometry, refrac-
tive index contrast, size- and shape-distribution of the scatterers, etc., but
not on the Verdet constant, absorption of the matrix, or magnetic field and
concentration.

3.4.4 Photonic Magnetoresistance

Now that the analogy between the electronic and the photonic Hall effect
seems to be well established, one can wonder whether electronic magnetore-
sistance also has a photonic equivalent. The photonic magnetoresistance was
measured by performing phase-sensitive detection at 2Ω on the magnetically
induced change of the transmitted intensity and normalizing by the total
transmitted intensity. In this experiment, the magnetic field was aligned per-
pendicularly to the direction of transmission (see inset, Fig. 16). This ratio
is then taken equal to the ratio of the magnetoresistive and normal diffusion
coefficients, as expressed by (23). Based on the outcome (21) for Rayleigh
scatterers, we used the relation,

∆T

T
∼ − (fV B0�

∗)2 , (26)

as a starting point for our experiments.
Figure 16 shows our results for the transmission modulation at 2Ω as

a function of the square of the magnetic field amplitude. Both curves, mea-
sured for different particle sizes and for different volume fractions, reveal
a quadratic field dependence. From the lock-in phase, we deduce that for
these samples, the transmission decreases with increasing magnetic field, i. e.,
∆ I/I ∝ −B2.

As in the photonic Hall effect, the explicit dependence of the transmission
modulation on the Verdet constant can be conveniently studied by varying
the temperature. Figure 17 shows the relative transmission modulation at 2Ω
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Fig. 16. Transmission modulation at 2Ω versus the square of the magnetic field
strength. Temperature is 105K. Full symbols represent samples with an average
particle diameter of 2 �m and a volume fraction f = 17%. Open symbols are for
an average particle diameter of 0.4 �m and a volume fraction f = 10%. Lines
are fit to the data points. The inset shows a schematic setup. Light is guided
through an optical fiber F1 (diameter 1mm) to the sample S, which consists of
EuF2 powder in a polymer disk. Forwardly scattered light is collected by a light
guide F2 and detected by a silicon photodiode PD outside the magnetic field region.
The magnetic field is directed perpendicularly to the plane of the drawing. Taken
from Sparenberg et al. [43]

as a function of the square of the inverse temperature at constant magnetic
field. The observed linear dependence confirms the quadratic dependence of
the photonic magnetoresistance on V .

On the basis of (26), we expect that the magnetoresistance should become
independent of f , once we are in the diffusive regime. This is demonstrated
in Fig. 18: for high volume fractions, where �∗ is smaller than the sample
thickness, the observed transmission modulation is independent of f . For
low volume fractions, the mean free path is no longer small compared to the
sample thickness, and diffusion theory should break down. Experimentally, we
see that at low concentrations, the transmission modulation is proportional
to the concentration, which is consistent with what may be anticipated from
low order scattering events. In the diffusive regime, the data shown in Fig. 18
all fall on the same curve when plotted against the square of �∗. This indicates
that that the proportionality factor in (26) is independent of scatterer size.

We conclude that (26) qualitatively covers our observations of photonic
magnetoresistance. This identifies the Faraday effect as the underlying mech-
anism. Now, we come to a quantitative comparison. Using relation (23), we
obtain the value ∆D⊥/D0 ≈ −3 × 10−5T−2 for the 0.4 µm particles and
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Fig. 17. Transmission modulation (magnetoconductance) at 2Ω versus the inverse
square of the temperature. Sample is EuF2 powder in a polymer disk, subject to
a magnetic field of B = 0.36 T. The EuF2 particles have an average diameter of
0.4 �m and volume fraction f = 17%. Solid line is a linear fit to the data points.
Taken from Sparenberg et al. [43]

Fig. 18. Transmission modulation (magnetoconductance) at 2Ω versus the volume
fraction of the EuF2 scatterers, observed at a wavelength λ = 457 nm. Full symbols
represent samples with an average particle diameter of 2 �m, and open symbols
denote an average particle diameter of 0.4 �m. Taken from Sparenberg et al. [43]
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∆D⊥/D0 ≈ −7 × 10−5T−2 for the 2-µm particles at 105K. It is important
to note that the theory of [37] is valid only for monodisperse Rayleigh scat-
terers. The small particles, d ≈ 0.4 µm, are in the Rayleigh–Gans scattering
regime [25], since |ns − nm| � 1 and 2(m− 1)x ≈ 0.4, where x ≡ nmk d/2 is
the so-called size parameter and m ≡ ns/nm. The Rayleigh–Gans theory for
spheres [25] gives, for m = 1.051 and d = 0.4 µm, the value f · �∗ = 25 µm.
The difference from our measurement f · �∗ ≈ 8.3 µm is sufficiently small
to be attributed to systematic errors and polydispersity. By the absence of
a Rayleigh–Gans theory for magnetodiffusion, we shall compare our exper-
imental results to the prediction for monodisperse Rayleigh scatterers, that
follows directly from (21):

∆D⊥
D0

= −243
5

m2 (V d)2

(m2 − 1)4x8
. (27)

For the observed range of diameters 0.3 µm < d < 0.5 µm, (27) provides
a theoretical range −2×10−6T−2 > ∆D⊥/D0 > −4×10−5T−2, which agrees
in sign and order of magnitude with the experimental value ∆D⊥/D0 ≈ −3×
10−5T−2 at 105K. The 2-µm scatterers are no longer in the Rayleigh–Gans
regime, and a prediction on the basis of Rayleigh scattering theory is even less
justifiable. Nevertheless, we emphasize that the scaling relation (26) is found
to apply to all samples that we investigated, which strongly suggests that the
Faraday effect is the universal mechanism of photonic magnetoresistance.

3.4.5 Conclusions and Acknowledgments

This work has attempted to review our theoretical and experimental studies of
the magneto-optics of random media. A magnetic field breaks time-reversal
symmetry in light propagation; the most well-known manifestation of this
breaking is the Faraday effect. Our study therefore contributes to the more
general study of waves in complex media [44] with broken spatial or temporal
symmetries, like human tissue and seismic media, or highly disordered media.
At the same time, since the magnetic field enables us to manipulate the phase
shifts of the multiply scattered light waves externally, magneto-optical studies
are in many ways the “photonic equivalents” of the successful mesoscopic
studies of charge transport in a magnetic field.

Most of this work was carried out in close collaboration with our students
Anja Sparenberg, David Lacoste, Georg Düchs, Sabine Wiebel, Anne Napier-
ala, and Cornelius Strohm whom we would like to thank for their efforts and
enthusiasm. It is a pleasure to thank Profs. Roger Maynard and Peter Wyder
for their continuous interest and support.

Note Added in Proof

Magneto-transverse scattering has recently also been seen for surface-plasmon
polaritons (G. Düchs, A. Sparenberg, G. L. J. A. Rikken, P. Wyder, Phys.
Rev. Lett. 87, 127902-1 (2001)
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Abstract. We have demonstrated lasing with resonant feedback in active random
media. Recurrent light scattering provides coherent feedback for lasing. A detailed
experimental study of laser emission spectra, spatial distribution of laser intensity,
dynamics, and photon statistics of random lasers with coherent feedback is pre-
sented. The fundamental difference and transition between a random laser with
resonant feedback and a random laser with nonresonant feedback are illustrated.
We have achieved spatial confinement of laser light in micrometer-sized random
media. The optical confinement is attributed to disorder-induced scattering and in-
terference. Using the finite-difference time-domain method, we simulate lasing with
coherent feedback in active random media.

1 Introduction

Optical scattering in a random medium may induce a phase transition in the
photon transport behavior [1]. When the scattering is weak, the propagation
of light can be described by a normal diffusion process. With an increase in
the amount of scattering, recurrent light scattering events arise. Interference
between the counterpropagating waves in a disordered structure gives rise
to the enhanced backscattering, also called weak localization [2,3]. When
the amount of scattering is increased beyond a critical value, the system
makes a transition into a localized state. Light propagation is inhibited due
to interference in multiple scattering [4,5,6,7,8,9]. This phenomenon is called
Anderson localization of light. It is an optical analog to Anderson localization
of electrons in solids [10].

Apart from the remarkable similarities, there are striking differences be-
tween electron transport and photon transport in a disordered medium. For
example, the number of electrons is always conserved, whereas the number
of photons may not be. In an amplifying random medium, a photon may in-
duce the stimulated emission of a second photon. A fascinating phenomenon,
which would never occur in an electronic system, is the lasing action in a dis-
ordered gain medium. Such lasers are called random laser. There are two
kinds of random lasers: one has nonresonant (incoherent) feedback, the other
has resonant (coherent) feedback. I will first introduce the two kinds of ran-
dom lasers and explain the difference between them. Then, I will focus on
our study of random lasers with resonant feedback.

V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 303–330 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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2 Two Kinds of Random Lasers

Lasing with nonresonant feedback occurs in the diffusive regime [11,12,13,14].
In a disordered medium, light is scattered and undergoes a random walk be-
fore leaving the medium. In the presence of gain, a photon may induce the
stimulated emission of a second photon. When the gain length is equal to
the average length of light path in the medium, the probability that a pho-
ton generates second photon before leaving the gain medium approaches one.
Thus the photon density increases. From the theoretical point of view, the
solution to the diffusion equation, including optical gain, diverges [15]. This
phenomenon is similar to neutron scattering in combinations of nuclear fis-
sion.

When optical scattering is strong, light may return to a scatterer from
which it is scattered before, and thereby form a closed loop path. When the
amplification along such a loop path exceeds the loss, laser oscillation could
occur in the loop which serves as a laser resonator. The requirement that the
phase shift along the loop is equal to a multiple of 2π determines the oscilla-
tion frequencies. This is a random laser with coherent feedback [16,17,18]. Of
course, the picture of a closed loop is intuitive but naive. The light may come
back to its original position through many different paths. All of the backscat-
tered light waves interfere and determine the lasing frequencies. Thus, a ran-
dom laser with coherent feedback is a randomly distributed feedback laser.
The feedback is provided by disorder-induced scattering.

Experimentally, we have observed the difference in the two kinds of ran-
dom lasers and the transition between them [19]. The random medium we
used in our experiment is a laser dye solution containing nanoparticles. The
advantage of the suspension is that the gain medium and the scattering el-
ements are separated. Thus, we can independently vary the amount of scat-
tering by particle density and the optical gain by dye concentration.

Experimentally, rhodamine 640 perchlorate dye and zinc oxide (ZnO)
particles are mixed in methanol. The ZnO particles have a mean diame-
ter of 100 nm. To keep the particles from clustering, the solution, contained
in a flask, is shaken in an ultrasonic cleaner for 20 minutes right before the
photoluminescence experiment. The frequency-doubled output (λ = 532 nm)
of a mode-locked Nd:YAG laser (10Hz repetition rate, 25-ps pulse width) is
used as pump light. The pump beam is focused by a lens (10 cm focal length)
onto the solution contained in a 1 cm× 1 cm× 3 cm cuvette at nearly normal
incidence. Emission in the direction ∼ 45◦ from the normal of the cell front
window is collected by a fiber bundle and directed to a 0.5-m spectrometer
with a cooled CCD detector array.

By changing the ZnO particle density in the solution, we continuously vary
the amount of scattering. Figure 1 shows the evolution of the emission spectra
with the pump intensity when the ZnO particle density is ∼ 2.5×1011 cm−3.
The dye concentration is fixed at 5× 10−3M. When the pump intensity ex-
ceeds a threshold, drastic spectral narrowing occurs. As shown in the insets
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of Fig. 1, when the incident pump pulse energy exceeds ∼ 3 µJ, the emission
line width is quickly reduced to ∼ 5 nm; meanwhile, the peak intensity in-
creases much more rapidly with the pump power because optical scattering
by the ZnO particles increases the path length of the emitted light inside the
gain region. As the pump power increases, the gain length is reduced. Even-
tually the gain length at frequencies near the maximum of the gain spectrum
approaches the average path length of photons in the gain regime. Then,
a photon generates a second photon by stimulated emission before leaving
the gain medium; thus the photon density increases dramatically. The sud-
den increase of emission intensity at frequencies near the maximum of the
gain spectrum results in drastic narrowing of the emission spectrum. This
process is lasing with nonresonant feedback.

Next, we keep the same dye concentration and increase the ZnO particle
density to 1×1012 cm−3. Figure 2 plots the evolution of the emission spectra
with pump intensity. We can see that the phenomenon becomes very different
in strong scattering. When the incident pump pulse energy exceeds 1.0 µJ,
discrete peaks emerge in the emission spectrum. The line width of these peaks
is less than 0.2 nm, which is more than 50 times smaller than the line width
of the amplified spontaneous emission (ASE) below the threshold. When the
pump intensity increases further, more sharp peaks appear. As shown in the
inset of Fig. 2, when the pump intensity exceeds the threshold where dis-
crete peaks emerge in the emission spectrum, the emission intensity increases
much more rapidly with the pump power. Hence, lasing occurs in the random
cavities formed by recurrent light scattering. The phase relationship of the
backscattered light determines the lasing frequencies. Laser emission from the
random cavities results in discrete narrow peaks in the emission spectrum.
Because the ZnO particles are mobile in the solution, the frequencies of the
lasing modes change from pulse to pulse. The emission spectra in Figs. 1
and 2 are taken for a single pump pulse. When the pump power increases
further, the gain exceeds the loss in more random cavities. Laser oscillation
in these cavities gives additional peaks in the emission spectrum.

Next, we study the transition from lasing with nonresonant feedback to
lasing with resonant feedback. Figure 3 shows the evolution of the emis-
sion spectra with the pump intensity when the ZnO particle density is
∼ 5× 1011 cm−3. As the pump power increases, a drastic spectral narrowing
occurs first. Then at higher pump intensity, discrete narrow peaks emerge in
the emission spectrum. Because the amount of scattering in the solution is
between the previous two cases, there is some but not a large probability that
a photon is scattered back to the same scatterer from which it is scattered
before. In other words, the random cavities formed by recurrent scattering
are quite lossy. The pump intensity required to reach the lasing threshold in
these cavities is high. Thus, the pump intensity first reaches the threshold
where the gain length near the maximum of the gain spectrum becomes equal
to the average path length of photons in the excitation volume. A significant



306 Hui Cao

Fig. 1. Emission spectra when the incident pump pulse energy is (from bottom to
top) 0.68, 1.5, 2.3, 3.3, 5.6 �J. The ZnO particle density is ∼ 2.5× 1011 cm−3. The
upper inset is the emission intensity at the peak wavelength versus the pump pulse
energy. The lower inset is the emission line width versus the pump pulse energy



Random Lasers with Coherent Feedback 307

Fig. 2. Emission spectra when the incident pump pulse energy is (from bottom to
top) 0.68, 1.1, 1.3, 2.9 �J. The ZnO particle density is ∼ 1× 1012 cm−3. The inset
shows the emission intensity versus the pump pulse energy
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spectral narrowing and a sudden increase of peak emission intensity occur,
similar to what happens in Fig. 1. Then, the pump intensity reaches a second
threshold where the gain exceeds the loss in some random cavities. Lasing
oscillation occurs in these cavities, adding discrete peaks to the emission
spectrum. However, the number of lasing modes in Fig. 3 is less than that
in Fig. 2 under similar pump power. When the gain length and excitation
volume are the same, a fewer number of scatterers leads to weaker optical
scattering. Hence, the number of random cavities where the lasing threshold
can be reached is smaller.

Therefore, there are two kinds of lasing processes in an active random
medium, and they correspond to two lasing thresholds [19]. From the ray
optics point of view, lasing with nonresonant feedback corresponds to the in-
stability of light amplification along open trajectories in a random medium,
and lasing with resonant feedback corresponds to the instability of light am-
plification along closed paths formed by recurrent scattering. An alternative
and perhaps more accurate explanation for random lasers is based on quasi-
states. Quasi-states are the eigenmodes of the Maxwell equations in a finite-
sized random medium. When photons in a quasi-state reach the boundaries
of the random medium, they are either reflected back to the medium or
transmitted into the air. The transmitted photons are lost, and the reflected
photons may enter other quasi-states. Hence, the decay of a quasi-state re-
sults from both light leakage through the boundaries and energy exchange
with other quasi-states. When kl > 1 (k is a wave vector, l is the transport
mean free path), the average decay rate of a quasi-state is larger than the
average frequency spacing of adjacent quasi-states. Hence, the quasi-states
are spectrally overlapped, giving a continuous emission spectrum.

In weak scattering, the quasi-states decay fast, and they are strongly
coupled. Because of photon exchange among quasi-states, the loss of a set of
interacting quasi-states is much lower than the loss of a single quasi-state. In
an active randommedium, when the optical gain for a set of interacting quasi-
states at maximum gain reaches the loss of these coupled quasi-states, the
total photon number in these coupled states builds up. The drastic increase
of photon number at the frequency of maximum gain results in a significant
spectral narrowing, as shown in Fig. 1.

With an increase in the amount of optical scattering, the dwell time of
light in the random medium increases, and the mixing of the quasi-states is
reduced. Hence, the decay rates of the quasi-states decrease. When the optical
gain increases, it first reaches the threshold for lasing in a set of coupled quasi-
states at maximum gain. As the optical gain increases further, it exceeds the
loss of a quasi-state that has a long lifetime. Then, lasing occurs in a single
quasi-state. The spectral line width of the quasi-state is reduced dramatically
above the lasing threshold. A further increase of optical gain leads to lasing
in more low-loss quasi-states. Laser emission from these quasi-states gives
discrete peaks in the emission spectrum, as shown in Fig. 3.
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Fig. 3. Emission spectra when the incident pump pulse energy is (from bottom to
top) 0.74, 1.35, 1.7, 2.25, and 3.4 �J. The ZnO particle density is ∼ 6× 1011 cm−3

When the scattering strength increases further, the decay rates of the
quasi-states and the coupling among them continue decreasing. Because of
the wide distribution of the decay rates of quasi-states, the threshold gain for
lasing in individual low-loss quasi-states becomes lower than the threshold
gain for lasing in the coupled quasi-states at maximum gain. Thus, lasing
with resonant feedback occurs first, as shown in Fig. 2.
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There has been much study of random lasers with nonresonant feed-
back [20,21]. Next, I will focus on our investigation of random lasers with
resonant feedback.

3 Random Lasers with Resonant Feedback

In this section, I will present a quantitative study of random lasers with
resonant feedback. To confirm that the coherent feedback is indeed provided
by light scattering, we measured the dependence of the lasing threshold on
the transport mean free path.

Because of the sedimentation of particles from the solution, the suspen-
sion was not suitable for quantitative measurement. Hence, we switched to
a solid random medium and fabricated PMMA films containing rhodamine
640 perchlorate dye and TiO2 particles. The average size of TiO2 particles
was 400 nm. By varying the TiO2 particle density in the polymer film, we
changed the scattering length. We fabricated a series of PMMA films with
the same dye concentration but different particle density. The TiO2 particle
density in the polymer films varied from 8×1010 to 6×1012 cm−3. The lasing
threshold in these films was measured under identical conditions. To char-
acterize the transport mean free path in these films, we conducted coherent
backscattering experiments [2,3]. The output from a He:Ne laser was used as
the probe light since its wavelength is very close to the emission wavelength
of rhodamine 640 perchlorate dye. To avoid absorption of the probe light, we
fabricated PMMA films which contained only TiO2 particles but not the dye.
From the angular width of the backscattering cone, we estimated the trans-
port mean free path l, after taking into account the internal reflection [22].

Figure 4 plots the incident pump pulse energy at the lasing threshold
versus the transport mean free path. The dye concentration in the polymer
film is fixed at 5 × 10−2M. With an increase of the TiO2 particle density
in the polymer film, the transport mean free path decreases, and the lasing
threshold also decreases. The strong dependence of the lasing threshold on
the transport mean free path clearly illustrates the important contribution
of scattering to lasing. With an increase in the amount of optical scattering,
the feedback provided by scattering becomes stronger. The quasi-states of
the random medium have lower loss. Thus, the lasing threshold is reduced.
Through curve fitting, we found that the incident pump intensity at the lasing
threshold is proportional to the square root of the transport mean free path.
Figure 5 shows the number of lasing modes in the samples with different
scattering lengths at the same pump intensity. The stronger the scattering,
the more lasing modes emerge, because in a random medium with stronger
scattering strength, there are more low-loss quasi-states. Hence, when the
optical gain is fixed, lasing occurs in more quasi-states. An interesting feature
in Figs. 4 and 5 is that when the transport mean free path approaches the
optical wavelength, the lasing threshold pump intensity drops quickly, and
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Fig. 4. The incident pump pulse energy at the lasing threshold versus the transport
mean free path ls in PMMA films. The dashed line is the fitted curve represented
by Pth = 0.13/l0.53

s

Fig. 5. The number of lasing modes as a function of the scattering length ls in
PMMA films. The incident pump pulse energy is 1.0 �J

the number of lasing modes increases dramatically. Therefore, the regime
of l ∼ λ is important to both fundamental physics and practical application.
Next, I will discuss random lasers in the regime l ≤ λ. To achieve such a short
scattering mean free path, we used ZnO powder and polycrystalline thin films
to increase the contrast of refractive indexes in the binary random medium.

ZnO films are deposited on sapphire or amorphous fused silica substrates
by laser ablation. A pulsed KrF excimer laser (248 nm) is used to ablate a hot
pressed ZnO target in an ultrahigh vacuum chamber. A detailed description
of the growth apparatus and growth procedure can be found in [23]. We took
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transmission electron microscopy (TEM) images of the ZnO films. From the
plane view TEM image, the ZnO film consists of many irregularly-shaped
grains whose sizes vary from 30 to 130 nm. The cross-sectional TEM im-
age reveals that the grains have straight sidewalls that are perpendicular to
the substrate. Hence, the polycrystalline film is a 2-D random medium. The
in-plane randomly oriented polycrystalline grain structure results in strong
optical scattering in the plane of the film [16,24]. The optical confinement
in the direction perpendicular to the film is achieved through index guiding,
similar to 2-D photonic crystals.

ZnO powder is a 3-D random medium [17,25]. The ZnO nanoparticles are
synthesized by a precipitation reaction. The process involves hydrolysis of
a zinc salt in a polyol medium. Through the process of electrophoresis, ZnO
powder films are made on ITO-coated substrates. The film thickness varies
from a few to 50 µm. Figure 6a is a scanning electron microscope (SEM)
image of the ZnO particles. The average particle size is about 50 nm.

We characterized the transport mean free path l in the coherent backscat-
tering experiment [2,3]. ZnO has a direct band gap of 3.3 eV. To avoid
absorption, the frequency-doubled output (λ = 410 nm) of a mode-locked
Ti:Sapphire laser (76MHz repetition rate, 200 fs pulse width) was used as

Fig. 6. (a) SEM image of the ZnO nanoparticles. (b) Measured backscattering cone
from the ZnO powder film
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the probe light. Figure 6b shows the measured backscattering cone of the
ZnO powder film. From the angle of cusp, we estimated that l ≈ 0.5λ, after
taking internal reflection into account [22].

In the photoluminescence experiment, the ZnO powder film is optically
pumped by the fourth harmonic (λ = 266 nm) of a mode-locked Nd:YAG
laser. The pump beam is focused to a ∼ 20-µm spot on the film surface with
normal incidence. Electrons in the valence band absorb pump photons and
jump to the conduction band. They subsequently relax to the bottom of the
conduction band before radiative decay. The spectrum of emission from the
powder film is measured by a spectrometer with 0.13-nm spectral resolution.
At the same time, the spatial distribution of the emitted light intensity in
the film is imaged by an ultraviolet (UV) microscope onto a UV-sensitive
charge-coupled device (CCD) camera. The amplification of the microscope
is about 100 times. The spatial resolution is around 0.24 µm. A band-pass
filter is placed in front of the microscope objective to block the pump light.

Figure 7 shows the measured emission spectra and spatial distribution of
emission intensity in a ZnO powder film at different pump intensities. At low
pump intensity, the spectrum consists of a single broad spontaneous emission
peak. Its full width at half maximum (FWHM) is about 12 nm (Fig. 7a).
As shown in Fig. 7b, the spatial distribution of the spontaneous emission
intensity is smooth across the excitation area. Due to the variation in pump
intensity over the excitation spot, the spontaneous emission in the center of
the excitation spot is stronger. When the pump intensity exceeds a threshold,
very narrow discrete peaks emerge in the emission spectrum (Fig. 7c). The
FWHM of these peaks is about 0.2 nm. Simultaneously, bright tiny spots
appear in the image of the emitted light distribution in the film (Fig. 7d).
The sizes of the bright spots were between 0.3 and 0.7 µm. When the pump
intensity is increased further, additional sharp peaks emerge in the emission
spectrum. Correspondingly, more bright spots appear in the image of the
emitted light distribution. The frequencies of the sharp peaks depend on the
sample position. When we move the pump beam spot across the sample, the
frequencies of the sharp peaks change. Figure 8 plots the spectrally integrated
emission intensity as a function of pump intensity. A threshold behavior is
clearly seen: above the pump intensity at which multiple sharp peaks emerge
in the emission spectrum, the integrated emission intensity increases much
more rapidly with pump intensity.

We also measured the temporal profile of the emission from the ZnO
powder film with a Hamamatsu streak camera. The temporal resolution of
the streak camera is 2 ps. The scattered pump light is blocked by the input
optics of the streak camera.

Figure 9 shows the temporal evolution of emission below the lasing thresh-
old, just above the lasing threshold, and well above the lasing threshold.
Below the lasing threshold, the spontaneous emission decay time is 167 ps.
When the pump intensity exceeds the lasing threshold, the emission pulse is
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Fig. 7. (a) and (c) The measured spectra of emission from the ZnO powder film.
(b) and (d) The measured spatial distribution of emission intensity in the film. The
incident pump pulse energy is 5.2 nJ for (a) and (c) and 12.5 nJ for (b) and (d)

Fig. 8. Spectrally integrated intensity of emission from the ZnO powder film versus
the excitation intensity
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Fig. 9. Temporal evolution of emission from ZnO powder film. The incident pump
pulse energy is (a) 2.8 nJ, (b) 5.5 nJ, and (c) 8.9 nJ

shortened significantly. By curve fitting, we find that the exponential decay
of emission consists of a fast component and a slow component. As shown in
Fig. 9b, the initial decay of emission is quite fast. The decay time is 27 ps.
After ∼ 50 ps, the fast decay is replaced by slow decay. The latter decay time
is 167 ps, which is equal to the emission decay time below the lasing thresh-
old. Since the sample is pumped by 20-ps pulses, the optical gain is transient.
Laser oscillation occurs in a short time after each pump pulse. The strong
laser emission depletes the population inversion quickly. When the optical
gain is reduced below the loss, laser oscillation stops. Laser emission is re-
placed by spontaneous emission. Hence, the initial fast decay corresponds to
laser emission, and the later slow decay is due to spontaneous emission. As
the pump power is increased further, the initial laser emission becomes much
stronger than the later spontaneous emission, as shown in Fig. 9c. When the
pump power exceeds the threshold, the emission pulse is dramatically short-
ened from 200 to 30 ps. From the threshold behavior of the emission intensity,
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the emergence of very narrow spectral peaks, and the dramatic shortening of
the emission pulses, we conclude that lasing has occurred in the ZnO powder
film. Similar lasing phenomena have been observed in ZnO polycrystalline
films and GaN powder.

The experimental fact that the bright spots in the emission pattern and
the lasing modes in the emission spectrum always appear simultaneously
suggests that the bright spots are related to the laser light. There are two
possible explanations for the bright spots. One is that the laser light intensity
at the locations of the bright spots is high. The other is that the laser light is
not particularly strong at the locations of the bright spots. However, there are
some efficient scattering centers at the locations of the bright spots, and thus,
the laser light is strongly scattered. In the latter case, these scattering centers
should also strongly scatter the spontaneously emitted light below the lasing
threshold because scattering is a linear process. Hence, these bright spots
should exist below the lasing threshold. However, there are no bright spots
below the lasing threshold. Therefore, these bright spots are not caused by
efficient scatterers, but by strong laser light in the medium.

Next we present an explanation for our experimental data. The short
transport mean free path indicates very strong light scattering in the pow-
der film. However, the transport mean free path obtained from the coherent
backscattering measurement is an average over a large volume of the sample.
Due to the local variation of particle density and spatial distribution, there
exist small regions of higher disorder and stronger scattering. Light can be
confined in these regions through multiple scattering and interference. For
a particular configuration of scatterers, only light at certain wavelengths can
be confined because the interference effect is wavelength sensitive. In a dif-
ferent region of the sample, the configuration of the scatterers is different,
and thus, light at different wavelengths is confined. In other words, some
quasi-states are spatially localized in small regions, and they have relatively
long lifetimes. When the optical gain reaches the loss of such a quasi-state,
lasing action occurs in the quasi-state. The lasing peaks in the emission spec-
trum illustrate the frequencies of the quasi-states, and the bright spots in the
spatial light pattern exhibit the positions and shapes of the quasi-states.

Unlike conventional lasers with directional output, laser emission from
random media can be observed in all directions. However, the laser emission
spectra vary with the observation angle. Since different quasi-states have
different output directions, lasing modes observed at different angles are dif-
ferent.

Although the data presented above indicate that lasing has occurred in
the ZnO powder, the final proof of a laser comes from coherence and statis-
tics measurement. Next, I will present our photon statistics measurement
result which shows that indeed coherent light is generated from the disor-
dered medium.
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ZnO nanoparticles are cold pressed under a pressure of 200MPa to form
a pellet 2mm thick. From the coherent backscattering experiment, we esti-
mate that l ∼ 2.3λ. Under the optical pumping of a mode-locked Nd:YAG
laser, the emission from the ZnO pellet is collected by a lens and focused to
the entrance slit of a 0.5-m Jarrell–Ash spectrometer. The output port of the
spectrometer is connected to a Hamamatsu streak camera whose entrance slit
is perpendicular to that of the spectrometer. The photocathode width of the
streak camera gives an observable spectral window of 6.7 nm with a spectral
resolution of 0.1 nm. Partial output of the pump laser goes directly to a fast
photodiode whose output signal triggers the streak camera. A Peltier-cooled
CCD camera, operating at −50◦C for reduced dark noise, is used to record
the streak image. The streak camera operates in the photon counting mode.
A threshold is set to eliminate the contribution of the dark-current noise.
Thus, in the absence of an input signal, no photons are counted.

By combining the spectrometer with the streak camera, we are able to
separate different lasing modes and measure the temporal evolution of each
mode. Figure 10 is a 2-D image taken by the CCD camera. The horizontal
axis is the time, and the vertical axis is the wavelength. When the pump
power exceeds a threshold, discrete lasing modes appear in the spectrum.
For different modes, lasing starts at different times and lasts for different
periods of time. Such dynamic behavior is caused by different decay rates of
the quasi-states that have lased.

Next, we measure the photon statistics of a single lasing mode. In the
2-D image shown in Fig. 10, we draw a rectangle, one of whose sides is
wavelength interval δλ and the other side is time interval δt. The number
of photons inside this rectangle is counted for each pulse. After collecting
photon count data for a large number of pulses, the probability P (n) of n

Fig. 10. The measured spectral-temporal image of the emission from a ZnO pellet.
The incident pump pulse energy is 4.5 nJ



318 Hui Cao

photons within (λ, λ + δλ) and (t, t + δt) is obtained. The frequency inter-
val δν of the counting area is calculated from λ and δλ. When δν · δt ≤ 1,
the counting area corresponds to a single electromagnetic (EM) mode. For
coherent light, the photon number distribution P (n) in a single mode satisfies
Poisson distribution P (n) = 〈n〉ne−〈n〉/n!, where 〈n〉 is the average photon
number. For chaotic light, the photon number distribution P (n) in a sin-
gle mode satisfies the Bose–Einstein distribution P (n) = 〈n〉n/(1 + 〈n〉)n+1.
Note that the above distribution holds only for a single mode. In multimode
chaotic light, the photon number distribution approaches Poisson distribu-
tion. From P (n), we obtain the normalized second-order correlation coeffi-
cient G2 = 1 +

[〈(∆n)2〉 − 〈n〉] /〈n〉2. For the Poisson distribution, G2 = 1.
For the Bose–Einstein distribution, G2 = 2.

We measured the photon statistics of coherent light and chaotic light to
confirm the reliability of the spectrometer–streak camera setup for the photon
statistics measurement. Then, we moved to the photon statistics measure-
ment of random lasers with coherent feedback. The pump intensity is above
the threshold where discrete spectral peaks appear, so that we can measure
the photon statistics of a single peak. In the 2-D spectral-temporal image of
ZnO emission, we pick up one of the brightest peaks and count the number of
photons within the area of (λ0−∆λ/2, λ0+∆λ/2) and (t0−∆ t/2, t0+∆ t/2)
for each pulse. λ0 is the center wavelength of the spectral peak we choose,
and t0 is the time when the intensity of the emission pulse at λ0 is maximum.
∆λ = 0.12 nm, and ∆ t = 3.9 ps. The corresponding ∆ ν = 2.4 × 1011 Hz,
and hence, ∆ ν · ∆ t = 0.95. There are 100 CCD pixels within the area of
(λ0 −∆λ/2, λ0+∆λ/2) and (t0 −∆ t/2, t0+∆ t/2). If two photons from the
same pulse hit the same pixel, the count is one instead of two. Hence, such
events cause error in the photon counting. To eliminate this kind of error,
the photons that hit the pixels must be sparse enough that the probability
of two photons hitting the same pixel is negligible. When the ZnO emission
is strong, we use neutral density filters to attenuate the signal, so that the
percentage of the pixels that are hit by the photons during each pulse is
below 5%.

Figure 11a shows the measured photon statistics at the threshold where
discrete spectral peaks appear. From the data of P (n), we calculate the
count mean 〈n〉 and obtain the Bose–Einstein distribution. The measured
photon number distribution is very close to the Bose–Einstein distribution
for the same mean photon number. Using the data of P (n), we also calcu-
late G2 = 1.94. As we increase the pump intensity, the photon statistics of
ZnO emission starts deviating from the Bose–Einstein statistics. As shown
in Fig. 11b, when the pump intensity is 1.5 times the threshold, the mea-
sured photon number distribution is between the Bose–Einstein distribution
and the Poisson distribution for the same mean photon number. G2 becomes
1.51. When the pump intensity is increased to three times the threshold, the
photon number distribution of ZnO emission gets closer to the Poisson distri-
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Fig. 11. The solid columns are the measured photon count distributions of the
emission from the ZnO pellet. The dotted (dashed) columns are the Bose–Einstein
(Poisson) distributions for the same count mean. The incident pump intensity is
(a) 1.0, (b) 1.5, (c) 3.0, (d) 5.6 times the threshold intensity where discrete spectral
peaks appear

bution (Fig. 11c). G2 is reduced to 1.19. Eventually, when the pump intensity
is 5.6 times the threshold, the photon number distribution is nearly identical
to the Poisson distribution (Fig. 11d). The corresponding G2 is 1.06.

Figure 12 shows the value of second-order correlation coefficient G2 as
a function of pump intensity. As the pump intensity increases, G2 decreases
gradually from 2 to 1. The error bar in Fig. 12 results from the finite number
of samplings in the measurement. Figures 11 and 12 illustrate that the pho-
ton statistics of emitted light from a ZnO pellet changes continuously from
Bose–Einstein statistics at the threshold to Poisson statistics well above the
threshold. Therefore, the light field in the random medium has undergone
a second-order phase transition.

The photon statistics of a random laser with resonant feedback is very
different from that of a random laser with nonresonant feedback. The ran-
dom laser with nonresonant feedback consists of many low-Q modes that are
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Fig. 12. The second-order correlation coefficient G2 as a function of the ratio be-
tween the incident pump intensity Ip and the threshold intensity Ith

strongly coupled. The fluctuation of the total number of photons in all modes
of laser emission is smaller than that of blackbody radiation with the same
number of modes [26]. The stabilization of the total photon number results
from the gain saturation effect. However, the photon number distribution in
each mode remains Bose–Einstein distribution even well above the threshold.
Strong mode coupling prevents stabilization of the photon number in indi-
vidual modes. In contrast, for a random laser with resonant feedback, the
number of photons in each lasing mode is stabilized well above the threshold
by the gain saturation effect. This phenomenon indicates very weak coupling
among lasing modes. The difference in the photon statistics of the two kinds
of random lasers originates from different scattering strength in the random
medium. When optical scattering is weak, the modes are strongly coupled.
As the amount of scattering increases, the interaction of the modes decreases.
In fact, the decoupling of the modes is an indication of incipient photon lo-
calization. Although a random laser with resonant feedback is a multimode
laser, it behaves like an ensemble of almost independent single-mode lasers.

4 Microlasers Made of Disordered Media

Disorder-induced optical scattering provides coherent feedback for lasing and
also leads to spatial confinement of light in micrometer-sized volume. Utilizing
this new physical mechanism of optical confinement, we fabricated microlasers
with a disordered medium [27].

The micrometer-sized random material is made of ZnO nanocrystallites.
Specifically, 0.05mol of zinc acetate dihydrate is added to 300ml diethylene
glycol. The solution is heated to 160◦C. As the solution is heated, more zinc
acetate is dissociated. When the Zn2+ concentration in the solution exceeds
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the nucleation threshold, ZnO nanocrystallites precipitate and agglomerate
to form clusters. The size of the clusters can be controlled by varying the
rate at which the solution is heated. The average size of ZnO nanocrystallites
∼ 50 nm. The size of the clusters varies from submicron to a few microns [28].

The inset of Fig. 13 is the SEM image of a typical ZnO cluster. The size of
the cluster is about 1.7 µm, and it contains roughly 20000 ZnO nanocrystal-
lites. The ZnO cluster is optically pumped by the fourth harmonic of a mode-
locked Nd:YAG laser. The pump light is focused by a microscope objective
onto a single cluster. The spectrum of emission from the cluster is measured
by a spectrometer with 0.13 nm spectral resolution. Simultaneously, the spa-
tial distribution of the emitted light intensity in the cluster is imaged by
a ultraviolet (UV) microscope onto a UV-sensitive CCD camera. A band-
pass filter is placed in front of the microscope objective to block the pump
light.

We performed optical measurement of the cluster shown in Fig. 13. At low
pump power, the emission spectrum consists of a single broad spontaneous
emission speak (Fig. 14a). Its FWHM is 12 nm. The spatial distribution of
the spontaneous emission intensity is uniform across the cluster (Fig. 14b).
When the pump power exceeds a threshold, a sharp peak emerges in the
emission spectrum shown in Fig. 14c. Its FWHM is 0.22 nm. Simultaneously,
a couple of bright spots appear in the image of the emitted light distribution
in the cluster in Fig. 14d. The size of the bright spot is ∼ 0.3 µm. When the
pump power is increased further, a second sharp peak emerges in the emission
spectrum (see Fig. 14e). Correspondingly, additional bright spots appear in
the image of the emitted light distribution in Fig. 14f.

As shown in Fig. 13, above the pump intensity at which sharp spectral
peaks and bright spots appear, the emission intensity increases much more

Fig. 13. Spectrally integrated intensity of emission from a ZnO cluster versus the
incident pump pulse energy. The inset is the SEM image of a ZnO cluster
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Fig. 14. (a), (c), and (e) The spectra of emission from the ZnO cluster shown in
Fig. 1. (b), (d), and (f) The corresponding spatial distributions of emission intensity
in the cluster. The incident pump pulse energy is 0.26 nJ for (a) and (b), 0.35 nJ
for (c) and (d), and 0.50 nJ for (e) and (f)

rapidly with the pump intensity. These data suggest that lasing action has
occurred in the micrometer-sized cluster. The incident pump pulse energy at
the lasing threshold is ∼ 0.3 nJ. Note that only ∼ 1% of the incident pump
light is absorbed. The rest is scattered.

Since the cluster is very small, optical reflection from the boundary of
the cluster might have some contribution to light confinement in the cluster.
However, the laser cavity is not formed by total internal reflection at the
boundary. Otherwise, the spatial pattern of laser light would be a bright
ring near the edge of the cluster [29]. We believe that 3-D confinement of
laser light in the micrometer-sized ZnO cluster is achieved through disorder-
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induced scattering and interference. Since the interference effect is wavelength
sensitive, only light at certain wavelengths can be confined in the cluster. To
check that the main mechanism of optical confinement is not light reflection
at the surface of the cluster, we chose some clusters with irregular shape and
rough surface and repeated the above measurement.

Figure 15 presents the measurement result of a second cluster with ir-
regular shape. It is slightly larger than 1 µm. Similar lasing phenomenon is
observed in this cluster. The incident pump pulse energy at the lasing thresh-
old is ∼ 0.2 nJ. The FWHM of the emission spectrum narrows dramatically
from 12 nm below the lasing threshold to 0.16 nm above the lasing threshold
(Fig. 15b). After taking into account the instrumental broadening, the actual
line width of the lasing mode is only 0.09 nm. Bright spots appear in the
image of laser light distribution in the cluster. By adjusting the microscope
objective, light distribution on a different plane inside the cluster is imaged
onto the CCD camera. Figure 15c,d are the images of light distribution on
two planes with different depths inside the cluster. Some bright spots appear
in one image, but not in the other. This suggests that these bright spots are
buried at different depths inside the cluster. Because lasing can occur in ZnO
clusters with irregular shape and rough surfaces, we confirm that the optical

Fig. 15. (a) The SEM image of a second ZnO cluster. (b) The spectrum of emission
from this cluster above the lasing threshold. The incident pump pulse energy is
0.27 nJ. (c) and (d) The spatial distribution of emission intensity in the cluster at
the same pump power
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confinement is not caused by reflection at the surface of the cluster, but by
scattering inside the cluster.

Finally, I would like to compare the powder microlaser with other types of
microlasers. Microlasers have important applications to integrated photonic
circuits. Over the past decade, several types of microlasers have been devel-
oped. The key issue for a microlaser is to confine light in a small volume with
dimensions on the order of an optical wavelength. In the vertical cavity sur-
face emitting laser, light is confined by two distributed Bragg reflectors [30].
The microdisk laser utilizes total internal reflection at the edge of a high in-
dex disk to form whispering gallery modes [31]. In the recent demonstration
of a two-dimensional photonic band-gap defect mode laser, lateral confine-
ment of light is achieved by Bragg scattering in a two-dimensional periodic
structure [32]. The fabrication of these microlasers requires expensive state-
of-the-art semiconductor growth and microfabrication facilities. We demon-
strate a new type of microlaser which is made of a disordered medium [27].
The optical confinement is achieved through disorder-induced scattering and
interference. The fabrication of such a microlaser is much easier and cheaper
than that of most microlasers.

5 Theoretical Modeling

In the last section, I will briefly describe our theoretical simulation of random
lasers with coherent feedback. Several models have been set up in the theo-
retical study of the stimulated emission in an active random medium, e. g.,
the diffusion equation with gain [33,34], the Monte Carlo simulation [35], and
the ring laser with nonresonant feedback [36]. However, these models cannot
predict lasing with coherent feedback because the phase of the optical field
is neglected. We take a different approach: we directly calculate the elec-
tromagnetic field distribution in a random medium by solving the Maxwell
equations using the finite-difference time-domain (FDTD) method [37]. The
advantage of this approach is that we can model the real structure of a dis-
ordered medium and calculate both the emission pattern and the emission
spectrum [25,38].

In our model, ZnO particles are randomly positioned in space. The particle
size is 50 nm. The random medium has a finite size, and it is surrounded by
air. To model the random medium located in infinitely large space, we use
the uniaxial perfect matched layer (UPML) absorbing boundary condition
to absorb all of the outgoing light waves in the air [39]. Using the FDTD
method, we solve the Maxwell curl equations

∂H

∂t
= − 1

µ0
∇× E ,

∂E

∂t
=

1
ε
∇× H − σ

ε
E , (1)
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in the time domain. The randomness is introduced into the Maxwell equa-
tions through the dielectric constant ε, which varies spatially due to the
random distribution of ZnO particles. We introduce optical gain by negative
conductance [40]. The spectral gain profile of the dye solution is

σ(ω) = −σ0

2

[
1

1 + i(ω − ω0)T2
+

1
1 + i(ω + ω0)T2

]
. (2)

σ0 is related to the peak value of the gain set by the pumping level, and T2

is the dipole relaxation time, which is inversely proportional to the spectral
gain width.

In our simulation, a seed pulse, whose spectrum covers the ZnO emission
spectrum, is launched in the center of the random medium at t = 0. When the
optical gain is above the lasing threshold, the EM field oscillation builds up
in the time domain. Using the discrete Fourier transform of the time domain
data, we obtain the emission spectrum. Figure 16 shows the calculated emis-
sion spectrum and emission pattern for a specific configuration of scatterers.
The size of the random medium is 3.2 µm. The filling factor of ZnO particles
is 0.5. When the optical gain is just above the lasing threshold, the emission
spectrum, shown in Fig. 16a, consists of a single peak. Figure 16b repre-
sents the light intensity distribution in the random medium. There are a few
bright spots near the center. At the edge of the random medium, the light
intensity is almost zero. To check the effect of the boundary, we change the
spatial distribution of the scatterers near the edges of the random medium.
We find that both the emission spectrum and the emission pattern remain
the same. Their independence of the boundary condition indicates that the
lasing mode is formed by multiple scattering and interference inside the dis-
ordered medium. When the optical gain is increased further, an additional
lasing mode appears.

Fig. 16. (a) The calculated emission spectrum. (b) The calculated spatial distri-
bution of emission intensity in the random medium
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Our numerical simulation of random lasers with coherent feedback also
confirms the second-order phase transition of the light field at the thresh-
old. Below the lasing threshold, the seed pulse dies away from the random
medium into the absorbing boundary layers. Only when the optical gain ex-
ceeds the threshold, the EM field builds up inside the random medium. Since
the classical EM field represents the coherent part of a quantum field, our
simulation result indicates that the quantum field in a random medium has
no coherent part below the threshold; its coherent component appears only
above the threshold.

6 Conclusion

In summary, we have observed lasing with resonant feedback in active ran-
dom media. Recurrent light scattering provides coherent feedback for lasing.
When the pump power exceeds the threshold, discrete lasing modes appear
in the spectrum, the emission intensity increases suddenly, and the emission
pulses are shortened dramatically. The photon statistics changes gradually
from Bose–Einstein statistics at the threshold to Poisson statistics well above
the threshold. Laser emission from random media can be observed in all di-
rections.

In addition, we achieved spatial confinement of laser light in micrometer-
sized random media. Since the transport mean free path is less than the
optical wavelength, the optical confinement is attributed to the disorder-
induced scattering and interference. Using the finite-difference time-domain
method, we simulate lasing with coherent feedback in active random media.
We find that the lasing modes are insensitive to the boundary conditions.

Finally, we illustrated very different lasing mechanisms for random lasers
with resonant feedback and random lasers with nonresonant feedback. By
varying the amount of scattering, we demonstrate the transition between the
two kinds of random lasers.
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Abstract. Scattering of surface plasmon polaritons (SPPs) propagating along
a metal film surface with random roughness is considered with the emphasis on
the elastic (in-plane) SPP scattering driven by the resonantly excited SPP. The
usage of scanning near-field optical microscopy (SNOM) for near-field imaging of
SPP fields is discussed in detail, establishing a firm basis for the interpretation of
experimentally obtained SNOM images. The near-field images, which exhibit spa-
tially localized SPP intensity enhancement (bright spots) at rough metal surfaces,
are presented and attributed to the phenomenon of strong (Anderson) localization
of SPPs that occurs due to interference effects in multiple scattering caused by
surface roughness. Several specific features of this phenomenon, viz., wavelength
and angular dependence of the spatial location of bright spots, self-similarity of the
surface topography, and statistical properties of SPP intensity distributions, are
illustrated by the near-field optical images obtained experimentally.

1 Introduction

Light localization is one of the most fascinating wave phenomena in contem-
porary physics that challenges our understanding of basic concepts of wave
scattering and, at the same time, opens up exciting avenues for the exploita-
tion of localization effects in both basic and applied research. Essentially,
localization of light as well as electron localization is an interference phe-
nomenon related to multiple elastic scattering in random media [1]. When
a wave propagates through a strongly scattering and nonabsorbing random
medium, the mean free path is reduced due to constructive interference of
waves scattered along the same path in opposite directions. In lower orders of
multiple scattering, this effect results in a phenomenon of enhanced backscat-
tering (also referred to as weak localization) [2]. With the increase of scat-
tering, the constructive interference of backscattered waves eventually brings
transport to a complete halt, i.e., the mean free path vanishes, and propaga-
tion no longer exists — the wave is captured in a “random” cavity (strong
or Anderson localization). Strong localization is expected once the (elastic)
scattering mean free path decreases below the light’s wavelength. However,
contrary to electron localization, this criterion is extremely difficult to sat-
isfy for electromagnetic waves. In the latter case, the scattering potential is
frequency-dependent, resulting in divergence of the mean free path in the
V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 329–359 (2002)
c© Springer-Verlag Berlin Heidelberg 2002
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limit of both low and high frequencies [1]. Direct experimental evidence of
light localization in three dimensions has only recently been reported in strong
scattering media of semiconductor powders whose transmission as a function
of the sample thickness exhibited transition from linear to exponential be-
havior when the particle size became progressively smaller [3]. Indirectly,
Anderson localization of light has been conjectured from the observation of
spatial confinement of laser light in an active random medium consisting of
ZnO nanoparticles [4].

The situation with localization changes dramatically in two-dimensional
scattering geometry: light, as well as electrons, is localized with any degree of
disorder, at least in the absence of absorption [1]. Qualitatively, it can be ex-
plained by the fact that a random walk is recurrent in two dimensions, and the
total sojourn time becomes infinite. Consequently, the effective cross section
of a single scatterer tends to infinity, drastically reducing the effective mean
free path. Surface plasmon polaritons (SPP) are (quasi-) two-dimensional
waves that can be excited at an interface between two media with opposite
signs of the real parts of dielectric constants, typically, between a dielectric
and a metal [5]. The associated electromagnetic fields are coupled to oscil-
lating surface charge density distributions provided by the metal and decay
exponentially with the distance from the interface that supports them. When
the SPP interacts with surface features, one can distinguish between two
scattering processes: scattering into free electromagnetic waves propagating
away from the interface (inelastic SPP scattering) and scattering into other
SPPs propagating along the interface (elastic SPP scattering). If the latter
process that represents scattering in (quasi-) two-dimensional geometry, is
dominating, SPP scattering by surface roughness should exhibit localization
effects [6,7].

A conventional approach in investigations of the phenomenon of strong lo-
calization both in solid state physics and in optics is to study the transmission
properties of a sample as a function of its thickness. However, this approach
implies usage of average characteristics and does not explicitly reveal the
fundamental role being played by the interference effects. Alternatively, in-
stead of studying the transport properties of monochromatic electromagnetic
waves, one can investigate the time-averaged energy density distribution of
the field in the scattering random medium. It has been shown that localized
waves correspond to eigenmodes of the system of equations that describes
the self-consistent field acting on each scatterer [8]. The energy density dis-
tribution in the strongly scattering random medium should thereby repre-
sent regions with large (local) field enhancement. Consequently, in elastic
SPP scattering at rough metal surfaces, strong localization should lead to
spatially localized enhancement of the total (incident and scattered) SPP
field. Indeed, for resonant SPP excitation at a relatively rough gold surface,
subwavelength-sized and very bright spots have been observed in the cor-
responding optical images that were obtained by using scanning near-field
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optical microscopy (SNOM) [9,10]. Actually, it has been suggested [6] that
strongly enhanced and localized SPP fields play the major role in the surface-
enhanced Raman scattering (SERS) observed for rough metal surfaces [11].
Investigations of SPP localization are therefore fueled not only due to the in-
terest in the basic physics of localization but also because of its contribution
to SERS and other surface-enhanced optical phenomena.

Below, I review the main experimental results concerning localization phe-
nomena in elastic SPP scattering caused by random roughness. Since direct
observation of these phenomena is possible only with the help of SNOM, the
first part is devoted to the technique of near-field mapping of SPP fields, dis-
cussing a number of important issues related to the interpretation of SNOM
images. In the second part, the near-field optical images exhibiting spatially
localized SPP intensity enhancement are presented, and various characteristic
features of this phenomenon are discussed.

2 Near-Field Mapping of Surface Plasmon Polaritons

Different near-field techniques have been employed to investigate various SPP
properties (an overview can be found in [9]). A photon tunneling SNOM
(PT-SNOM) configuration, in which an uncoated fiber tip is used to probe
an evanescent field of the light being totally internally reflected at the sample
surface, seems to be the most suitable technique for local and unobtrusive
probing of the SPP field [12]. It is generally accepted that, due to the rel-
atively low refractive index of optical fiber, such a tip can be considered
a passive probe of the electrical field intensity or, in our particular case, the
SPP field intensity. However, even in this case, there are several very impor-
tant features that should be borne in mind when interpreting the near-field
optical images.

2.1 Elastic and Inelastic Scattering

The PT-SNOM configuration used to obtain experimental results presented
here consists of a stand-alone near-field microscope (with an uncoated fiber
tip) combined with a shear-force-based feedback system and an arrangement
for SPP excitation in the usual Kretschmann configuration; it is described
in detail elsewhere [9]. Schematic representation of SPP excitation and scat-
tering and near-field imaging of the resulting SPP intensity distribution are
shown in Fig. 1a. The SPP is excited at a surface of a thin metal film by
p-polarized (electrical field is parallel to the plane of incidence) laser radiation
directed on the surface at the resonant angle ϑ, which provides the minimum
in the angular dependence of the reflected light power (Fig. 1b). The resonant
angle is determined by the phase matching condition: Reβ = (2π/λ)n sinϑ,
where β is the SPP propagation constant, λ is the light wavelength in air,
and n is the prism refractive index. The SPP propagation constant depends
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Fig. 1. Schematic representation (a) of excitation (in the Kretschmann configura-
tion), scattering, and near-field imaging of SPP fields. Polarization of the incident
light exciting the SPP is also indicated. Angular dependencies (b) of the reflected
light power measured for 45-nm-thick smooth silver film and 53-nm-thick smooth
and rough gold films at the light wavelength of 633 nm

on the film characteristics and has a simple expression only for semi-infinite
media on both sides of the planar air–metal interface:

β =
2π
λ

√
ε

ε+ 1
, (1)

where ε is the film dielectric constant [5]. A film surface can be rough due
to the fabrication process [9,10], or it can be made rough, e.g., if the film
is evaporated on a sublayer of colloidal gold particles [12,13]. Any surface
feature would scatter the excited SPP both elastically, i.e., in the surface
plane, giving rise to a diverging cylindrical SPP, and inelastically, i.e., out
of the surface plane, producing field components propagating away from the
surface (Fig. 1a). In general, both elastic and inelastic scattering processes
result in decreasing the efficiency of SPP excitation (Fig. 1b), which also
depends on the film thickness and dielectric constant [5].

It is very important to control the amount of inelastic SPP scattering
when investigating SPP localization phenomena. First of all, even for a per-
fectly flat metal surface, the SPP propagation length L is finite due to the
internal damping: L = [2Im (β)]−1. For a thin metal film placed on the
prism surface (Fig. 1a), the SPP propagation length is further reduced due
to the coupling between the SPP and the field components propagating in
the prism (the radiation damping) [5]. Inelastic SPP scattering by surface
roughness contributes to radiation damping as well and thereby decreases the
SPP propagation length even further [5,14]. This scattering may eventually
bring the propagation length below the elastic scattering mean free path l,
which depends on the average separation between and the strength of scat-
terers. In such a case, elastic SPP scattering is dominated by single scattering
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events and, consequently, the localization effects become insignificant [13,15].
It should be emphasized that the conditions for strong SPP localization in-
clude the requirement of multiple SPP scattering, i.e., L � l, and also that
the surface roughness (disorder) is sufficiently strong, i.e., l ∼ λ [15].

Another important circumstance to be borne in mind is related to the
influence of propagating (away from the surface) field components on the
near-field mapping of SPP fields. If the contributions of propagating waves
and SPPs in the optical signal detected are comparable, the resultant near-
field optical image can be completely obscured by their interference. Actu-
ally, the contribution of propagating waves can even be enhanced during the
detection process because they have lower spatial frequencies than SPPs.
Therefore, when the SPP is resonantly excited, checking that the average op-
tical signal decreases exponentially (and with the proper exponential factor)
as the tip–surface distance increases is recommended [12]. Usually, if the an-
gular dependence of the sample reflectivity exhibits a pronounced minimum
corresponding to the resonant SPP excitation (Fig. 1b), the near-field optical
signal contains mainly the SPP-related signal [12,13].

2.2 Topographical Artifacts

Let us consider the situation when the average optical signal does decrease
exponentially with the increase of the tip–surface distance in accord with the
evanescent decay of the SPP field intensity. Such a distance dependence of
the optical signal indicates the possibility of inducing topographical artifacts
in the near-field optical images obtained in the constant tip–surface distance
mode [16,17]. When a fiber tip scans along the sample surface following its
profile (e.g., by using shear-force feedback) and probing the optical field, the
tip moves up and down with respect to the mean surface plane. Therefore,
the optical signal detected necessarily contains a contribution related to the
exponential decrease of the incident field SPP intensity with the distance from
the mean plane. This contribution (when sufficiently strong) manifests itself
in the near-field optical images as the features that are strongly correlated
with the surface topography and thus are called topographical artifacts. In
general, the influence of topographical artifacts can be discarded only when
the surface features inspected are known to extend over the sensitivity window
of the SNOM used [17].

One can evaluate the artifact contribution, at least of the kind described
above, and take it into account when interpreting SNOM images by compar-
ing the images recorded in constant (tip–surface) distance and constant height
(when the distance to the mean surface plane is constant) modes [16,17]. For-
tunately, in our experience, the near-field optical images that are obtained,
when the resonantly excited SPP propagates along a rough surface, do not
exhibit topographical artifacts. In other words, the only difference that is
usually found between the images in constant distance and constant height
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modes is related to the displacement of the fiber tip when moving from con-
tact with the sample surface [12,13]. This surprising fact has a simple yet
rather profound explanation. When the surface is rough but supports the
propagating SPP, the inevitable localization effects lead to strong and rapid
variations of the total SPP intensity in the surface plane, variations that dom-
inate over the topographical artifacts. Typically, localization effects result in
near-field images that are not correlated with the topographical images taken
simultaneously (Fig. 2), a feature which implicitly indicates that topograph-
ical artifacts are insignificant [13].

Fig. 2. (a) Typical gray-scale topographical and (b) near-field optical images
(4.4×4.4�m2) obtained with the 80-nm-thick rough gold film and with the SPP res-
onantly excited at the light wavelength of 633 nm. Corresponding bar scales reflect
(a) the depth (in nm) and (b) the detected light power (in pW)

2.3 Influence of a Probe

The aforementioned contribution to the topographical artifacts is of primary
importance only if probe–object coupling is negligibly small. In general, the
optical signal detected is determined by the self-consistent field at the site
of the probe tip scanned along the sample surface. If the sample surface
is strongly structured and the probe polarizability is large, the total self-
consistent field can be significantly different from the field existing in the
absence of the probe, i.e., from the measured field. The resultant optical image
would then represent a map of the strength of probe–sample interactions
rather than the intensity distribution of the measured field. One can regard
the probe–sample interaction as yet another source of topographical artifacts.
It is expected that this interaction can become significant when SNOM is
used to image strongly enhanced and localized optical fields established in
the process of multiple scattering [18].

One can argue that the larger the field enhancement (in the absence of
a probe), the stronger the influence of the probe on the self-consistent field
that is actually detected. It is possible to estimate the field enhancement
in a system of dipolar scatterers (representing the sample) that would be
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notably influenced by a small probe sphere, whose response is represented
by the dipolar (electric) polarizability αp. The main idea is that, if there
is a resonant enhancement of the self-consistent field in the absence of the
probe, then the field scattered by the probe (toward the sample) would be
resonantly enhanced as well. Thereby, the probe contribution can eventually
become comparable with the measured field. Introducing the field enhance-
ment (at the site of the probe) factor Γ and using the electrostatic (Rayleigh)
expression for probe polarizability, the following estimate of the enhancement
resulting in a strong perturbation can be obtained [18]:

Γ
µ0αpc

2

4πR3
∝ 1 ,⇒ Γ ∝

(
R

ap

)3
εp + 2
εp − 1

, (2)

where ap and εp are the radius of the probe sphere and its dielectric con-
stant, and R is the probe–sample distance, or, more precisely, the smallest
distance between the probe and one of the scatterers representing the sample.
Considering, for example, a metal probe (|εp| � 1) in contact with a spher-
ical scatterer of the same size, i.e., R ∼ 2ap, one obtains from (2) the field
enhancement value Γ ∼ 10. Such a field enhancement is similar to that ob-
served experimentally in SPP scattering by surface roughness [10,13], as well
as in light scattering by surface clusters of colloidal silver particles [19] and
semicontinuous gold films [20].

The above estimate demonstrates that the problem of field perturbation
by a probe becomes rather important in configurations with well-developed
multiple scattering by surface features, especially for metal probes [20]. It is
also clear that the probe influence rapidly decreases when the probe–sample
distance increases (2), although probably at the expense of the resolution
obtained. Therefore, by comparing the near-field optical images taken at dif-
ferent probe–surface distances, it is possible to deduce the extent of the field
perturbation introduced by the probe. In fact, these images should become
similar to each other at the distances for which the probe–sample coupling is
negligibly small [18]. The reason is that dipole–dipole coupling scales as R−6

(here R is the dipole–dipole separation), whereas the field distributions at
different distances from the sample differ only because of relatively soft fil-
tering out of evanescent field components. Since the near-field optical images
are usually obtained simultaneously with the topographical ones, the rec-
ommended procedure of imaging at different probe–sample distances would
also help to distinguish the topographical artifacts discussed in the previous
section.

2.4 Image Formation

Let us now assume that all sources of topographical artifacts (including per-
turbation by a probe) can be disregarded. There is still the issue of the
relation between the near-field optical image and the measured field. It is
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intuitively appealing to think of an uncoated fiber tip as a detector of the
electric near-field intensity [21] and, if needed, to account for its finite size
by introducing the intensity transfer function [22]. Such an understanding
has been widely (explicitly or implicitly) used in near-field optics. On the
other hand, it is clear that, when dealing with coherent optical fields, one
has to employ the transfer function that involves (complex) amplitudes of
optical fields (but not their intensities). The appropriate treatment of image
formation has only recently been developed [23]. Below, I present a simplified
description of image formation [24], which is adapted to the special case of
near-field mapping of SPP fields.

2.4.1 Basic Equations

Image formation in the PT-SNOM can be described as follows. The light
collected by an uncoated fiber tip is propagating toward the output end of
the fiber, where it is detected by a photodetector, as a combination of guided
fiber modes [23]. For simplicity, I shall consider here only the constant height
mode of operation, when a fiber tip is scanning at a constant height from the
mean surface plane (Fig. 3a). Furthermore, let us take into account that most
fibers are weakly guiding, i.e., the index difference between the fiber core and
its cladding is very small. In such a case, the guided waves are approximately
transverse electromagnetic (TEM), and the linearly polarized modes can be
introduced [25]. I shall also assume that the fiber used is single-mode and the
total field is composed only of (excited and scattered) SPPs that propagate
over sufficiently long distances, i.e., Re β � Imβ (Sect. 2.1). The latter as-
sumption means that all plane waves in the plane-wave decomposition of the
total field [24] have the same magnitude of the wave-vector projection on the
surface plane β1 = Re β. One can then reduce the plane-wave decomposition
of the incident field E at the scanning plane z = zt (zt is the z coordinate of

Fig. 3. Schematic representation (a) of the PT-SNOM configuration and (b) model
geometry used to calculate the detected signal related to SPP fields
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the tip end) to the following expression [24,26]:

E(x, y, zt) =
β1 exp(−αzt)

2π

∫ 2π

0

F (ϕ) exp [i(xβ1 cosϕ+ yβ1 sinϕ)] dϕ , (3)

Fx(ϕ) = Fz(ϕ)r cosϕ ,

Fy(ϕ) = Fz(ϕ)r sinϕ ,

α =
√
β2

1 − k2 , r = i
(√

|Re ε|
)−1

, (4)

where F (ϕ) represents the field components (at the metal surface) of the
(plane) SPP propagating in the direction inclined at angle ϕ with respect to
the x axis, r is the ratio between the in-plane and perpendicular field compo-
nents [5], k = 2π/λ, and α is the SPP penetration depth in air. A single-mode
weakly guiding fiber actually supports two (degenerated) modes with orthog-
onal polarizations [25]. It is convenient to choose as a basis the modes that
are linearly polarized along the x and y axes. Their amplitudes can then be
related linearly to the plane SPP components [24]:

A(xt, yt, zt) =
β1 exp(−αzt)

2π∫ 2π

0

H(ϕ) · F (ϕ) exp [i(xtβ1 cosϕ+ ytβ1 sinϕ)] dϕ , (5)

where xt and yt are the scanning coordinates of the probe tip, A = (Ax, Ay)
is composed of the fiber mode amplitudes, and H(ϕ) is the vector-coupling
coefficient that accounts for the contribution of each component of the plane
SPP (propagating at angle ϕ) to the respective mode amplitude. The de-
tected (with conventional detection schemes) signal is proportional to the
total power carried by the fiber modes: S ∼ |Ax|2 + |Ay |2. Note that by
virtue of dealing with only one spatial frequency, β1, the tip–surface distance
dependence of the detected signal can be explicitly introduced.

It can be shown that if an uncoated fiber tip possesses axial symmetry
with respect to the fiber axis and is oriented perpendicularly to the average
surface plane, the cross-coupling coefficients Hxy and Hyx vanish and Hxx =
Hyy = H due to symmetry. In addition, Hxz = h cosϕ, and Hyz = h sinϕ
because it is only due to the SPP propagation, that the axial symmetry is
broken, and thereby it is only the polarization in this direction that can be
excited. Inserting these relations in (5) and taking into account (3), (4), one
finds that the PT-SNOM image reproduces only the intensity distribution of
the in-plane field components: S ∼ (|Ex|2 + |Ey|2

) |H + hr−1|2. Therefore,
even though the perpendicular SPP component is being detected, the near-
field image for the symmetrical detection configuration does not reflect its
distribution. Note that this component can be considerably stronger than
the in-plane one, since r →= 0 when |ε| →= ∞ (4). Here, it should be
understood that these components are proportional to each other only for
the plane SPP and there is no simple relation between them in arbitrary
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field distribution. Finally, if the fiber tip is asymmetrical, the perpendicular
SPP component would also contribute to the near-field image to the extent
determined by tip asymmetry.

2.4.2 Numerical Results

In this section, the above conclusions regarding near-field imaging of SPPs
are illustrated by numerical results. Similarly to the previously reported nu-
merical simulations [24], a combination of two small spherical scatterers of
different size, which are in contact with each other and placed in front of a flat-
faced single-mode fiber, were used to model an uncoated fiber tip (Fig. 3b).
By changing the angle θ between the line connecting the spheres and the fiber
axis, SPP detection with both symmetrical (θ = 0◦) and asymmetrical (e.g.,
θ = 45◦) configurations was simulated. The incoming SPP field was scattered
by the probe spheres and projected on the fiber-mode fields (with a Gaussian
radial distribution) polarized along the x and y axes. The detected signal
was evaluated as a sum of the square magnitudes of the mode amplitudes.
The dipole polarizabilities of the spherical scatterers were approximated by
the electrostatic expression. The following parameters were used in the cal-
culations: λ = 633 nm, the metal dielectric constant ε = −16 + 0.6i (which
is a typical constant for silver films at this wavelength [5,12]), the radius of
the lower (upper) sphere at(p) = 30(40) nm (Fig. 3b), their dielectric con-
stant εp = 2.25, the distance between the fiber end and the upper sphere
R = 5000 nm, the fiber-mode width w = 1000 nm, and the separation of the
bottom of the lower sphere from the metal surface d = 1nm.

Let us first consider the near-field mapping of the interference pattern for
three plane SPPs propagating in directions with ϕ = 0◦, 90◦, and 45◦ and
having different amplitudes, viz., Fz(0◦) = Fz(90◦) = 1 and Fz(45◦) = 0.1.
The total SPP intensity distribution reflects mainly the interference pattern
corresponding to the perpendicular components of strong (orthogonal) SPPs
(Fig. 4a). However, the symmetrical (θ = 0◦) detection configuration does
not image this pattern at all (Fig. 4b) because it reproduces the intensity
distribution of the in-plane SPP components. At the same time, the asym-
metrical (θ = 45◦) configuration results in an image that is quite similar to
the intensity distribution (see Fig. 4a,c). The reason is that the two tilted
probe spheres act as a single anisotropic dipole scattering the perpendicular
SPP components into fiber modes. It seems that using an asymmetrical tip
might be even advantageous because it facilitates detecting the perpendicular
SPP field components. On the other hand, such a tip also introduces asym-
metry in detecting the in-plane components and can be considered a better
choice only if these components are negligibly small in comparison with the
perpendicular one.

Imaging of localized SPP fields that originate in the process of strong mul-
tiple scattering is much more complicated. As an example, let us consider the
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Fig. 4. (a) Linear gray-scale representations (2 × 2�m2) of SPP intensity distri-
bution for three plane SPPs, and the corresponding PT-SNOM images simulated
for (b) symmetrical and (c) asymmetrical detection configurations. The contrast of
images, i.e., the relative difference between maximum and minimum intensities, is
(a) 86%, (b) 23%, and (c) 45%

simulation results for the near-field imaging of the interference pattern cor-
responding to a plane SPP and seven cylindrical SPPs with equal amplitude
and randomly located origins. The phases of cylindrical waves are set by the
phase of plane SPPs at their origins. The total intensity distribution exhibits
a typical interference pattern with high contrast and bright spots (Fig. 5a).
However, both near-field images simulated for the symmetrical (Fig. 5b) and
asymmetrical (Fig. 5c) configurations look more similar to each other than
to the SPP intensity distribution. This circumstance can be explained by the
fact that, even with the asymmetrical configuration, only a small part of the
perpendicular SPP field component is detected. However, one can still see
that the image simulated with the asymmetrical configuration is somewhat
closer to the total intensity distribution than the image for the symmetrical
configuration. It should be also mentioned that, in many our experiments,
the tip used was found to be asymmetrical as appeared from the topograph-

Fig. 5. Linear gray-scale representations (4× 4�m2) of SPP intensity distribution
(a) for seven randomly situated point sources of cylindrical SPPs (of equal am-
plitude) interfering with a plane SPP and the corresponding PT-SNOM images
simulated for (b) symmetrical and (c) asymmetrical detection configurations. The
contrast of images is 100%
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ical images [13,26] or from the measurements of the contrast of evanescent
wave interference patterns [24]. This observation accounts for the fact that
the experimental near-field images resemble rather well the SPP intensity
distributions simulated numerically [13].

3 Localization of Surface Plasmon Polaritons

Localization of electromagnetic waves and, in particular, SPP localization
have already been introduced as well as the PT-SNOM arrangement used
for the near-field imaging of SPP fields (Fig. 1a). However, before presenting
and discussing the main experimental results, I would like to briefly consider
the underlying physics of the phenomenon of (coherent) multiple scatter-
ing, a phenomenon that is intimately related to the localization phenomena.
Wave localization is the result of interference in multiple scattering [1] and,
therefore, the characteristic features of localization originate from those of
multiple scattering.

3.1 Single and Multiple Scattering

SPP scattering by surface inhomogeneities has been treated in many the-
oretical papers by using different approximations and limitations (a good
overview can be found in [27]). In general, this problem is very complicated:
even the modeling of SPP scattering by a circularly symmetrical defect re-
quires elaborate numerical simulations [28]. The approximation of pointlike
dipolar scatterers has been used recently to describe local excitation and
scattering of SPPs [29] and, in a simplified form, to model elastic SPP scat-
tering [13]. I shall adopt this approximation because it is rather suitable for
the discussion of multiple scattering phenomena and their characteristic fea-
tures. In the following, the main emphasis is put on the differences in the
total intensity distribution of fields established in the processes of single and
multiple scattering (Fig. 6).

Let us represent a scattering system by small spherical scatterers placed
near the surface (e.g., of a multilayer system that includes a metal film). The
particle–field interaction can then be treated in the electric dipole approx-
imation with the optical response (to an incident electromagnetic field) of
an individual sphere expressed in terms of the isotropic dipole polarizability.
By assuming that the incident light is monochromatic with an angular fre-
quency ω, the total electrical field E(r, ω) at an arbitrary observation point
can be written as follows [30]:

E(r, ω) = Ein(r, ω)− µ0ω
2

N∑
j=1

αj(ω)G(r, rj , ω) · E(rj , ω) , (6)

where Ein(r, ω) is the incident field, i.e, the field that would prevail in space
if the scatterers were absent; G(r, rj , ω) is the appropriate field propagator
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Fig. 6. Schematic representation of the regimes of (a) single and (b) multiple scat-
tering

describing the field propagation from a source point rj to an observation
point r; and E(rj , ω) is the self-consistent field at the site of jth dipole
scatterer with polarizability αj(ω). Note that several propagation channels
can exist, e.g., reflection from the surface and propagation in the form of
SPPs [29,30], and that, in general, the self-consistent field at the site of the
scatterers is different from the incident field because it includes the fields
scattered from all other scatterers.

The regime of single scattering means that the field at the site of the
scatterers can be approximated by the incident field E(rj) = Ein(rj), and
thereby the total field can be adequately represented by the incident field
and the primary scattered waves (Fig. 6a). This approximation can be used
when the amplitudes of primary waves are too weak to produce apprecia-
ble secondary scattered waves. The amplitudes of scattered waves decrease
rapidly with the distance from the scatterers and, therefore, the total field
at a given point is completely determined by the relative positions of the
nearest scatterers, i.e., by the local environment and the incident field in this
environment. Since the strongest field decrease occurs in the near-field region
(at subwavelength distances), the wave characteristics of the incident field
(wavelength and propagation direction) are not important. Therefore, the
total field is strongly influenced only by the polarization because the scat-
tered field is anisotropic (even for isotropic scatterers) due to the anisotropy
of the field propagator (6).

When the scattered waves are sufficiently strong, i.e., their amplitudes
are comparable with the incident field, all orders of scattered waves become
important and have to be taken into account (Fig. 6b). This corresponds to
the regime of multiple scattering. The self-consistent field E(rj , ω) at the
site of the jth dipole scatterer has to be determined by directly resolving
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a set of self-consistent equations, which can be obtained from (6) by letting
r coincide in turn with each of the dipole positions:

E(rj , ω) = Ein(rj , ω)− µ0ω
2

N∑
i=1

αi(ω)G(rj , ri, ω) · E(ri, ω) . (7)

The self-consistent field at the site of a scatterer is, thereby, determined
by the relative positions of all scatterers and the distribution of the incident
field over the whole system, i.e., by the global environment. In the regime
of multiple scattering, the self-consistent field at the observation point is the
result of the interference of all scattered waves and the incident field (6). This
field depends, therefore, on the geometry of the whole scattering system and
on the phase, amplitude, and polarization distribution of the incident field in
the system.

The difference between single and multiple scattering results in the dif-
ferent (local and global) sensitivities of the scattered field distributions as
discussed above. Another important consequence is the difference in the pos-
sible magnitude of the total field. In the regime of linear scattering considered
here, the total field is proportional to the incident field in both cases. How-
ever, for single scattering, the total field can be significantly stronger than
the incident field only when the observation point is very close to a scat-
terer, especially if the latter is resonantly excited. For multiple scattering,
if all scattered waves interfere constructively (at some point), the total field
can be enormously enhanced even without resonant excitation of individual
scatterers [30]. Such a resonant enhancement is extremely sensitive to any
changes in the scattering configuration and to the position of the observation
point. This accounts for the fact that the field enhancement due to multiple
scattering is often strongly localized in space, a feature that creates additional
interest in multiple scattering phenomena.

Strong multiple scattering resulting in large local fields can be realized
by using strong scatterers that interact efficiently with each other (7). One
possibility (of enhancing the interaction) is to employ two-dimensional ge-
ometry since scattered waves decay relatively slowly in two dimensions. Elas-
tic SPP scattering discussed here is an example of the realization of two-
dimensional scattering. One can also realize two-dimensional dipole–dipole
interaction via excitation of waveguide modes, i.e., via modes propagating in
a planar waveguide with scatterers placed on its surface [31]. Another way is
to compose nanometer-sized metallic particles very close to each other [32].
Strongly enhanced and localized optical fields have been observed in experi-
ments with surface clusters of metallic particles [19] and discontinuous metal
films [20]. However, one should not confuse this kind of field localization with
Anderson localization of electromagnetic waves. In the latter case [19,20], the
scattered waves are three-dimensional, whereas the structures are essentially
two-dimensional. Therefore, this phenomenon, contrary to the phenomenon
of Anderson localization (such as strong SPP localization), cannot be consid-
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ered a transport phenomenon. Actually, in the limit of strongly rough metal
surfaces, inelastic SPP scattering becomes dominant, and strong SPP local-
ization transforms into the multiple scattering phenomenon that results in
near-field images rather similar to those obtained with fractal surface clus-
ters [26]. Finally, it should be mentioned that multiple scattering of light in
a periodic array of scatterers renders the formation of photonic band gaps
in such a system, opening, conceptually, new possibilities for manipulating
electromagnetic waves [33].

3.2 Observation of Localized Surface Polaritons

One of the main differences between electron localization and localization of
light is that the electromagnetic waves can be easily absorbed and, thereby,
taken irrevocably out of the process of multiple scattering. This feature, to-
gether with the fact that realistic scattering systems are of limited sizes,
transforms a seemingly sure case of strong (two-dimensional) SPP localiza-
tion into a rather problematic one. It is clear that to realize the regime of
multiple scattering, the SPP propagation length (inelastic mean free path) L
has to be larger than the elastic scattering mean free path l: L > l. The SPP
propagation length at λ = 633µm can be estimated (Sect. 2.1) by using the
available optical constants [34] ∼ 25µm and ∼ 8µm for air–silver and air–
gold interfaces, respectively. The elastic scattering mean free path depends
on the spatial distribution of surface scatterers: l ∼ R2/σ, where R is the
average separation between scatterers and σ is the elastic scattering cross
section. For an individual scatterer, the elastic scattering cross section can
be estimated from the contrast of the interference pattern between the ex-
cited (plane) SPP and the scattered (cylindrical) SPP [13]. The cross section
σ ∼ 0.2µm has been obtained in this way for a wavelength-sized scatterer,
a value which also agrees with theoretical considerations [28]. The overall
conclusion, therefore, is that, when the separation R is not larger than a few
micrometers, the regime of multiple SPP scattering can be realized.

Multiple SPP scattering does not, however, warrant automatically strong
localization. If the scatterers are not immediately adjacent to each other,
the elastic scattering mean free path can extend over several micrometers,
i.e., l � λ, which is the condition of weak disorder. It has been shown that,
in weak disorder, the following condition should be satisfied for strong local-
ization to occur [15]:

L � l exp
(
4πl2

3λ2

)
. (8)

Exponential divergence of this condition with respect to the ratio l/λ
means that strong SPP localization can hardly be achieved in weak disorder,
even when the condition of multiple scattering (L > l) is fulfilled. Contrary
to that, enhanced backscattering of SPPs (weak SPP localization) can be
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observed in lower orders of multiple scattering, actually already in the regime
of double scattering [13,15,35]. This effect is a precursor of strong localization
and, for example, has also been observed and extensively studied in three
dimensions [2].

In the following, I shall concentrate on the experimental results obtained
for SPP scattering by sufficiently rough films [9,10,12,13,15]. The most con-
vincing evidences of strong SPP localization have been obtained with gold
films at the light wavelength of 633 nm. The SPP excitation exhibited usu-
ally well-pronounced resonance behavior with an average optical signal of
∼ 0.1 nW, whose exponential decrease with the increase of the probe–surface
distance indicated that the detected signal was primarily due to SPP intensity
(Sect. 2.1). By comparing optical images obtained with shear-force feedback
and in the constant height mode, it was established that the topographical
artifacts were insignificant (Sect. 2.2) and that the field perturbation by an
uncoated fiber probe was negligibly small (Sect. 2.3). Hereafter, the optical
images obtained with shear-force feedback (in the constant distance mode)
are shown along with the simultaneously recorded topographical images. All
images are oriented so that the excited SPP propagates from the right side
toward the left in the horizontal direction.

3.2.1 Near-Field Images

The regime of multiple SPP scattering leading to strong localization can
be realized only if the scatterers are located very close to each other. The
first (80-nm-thick gold) film that appeared suitable for observations of mul-
tiple SPP scattering [9,10] was evaporated in a relatively poor vacuum
(∼ 10−5 torr) on a cold substrate during a very short time interval (∼ 0.1 s).
Topographical images of the film surface showed the typical island structure
consisting of bumps with various heights (5–100 nm) and sizes (50–1000 nm)
in the surface plane (Fig. 2a). Since the surface scatterers are practically ad-
jacent to each other, it is plausible to assume that R ∼ σ ∼ λ and, therefore,
L � l ∼ λ. In such a case, strong SPP localization leading to spatially lo-
calized SPP field enhancement should be expected. Indeed, near-field optical
images exhibited well-pronounced bright spots related to spatially localized
(within 150–250 nm) signal enhancement by up to 10 times (Fig. 2b). Note
that the contrast of the typical near-field optical image is very high, indicat-
ing that the signal from bright spots (localized SPPs) is much stronger than
the signal related to the resonantly excited SPP. The corresponding topo-
graphical image clearly shows the effect of convolution between the surface
topography and the (asymmetrical) shape of a fiber tip. Actually, such an
asymmetry may even facilitate faithful near-field imaging of SPP intensity
distributions (Sect. 2.4.2).

Strong localization of SPPs has been also observed with artificially rough-
ened gold films [12,13]. These films were fabricated according to the following
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recipe. A drop of diluted suspension containing colloidal gold particles (di-
ameter ≈ 40 nm) was first deposited on the base of a glass prism and slowly
dried in the air. A thin gold film was then thermally evaporated on this base.
The corresponding topographical images showed a rough surface revealing
a sublayer of randomly located gold particles and particle clusters (Fig. 7a).
Again, the convolution effect could be seen in the elongated appearance of
individual particles that revealed the asymmetrical shape of the fiber tip.
The corresponding near-field optical images exhibited strongly localized and
pronounced bright spots that were rather similar in appearance to those ob-
served with the first gold film (cf. Figs. 7b and 2b). It is interesting to note
that, even though the topographical images of the above films are distinctly
different (cf. Figs. 2a and 7a), one can hardly distinguish these films by com-
paring only the optical images.

Fig. 7. (a) Typical gray-scale topographical and (b) near-field optical images (4.4×
4.4�m2) obtained with a 53-nm-thick gold film, which was evaporated on a sublayer
of 40-nm-diameter gold spheres, and with the SPP resonantly excited at the light
wavelength of 633 nm. Corresponding bar scales reflect (a) the depth (in nm) and
(b) the detected light power (in pW)

3.2.2 Fourier Analysis

The SPP intensity distribution within an image area is determined by the
excitation and scattering of SPPs in the surrounding area within the SPP
propagation length. This circumstance may result in unexpected images, e.g.,
topographical images showing a featureless flat surface and optical images ex-
hibiting a complicated interference pattern. It turned out that the analysis of
spatial Fourier spectra of the optical images facilitates their interpretation,
especially on account of the presence of localization effects [12,13,26]. Let us
assume that the main contribution to the total field comes from propagat-
ing SPP field components, bearing in mind that the total field very close to
a scatterer can be noticeably influenced by near-field components. Separat-
ing explicitly the incident and (total) scattered SPP fields and considering
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only the component perpendicular to the surface field (Sect. 2.4.1), one can
write the following relation for the total field intensity distribution along the
surface [26]:

I(x, y) ∝
∣∣∣∣E0 exp(iβ1x) +

∫ 2π

0

f(ϕ) exp [i(xβ1 cosϕ+ yβ1 sinϕ)] dϕ
∣∣∣∣
2

, (9)

where E0 is the amplitude of the excited SPP propagating along the x axis
and f(ϕ) is determined by the amplitude Fz(ϕ) of the appropriate plane
wave component [cf. (3) and (9)]. The near-field signal detected is related to
the field intensity in a nontrivial manner (Sect. 2.4), but the content of the
spatial spectrum of the image and that of the intensity distribution should
be similar.

In the regime of well-developed multiple SPP scattering leading to
(strong) localization, the total scattered SPP field becomes dominant, and the
intensity distribution can be approximated by the following expression [26]:

I(x, y) ∝
∣∣∣∣
∫ 2π

0

f(ϕ) exp [i(xβ1 cosϕ+ yβ1 sinϕ)] dϕ
∣∣∣∣
2

=
∫ 2π

0

∫ 2π

0

f(ϕ)f∗(φ) exp [ixβ1(cosϕ− cosφ)

+ iyβ1(sinϕ− sinφ)] dϕdφ . (10)

The corresponding spatial Fourier spectrum covers the whole area on the
(u, v) plane: u(ϕ, φ) = β1(cosϕ − cosφ), ν(ϕ, φ) = β1(sinϕ − sinφ). This
area represents a filled circle with radius 2β1. It should be borne in mind
that, for sufficiently rough surfaces (needed to ensure SPP localization), the
observation point would always be close to one or several scatterers. In such
a case, the spectral representation would contain the near-field components
of scattered SPPs with high spatial frequencies, and the spectrum area would
spread beyond the aforementioned circle.

The spatial spectra of near-field optical images that were obtained with
rough gold films and exhibit subwavelength-sized bright spots represented
indeed filled circles with the radius twice the SPP propagation constant
[12,13,26]. Similar spectra were also found in the course of numerical simula-
tions of the multiple SPP scattering regime [13]. The spatial spectra of the
optical images presented here (Figs. 2b and 7b) represent filled circles with
radius ∼= 2β1 as well (Fig. 8). Furthermore, in the logarithmic representation,
these spectra extend beyond the circle due to the near-field components of
scattered SPPs [12,13]. It should be noted that essentially the same result
for the Fourier spectra can be obtained by relating the SPP localization to
the electromagnetic energy density distribution in the form of bright spots.
Indeed, a spatially localized (on the wavelength scale) intensity enhancement
should result in a spatial Fourier spectrum concentrated within an area whose
size is of the order of the wave number.
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Fig. 8. Gray-scale representations of Fourier spectrum magnitude corresponding to
the near-field optical images shown in (a) Fig. 2b and (b) Fig. 7b

3.2.3 Global Sensitivity

The global character of multiple scattering (Sect. 3.1) results in global sen-
sitivity of the total (self-consistent) field intensity distribution, i.e., in sensi-
tivity with respect to the global scattering geometry and incident field distri-
bution. For strong SPP localization by surface roughness, the former means
that the positions of bright spots in the optical images are not dictated by the
local surface topography or, in other words, there is no correlation between
the optical and topographical images [9,10]. This characteristic feature shows
clearly in the images presented in Figs. 2 and 7. The correlation coefficients,
which were calculated for the optical and topographical data corresponding
to these images, are less than 0.01, confirming the conclusion based on vi-
sual perception. Another way of demonstrating the absence of correlation is
to investigate the local topography at the positions of bright spots. It has
been shown that the bright spots can be located at local maxima, minima, or
slopes of the surface topography [9]. The global sensitivity with respect to the
scatterers’ locations was directly revealed in the experiments on local modifi-
cation of surface topography. The topographic modification in a small region
of the surface area resulted in drastic and global changes in the near-field
optical image [13].

The sensitivity of localized SPPs with respect to the global distribution
of the incident SPP field has been extensively studied in the course of exper-
imental investigations [10,13] and also simulated numerically [13]. The phase
distribution of the incident field along the surface is determined (for a given
wavelength) by the angle of incidence θ (Fig. 1a). The angular sensitivity of
the positions of bright spots in near-field images of SPP scattering is illus-
trated by the optical images recorded at the same places on the rough gold
film for different angles of incidence of the excited SPP (Fig. 9). One can
notice that the angular variation of δθ ∼ 2◦ does not change the overall im-
age appearance much, but it does strongly influence the brightness of spots,
i.e., the degree of SPP field enhancement. Taking into account that the bright
SPP spots are the result of interference of scattered SPPs, one can argue that,
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Fig. 9. Gray-scale near-field optical images (4.4× 4.4�m2) obtained in the surface
region of the 80-nm-thick rough gold film shown in Fig. 2a and the SPP excited
at the light wavelength of 633 nm at different angles of exciting beam incidence
(Fig. 1a): (a) 51◦, (b) 49◦, and (c) 47◦. The optical images are presented in the
same scale corresponding to ∼ 5–110 pW in the optical power detected

instead of the phase matching condition for the SPP excitation on a flat sur-
face, a similar one exists for the excitation of a localized plasmon field on
a rough surface. The observed angular width (within which a bright spot is
pronounced) can be used to estimate the size S of the surface area within
which SPP scattering contributes to the formation of a particular bright spot.
In the experiment considered [10], n = 1.56 and S ∼ λ/2δθn cos θ ∼ 8µm,
a value which actually corresponds to the SPP propagation length L for
smooth gold films.

The change in light wavelength influences both the phase distribution of
the incident field along the surface and the field propagator, i.e., the elec-
tromagnetic interaction between scatterers (6). Considering only the phase
distribution, one can estimate the wavelength variation δλ needed to change
the interference pattern as follows: δλ ∼ λ2/L ∼ 15 nm (for silver films and
the light wavelength of 600 nm)[13]. It has been demonstrated for both sil-
ver and gold films that the near-field optical images corresponding to the
resonant SPP excitation at two different wavelengths, viz., 594 and 633 nm,
featured bright spots located at completely different positions (with respect
to the same topography) [13]. Near-field imaging of SPP multiple scattering
and localization at the surface of a gold film (evaporated on a sublayer of
gold spheres) have been also carried out with a tunable Ti:Sapphire laser.
The near-field optical images obtained for different light wavelengths in the
same surface region show gradual redistribution of the total SPP field inten-
sity (Fig. 10). It is seen that the wavelength variation of 10 nm is just at the
limit of being sufficient to extinguish a bright spot, implying that the SPP
propagation length can be evaluated as L ∼ 64µm. This value is a reasonable
estimate for rough gold films and a light wavelength of 800 nm [5,36].

Overall, the enhancement ratio, the subwavelength sizes of the observed
bright spots, the spectral content of the near-field optical images, and the
global sensitivity of the positions of the bright spots (i.e., the fact that the po-
sitions of the bright spots do not correlate with the local surface topography
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Fig. 10. (a) Gray-scale topographical and (b, c,d) near-field optical images (5 ×
5�m2) obtained with the 53-nm-thick gold film evaporated on a sublayer of gold
particles (Fig. 7) and the SPP resonantly excited at different light wavelengths:
(b) λ782, (c) 792, and (d) 805 nm. Corresponding bar scales reflect (a) the depth
(in nm) and (b, c,d) the light power detected (in nW)

but depend on the incident angle and the wavelength of the exciting beam)
provide altogether conclusive evidence of strong SPP localization caused by
interference in multiple SPP scattering. Note that similar features of near-
field optical images, e.g., similar modifications in the positions of bright spots
with changes in the wavelength and angle of incidence, have been observed for
localized dipolar excitations at fractal surface clusters of colloidal silver parti-
cles [19]. This similarity is related to the fact that both phenomena originate
from interference in multiple light scattering and, moreover, become similar
to each other in the limit of strongly corrugated metal surfaces (Sect. 3.1).
Finally, it should be mentioned that coherent multiple SPP scattering by sur-
face features of silver and gold films has been also observed with the help of
pump–probe measurements in Kretschmann geometry [36]. These measure-
ments revealed long exponential tails in the reflected light amplitude that
were explained by using a two-dimensional diffusion model to describe the
effect of multiple scattering.

3.3 Statistics of Surface Polariton Intensity Distributions

The topographical and near-field optical images demonstrating SPP scatter-
ing and localization by surface roughness are, in a sense, unique. Indeed,
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a small variation of the surface topography and/or parameters of the inci-
dent light drastically changes the self-consistent SPP field distribution and
thereby the near-field optical image (Sect. 3.2.3). This circumstance makes
the comparison of different samples and scattering configurations rather dif-
ficult. One can compare, of course, the sizes of bright spots and the corre-
sponding values of signal enhancement, but it is clear that bright spots can be
quite different for the same sample and scattering configuration. For exam-
ple, resonant dipolar excitations in fractal surface clusters have localization
lengths very different from the maximum size of a sample to the minimum
roughness scale [37]. Below, the fractal surface characterization [38] is used
to describe the topography of the rough gold film, and the near-field opti-
cal images corresponding to SPP localization are treated to determine the
probability density function for intensity enhancement.

3.3.1 Fractal Surface Characterization

Characterization of randomly rough surfaces is a delicate issue. The con-
ventional roughness characteristics, such as the root-mean-square roughness
amplitude or the maximum peak-to-valley distance, though useful in some
instances, fail to distinguish certain spatial frequency differences in surface
profiles [39]. On the other hand, the regime of SPP scattering is very sen-
sitive to the distances between and sizes of surface scatterers (Sect. 3.2),
i.e., to the spatial frequency spectrum of the surface profile. Let us recall
that surfaces with random roughness exhibit self-similarity, at least in an
intermediate range of sizes, and that the light scattering by fractal struc-
tures results in localized resonant excitations [40]. Therefore, it is natural
to suggest using fractal surface characterization for rough metal films that
exhibit SPP localization. Note that the corresponding surface profiles are ex-
tended along the (average) surface plane but localized in the perpendicular
direction. Moreover, the physical phenomenon of interest involves quasi-two-
dimensional waves that propagate along the surface plane. These features
indicate that the dimensions in the plane and normal to it should be scaled
differently. Since the only relevant length dimensions are those of the SPP,
one can use the SPP wavelength and penetration depth (in metal) to nor-
malize the in-plane dimensions and the surface elevation, respectively [38].
Calculating the surface area S as a function of the discretization step d for
experimentally measured surface profiles, one should obtain (for fractal struc-
tures) the dependence S ∼ d2−D, where D is called the fractal (Hausdorff)
dimension [41].

The corresponding dependencies calculated for four different surface re-
gions of the rough gold film that was used to obtain the images presented in
Figs. 2 and 9 are shown in Fig. 11 in double logarithmic scale [38]. The
in-plane and normal dimensions were normalized with the values of 570
and 35 nm, respectively, representing the appropriate SPP characteristics at
633 nm for this film. Even though the individual dependencies ln[S(ln d)] are
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Fig. 11. Normalized surface area S as a function of the discretization step d for four
different regions (open symbols) of the 80-nm-thick rough gold film and the average
dependence (filled squares connected with a solid line). S0 is the corresponding flat
surface area and d0 = 40 nm is the minimum discretization step. An inset shows
a typical topographical image of 4× 4�m2

somewhat different (due to the limited number of points available), the av-
erage dependence clearly exhibits linear behavior in the range of sizes from
80–640 nm, and the slope corresponds to the (normalized) fractal dimension
D ≈ 2.26. The bend in the dependence for large values of d is evidently
related to the absence of micrometer-sized surface features on the sample
surface (see inset in Fig. 11). It should be mentioned that similar logarithmic
dependencies calculated for relatively smooth gold and silver films (that did
not result in multiple SPP scattering) were essentially nonlinear in the whole
range of sizes [38].

The circumstance that the film surface, at which SPPs were found lo-
calized, has a fractal structure allows one to consider the SPP localization
from another point of view. In general, propagating waves appear in media
that exhibit translational invariance, e.g., in homogeneous or periodic me-
dia. The SPP localization can be accounted for by the fact that the fractal
surface structures do not possess lateral translational invariance and, there-
fore, propagating surface waves cannot be transmitted on it. Actually, the
rough film considered here should be regarded as a self-affine film, i.e., an
object whose scaling properties in one of the canonical directions is different
from those in the other two. Self-affine films are often characterized by us-
ing the height–height correlation function [18,42] or the Hurst exponent [43].
However, the method described above seems especially suitable for character-
izating metal film surfaces, whose roughness leads to multiple SPP scattering
and eventually localization, because of the usage of SPP characteristics for
normalization of coordinates in different directions.
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3.3.2 Probability Distribution of Intensity Enhancement

The total SPP field intensity distribution established in the process of multi-
ple scattering features regions with very different intensity levels, from bright
spots representing large field intensities to rather weak background level. One
can employ a statistical treatment of near-field optical images to characterize
SPP intensity distribution and establish common features in the optical im-
ages obtained at different places and under different conditions. For example,
the statistics of local field intensity distribution in fractal clusters has been
theoretically analyzed, and the probability distribution function for inten-
sity enhancement, it was found, exhibits a power-law dependence, which is
a fingerprint of the scale invariance of the system [44]. In self-affine surfaces,
the scale invariance is different for the in-plane and normal directions, a cir-
cumstance that can influence the statistics of the intensity distribution. In-
deed, numerical simulations based on a rigorous integral formulation of wave
scattering showed that rough metal surfaces possessing self-affine scaling be-
havior result in an exponential decrease of the probability density function
(PDF] [43]. The PDF was also found very dependent on the fractality of the
surface. However, the model geometry used in the calculations differs from
the experimental configuration considered here in two significant instances.
It is two-dimensional and contains only one (air–metal) interface implying
that SPPs can be excited only via the incident field scattering by surface
roughness [43]. These differences should be borne in mind when comparing
theoretical and experimental results.

Let us assume that the detected signal is proportional to the intensity of
the total SPP field, which is composed of resonantly excited and scattered
SPP fields (Sect. 2.4). One of the main problems in treating experimental
near-field optical images is to determine the reference signal level to be used
for calculating the intensity enhancement. In the regime of strong multi-
ple scattering leading eventually to strong SPP localization, scattered SPPs
become dominant. Their constructive interference results in bright spots en-
hanced up to 10 times compared to the average level. In surface regions with
destructive interference of scattered SPPs, one can expect to detect mainly an
incident SPP field. Taking into account that the detected signal can be zero
because of destructive interference of all SPP fields (and/or due to noise),
one can argue that the enhancement should be related to the signal aver-
aged within the surface regions showing the weakest signals. The size of such
a region should be larger than the spatial resolution (to average noise) but
smaller than the half of the SPP wavelength (to stay within the region of
destructive interference). The procedure described is somewhat cumbersome
but when used with care, allows one to obtain a more realistic estimate of
the intensity enhancement than by using the signal averaged over the whole
image area.

The corresponding PDFs, that were calculated by using the near-field op-
tical images obtained with two different gold films are shown in Fig. 12. It
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Fig. 12. Probability density function of the intensity enhancement calculated from
the near-field optical images obtained for the 80-nm-thick rough gold film at the
light wavelength of 633 nm (filled circles) and for the 53-nm-thick gold film, evap-
orated on a sublayer of colloidal gold particles, at the light wavelength of 633 nm
(filled triangles) and 594 nm (open triangles). An inset shows a typical near-field
optical 4× 4�m2 image

is seen that these PDFs exhibit exponential decay (over two decades) and
resemble rather well the theoretical PDFs simulated for rough surfaces with
large fractal dimensions [43]. Deviations from the exponential behavior ap-
pear only for large values of enhancement probably due to the limited amount
of data available. It is interesting that the PDF slopes (in the logarithmic
scale) for different samples and wavelengths are very similar to each other.
This circumstance is yet to be elucidated because the PDF slope is influenced
mainly by the value of intensity enhancement whose determination procedure
used here is somewhat ambiguous. One should try to employ a direct method,
e.g., by measuring the signal with the SPP excited along the flat surface of
reference film. The most important result obtained is the demonstration of
the exponential behavior of the PDF in strong SPP localization. At the same
time, the PDFs, that were calculated for the images obtained from smooth
silver and gold films [12,13] are completely different and distributed symmet-
rically around the average intensity level (Fig. 13). These near-field images
are dominated by features corresponding to the regimes of single and double
scattering [12,13]. Note that the PDFs shown in Fig. 13 are quite similar to
the theoretical PDFs simulated for weakly rough surfaces with small frac-
tal dimensions [43]. Overall, one can conclude that the exponential PDF is
a fingerprint of the regime of well-developed multiple SPP scattering result-
ing eventually in strong SPP localization. Further investigations are needed
to quantify the PDF slope and to link the slope value to the parameters of
scattering configuration.
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Fig. 13. Probability density function of the intensity enhancement calculated from
the near-field optical images obtained with smooth gold (filled circles) and silver
films (open and filled triangles). The inset shows a typical near-field optical image
4× 4�m2

4 Conclusions

In this contribution, elastic (in-plane) SPP scattering by surface roughness
was considered and the main experimental results concerning SPP localiza-
tion were reviewed. Near-field imaging of SPP fields by using the collection
SNOM configuration was discussed, and the general approach to image for-
mation was developed. It was established that, in the regime of strong elastic
SPP scattering and for an asymmetrical probe tip, near-field optical images
approach the total SPP intensity distribution along the surface plane. The
regimes of single and multiple scattering were qualitatively compared with
an emphasis on the differences in the total field distributions and their sen-
sitivity with respect to variations of the system parameters. The near-field
images, which exhibit spatially localized SPP intensity enhancement (bright
spots) on rough metal surfaces, were presented and used to illustrate the main
features of the phenomenon of strong SPP localization: the appearance (size,
enhancement ratio) of bright spots, the spectral content of the optical images,
the global sensitivity of the positions of the bright spots, and the exponential
behavior of the probability distribution of the intensity enhancement.

The phenomenon of strong SPP localization first attracted attention
because of its implications for surface-enhanced optical phenomena, e.g.,
SERS [6]. Indeed, the intensity enhancement due to localized SPPs was di-
rectly demonstrated in various experiments reviewed here. One can also point
out that SPP localization is readily accessible to SNOM techniques, i.e., to
mapping of the SPP intensity distribution. The latter feature can be further
exploited for detailed investigations of various fascinating phenomena related
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to multiple light scattering, e.g., laser action in disordered gain medium [45]
and wavelength/angle-selectivememory by interference of scattered light [46].
The first observations of these phenomena in three-dimensional media were
reported recently, but one can foresee certain advantages in their realization
by using surface electromagnetic waves, e.g., SPPs. It is worth mentioning
that field enhancement at the metal surface due to the resonantly excited
SPP reaches two orders of magnitude [5]. Finally, multiple SPP scattering
in periodic structures can be used to realize an SPP band gap [47] and,
consequently, to manipulate confined (in the surface plane) SPP beams in
essentially the same manner as suggested for conventional photonic band gap
structures [33]. Taking into account advances in SPP micro-optics by specially
configured arrays of microscatterers [13,48], I believe that the successful im-
plementation of channel waveguide structures based on the SPP band gap
effect might be just around the corner.
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Abstract. Theories of multiple-scattering effects in the second-harmonic genera-
tion of light reflected from clean randomly rough metal surfaces and reflected from
and transmitted through randomly rough metal surfaces in Kretschmann attenu-
ated total reflection geometry are outlined. Both weakly rough and strongly rough
surfaces are considered, the former by perturbative approaches, the latter by nu-
merical simulations. Comparisons of theoretical results with experimental data for
second-harmonic generation on clean random metal surfaces are presented.

1 Introduction

The interaction of randomness and nonlinearity is of interest in many
branches of physics [1]. In this contribution, we describe one manifestation
of this kind of interaction in optics, namely, multiple-scattering effects in the
second-harmonic generation (SHG) of light reflected from and transmitted
through randomly rough surfaces.

Experimental and theoretical studies of second-harmonic generation of
light reflected from a planar metal surface go back at least three decades
to the first experimental observation of the effect [2] and the first theoretical
description of it [3]. At this early stage of theoretical studies [3], it was already
established that this phenomenon is a surface effect. Consequently, it is very
sensitive to modifications of the surface.

In the past several years, interest in second-harmonic generation on metal
surfaces has been directed at generating it on random metal surfaces rather
than on planar surfaces. This is due to the growing interest in the broader
area of interference effects occurring in the multiple scattering of electro-
magnetic waves from, and their transmission through, randomly rough metal
V. M. Shalaev (Ed.): Optical Properties of Nanostructured Random Media,
Topics Appl. Phys. 82, 359–443 (2002)
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surfaces and the related enhanced backscattering [5] and enhanced transmis-
sion [6] phenomena. It has been expected that nonlinear optical interactions
on a randomly rough metal surface should also give rise to new features due
to the interference of multiply-scattered electromagnetic waves.

Indeed, in the first theoretical study of the phenomenon, McGurn et al. [7]
predicted on the basis of a perturbative calculation that enhanced second-
harmonic generation of light on a weakly rough clean metal surface should
occur not only in the retroreflection direction but also in the direction normal
to the mean scattering surface. The peak in the direction normal to the mean
surface was attributed to interference effects in the multiple scattering of sur-
face plasmon polaritons of the fundamental frequency, excited by the incident
light through the roughness of the surface, and the occurrence of the peak
in the retroreflection direction was attributed to interference effects in the
multiple scattering of surface plasmon polaritons of the harmonic frequency.

These predictions stimulated several experimental studies of second-
harmonic generation in the scattering of light from random metal surfaces
[8,9,10,11,12,13], and enhanced second-harmonic generation peaks in the di-
rection normal to the mean surface and in the retroreflection direction were
observed [8,9,10,11,12,13]. In these experiments, however, the scattering sys-
tem was not a clean random interface between vacuum and a semi-infinite
metal. To amplify the second-harmonic signal, the Kretschmann attenuated
total reflection (ATR) geometry [14] was used. In this geometry, a thin
metal film is deposited on the planar base of a prism through which the
film is illuminated by p-polarized light. The back surface of the metal film
is randomly rough. In the experiments of [8,9,11], the metal film was sil-
ver, and its randomly rough surface was in contact with a nonlinear quartz
crystal, so that the nonlinear interaction occurred in the quartz crystal rather
than on the significantly more weakly nonlinear silver surfaces. A well-defined
peak of the second-harmonic generation in the direction normal to the inter-
face was observed in transmission in [8]. When the experiment was carried
out with long-range surface plasmon polaritons [15], peaks of the enhanced
second-harmonic generation were detected in both the retroreflection direc-
tion [9] and in the direction normal to the mean surface in transmission [11].
In [10,12,13], attempts to detect the peaks of the enhanced second-harmonic
generation at a silver film–vacuum interface were made. A well-defined peak
in the direction normal to the mean surface was observed in transmission
in [10] and [13], whereas only a broad depolarized background, but no peak
in the direction normal to the mean surface, was observed in transmission
in [12]. The peak of the intensity of the generated light in the direction nor-
mal to the mean surface observed in [8,10,11,13] was attributed to coherent
nonlinear mixing of multiply-scattered contrapropagating surface plasmon
polaritons. It is well known [16] that the symmetry of the surface nonlinear
polarization of a clean planar metal surface forbids second-harmonic gener-
ation due to contrapropagating beams of surface plasmon polaritons. In [10]
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and [13], it was argued that the surface roughness breaks the symmetry and,
as a result makes second-harmonic generation by contrapropagating beams
of surface plasmon polaritons possible.

Recently, the first experimental studies of multiple scattering effects in the
second-harmonic generation of light scattered from a clean one-dimensional
random vacuum–metal interface were reported in a series of papers by
O’Donnell and his colleagues [17,18,19]. It was found that for both weakly [17]
and strongly [19] rough silver surfaces, a dip is present in the retroreflection
direction in the angular dependence of the intensity of the second-harmonic
light rather than the peak that occurs in scattering at the fundamental fre-
quency. This result was in agreement with the results of rigorous numerical
simulations of second-harmonic generation from such surfaces carried out by
Leyva-Lucero et al. [20]. However, no peak or dip in the direction normal to
the mean surface was observed in the experiments of [17,18,9].

In this contribution, we outline theories of multiple-scattering effects in
the second-harmonic generation of light reflected from clean randomly rough
metal surfaces and reflected from and transmitted through randomly rough
metal surfaces in the Kretschmann ATR geometry. Both weakly rough and
strongly rough surfaces are considered. However, only one-dimensional ran-
dom surfaces will be treated because it is only for such surfaces that multiple-
scattering effects can be calculated readily at the present time. The extension
of the present work to two-dimensional random surfaces is a goal for the fu-
ture. Comparisons of the theoretical results obtained with experimental data
for second-harmonic generation on clean one-dimensional random metal sur-
faces will be made.

This review is organized as follows. The manner in which we charac-
terize the random surfaces considered in this work is described in Sect. 2.
In Sect. 3, theories of second-harmonic generation in scattering from clean,
one-dimensional, randomly rough surfaces will be presented. Both weakly
rough and strongly rough surfaces will be considered, and the mechanisms
responsible for the features present in the retroreflection direction and in the
direction normal to the mean surface, which are different for the two types
of surfaces, will be discussed. Theories of second-harmonic generation in the
reflection of light from, and in its transmission through, a thin metal film in
the Kretschmann ATR geometry will be presented in Sect. 4, again for weakly
rough and strongly rough one-dimensional random metal–vacuum interfaces.
The conclusions drawn from these theoretical studies will be presented in
Sect. 5.

2 Characterization of a Random Surface

All of the one-dimensional random surfaces with which we will be concerned
here are defined by the equation x3 = ζ(x1). The surface profile function
ζ(x1) is assumed to be a single-valued function of x1 that is at least twice
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differentiable and constitutes a stationary, zero-mean, Gaussian random pro-
cess defined by

〈ζ(x1)ζ(x′1)〉 = δ2 W(|x1 − x′1|) . (1)

In (1), the angle brackets denote an average over the ensemble of realizations
of the surface profile function, and δ = 〈ζ2(x1)〉 1

2 is the rms height of the
surface. In the Fourier integral representation of ζ(x1),

ζ(x1) =
∫ ∞

−∞

dk
2π

ζ̂(k) exp(ikx1) , (2)

the Fourier coefficient ζ̂(k) is also a zero-mean, Gaussian random process
that is defined by

〈ζ̂(k)ζ̂(k′)〉 = 2πδ(k + k′)δ2g(|k|). (3)

The function g(|k|) in (3) is the power spectrum of the surface roughness and
is the Fourier transform of the surface height autocorrelation functionW (|x1|):

g(|k|) =
∫ ∞

−∞
dx1W (|x1|) exp(−ikx1). (4)

In the numerical calculations whose results will be presented in this con-
tribution, two forms of the power spectrum will be used. The first is the
Gaussian form

g(|k|) = √
πa exp(−a2k2/4). (5)

The characteristic length a in this expression is the transverse correlation
length of the surface roughness. The second form of the power spectrum to
be used is [17]

g(|k|) = πh1

k
(1)
max − k

(1)
min

×[θ(k − k
(1)
min )θ(k

(1)
max − k) + θ(−k − k

(1)
min )θ(k

(1)
max + k)

]
+

πh2

k
(2)
max − k

(2)
min

×[θ(k − k
(2)
min )θ(k

(2)
max − k) + θ(−k − k

(2)
min )θ(k

(2)
max + k)

]
, (6)

where θ(z) is the Heaviside unit step function and h1+h2 = 1. The manner in
which k(1)

min , k
(1)
max , k

(2)
min , k

(2)
max are chosen will be described at the appropriate

points in the text.
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3 Clean Metal Surfaces

As was noted in the Introduction, the only experimental studies of second-
harmonic generation in the reflection of light from one-dimensional random
metal surfaces have been carried out on clean metal surfaces [17,18,9]. It is
therefore appropriate to begin our discussion of multiple-scattering phenom-
ena in the second-harmonic generation of light reflected from a random metal
surface by considering just this case.

Thus, the scattering system we consider in this section is depicted in
Fig. 1. It consists of vacuum in the region x3 > ζ(x1) (region I), and a metal
characterized by an isotropic, frequency-dependent, complex dielectric func-
tion ε(ω) in the region x3 < ζ(x1) (region II). It is illuminated from the
vacuum by p-polarized light of frequency ω, whose plane of incidence is the
x1x3 plane. In this case, it is convenient to work with the single nonzero
component of the magnetic field in this system, H2(x1, x3|ω).

In the absence of the surface roughness [ζ(x1) ≡ 0], the system depicted
in Fig. 1 supports a single surface electromagnetic wave — a surface plasmon
polariton — whose dispersion relation is

ε(ω)β0(q, ω) + β(q, ω) = 0. (7)

In (31) β0(q, ω) = [q2 − (ω/c)2]
1
2 , with Re β0(q, ω) > 0, Imβ0(q, ω) < 0, and

β(q, w) = [q2 − ε(ω)(ω/c)2]
1
2 , with Reβ(q, ω) > 0 and Imβ(q, ω) < 0, are

the inverse decay lengths of the electromagnetic field of the surface wave in
the vacuum and the metal, respectively. The solutions of (7) for the wave
numbers of the surface plasmon polaritons of frequency ω are q = ±ksp(ω),

Fig. 1. The geometry assumed in scattering from a clean metal surface
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where

ksp(ω) =
ω

c

[
ε(ω)

ε(ω) + 1

] 1
2

(8)

is real when ε(ω) is real, and is complex when ε(ω) is complex, with Re ksp(ω)
> 0, Im ksp(ω) > 0. A plot of the dispersion curve obtained from the disper-
sion relation (7) is presented in Fig. 2 for the case that ε(ω) has the simple
free-electron form ε(ω) = 1 − (ωp/ω)2, where ωp is the plasma frequency of
the conduction electrons in the metal. This curve saturates at the frequency
ω = ωp/

√
2 in the limit as q → ∞. In the discussion that follows, we will

assume that the frequency ω of the incident light and the frequency 2ω of the
second-harmonic light are both smaller than ωp/

√
2, so that a surface plas-

mon polariton exists at both the fundamental and harmonic frequencies. The
existence of these surface waves will be seen as important for the formation
of the multiple-scattering effects in the generation of second-harmonic light
reflected from a weakly rough random metal surface that are of interest here.

Fig. 2. The dispersion curve for surface plasmon polaritons supported by a planar
metal surface, characterized by the dielectric function ε(ω) = 1−ω2

p/ω2, in contact
with vacuum

3.1 Linear and Nonlinear Boundary Conditions

The Maxwell equations satisfied by the electromagnetic fields in regions I
and II have to be supplemented by boundary conditions at the interface x3 =
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ζ(x1). At the fundamental frequency ω, these boundary conditions express
the continuity of the tangential components of the magnetic and electric fields
across the interface and can be written in the forms

H
(I)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

= H
(II)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

(9)

∂

∂N
H

(I)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

=
1

ε(ω)
∂

∂N
H

(II)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

, (10)

where

∂

∂N
= −ζ′(x1)

∂

∂x1
+

∂

∂x3
(11)

is the derivative along the normal to the interface x3 = ζ(x1) at each point,
directed into the region (I) above the interface.

Turning now to the boundary conditions at the harmonic frequency, we
note that homogeneous and isotropic metals possess inversion symmetry.
Therefore, the dipolar contribution to the bulk nonlinear polarization, χ(2),
vanishes. The presence of a surface breaks the inversion symmetry, and be-
cause both the electromagnetic fields and material parameters vary rapidly
at the surface, their gradients give rise to the optical nonlinearity of a metal
surface. Therefore the second-harmonic radiation we are interested in is gen-
erated in a vacuum–metal interface layer that has finite thickness on a mi-
croscopic scale. Consequently, the resulting nonlinear polarization can be
taken into account through the boundary conditions for the second-harmonic
fields. In what follows, we will neglect the small contribution to the nonlin-
earity coming from the bulk of the metal and the possible anisotropy of the
material constants.

The general form of the nonlinear polarization in a centrosymmetric metal
is [22]

PNL(x1, x3|2ω) = 1
4π

[αE(∇ ·E) + β(E · ∇)E

+γE× (∇× E) +E(E · ∇ρ) +E2∇κ], (12)

where E is the macroscopic electric field and the coefficients in general de-
pend on the distance from the vacuum–metal interface. Their values are to
be determined either from experiments or microscopic calculations. Relations
among the coefficients can be obtained through the use of the energy conser-
vation law, and they are α = −β = −γ and ∇ρ = ∇(α + 2k) [22]. If both
α and κ are independent of the distance from the interface, the nonlinear
polarization reduces to the form introduced by Bloembergen [4]. If we assume
that ρ = κ = 0, and α = e/(8πmω2), γ = β = e3n0(z)/(4m2ω4), where e is
the magnitude of the electron charge,m is the electron mass, and n0(z) is the
electron number density as a function of the local coordinate normal to the
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interface, the nonlinear polarization (12) reduces to that of the free-electron
model [23,24,25]. The form of the nonlinear polarization given by (12) to-
gether with the relations α = −β = −γ and ∇ρ = ∇(α+2κ) satisfies energy
conservation at the vacuum–metal interface; a nonphysical energy source at
the interface equal to Ė2(E ·∇α) arises in the model of Bloembergen et al. [4],
where Ė is the time derivative of the electric field.

Both the material constants and electromagnetic fields vary strongly
across the interface. However, outside the interfacial layer, the fields are finite.
This implies that in spite of the singular behavior of the nonlinear polariza-
tion, the tangential components of the electric and magnetic fields and the
normal component of the displacement vector must be finite. The latter in
turn implies singular behavior of the normal component of the electric field
across the interfacial layer.

The nonlinear boundary conditions for the harmonic fields are obtained
by integrating the Maxwell equations for them across the interfacial layer
and then passing to the limit of a vanishing thickness of the layer. In car-
rying out this calculation, it is convenient to introduce a local coordinate
system (x, y, z) with its origin at each point of the surface x3 = ζ(x1) that is
defined by the unit vectors {x̂, ŷ, ẑ}, where x̂ = [1, 0, ζ′(x1)]/φ(x1), ŷ = x̂2,
ẑ = [−ζ′(x1), 0, 1]/φ(x1), and φ(x1) = {1 + [ζ′(x1)]2} 1

2 . x̂ and ẑ are unit
vectors tangent and normal to the interface in the plane perpendicular to its
generators. In this coordinate system, all material parameters ε(ω), ε(2ω),
α, β, γ, ρ, and κ depend only on the distance from the interface along
the normal to it, z. On integrating the tangential component of the equa-
tion ∇× H = −(2iω/c)D, namely, ∂Ht/∂z = (2iω/c)ẑ × Dt +∇tHz , along
a contour around the vacuum–metal interface, with the use of the relations
D = ε(2ω, z)E+ 4πPNL, we obtain the first nonlinear boundary condition,

H(I)
t (x, 0|2ω)− H(II)

t (x, 0|2ω) = 2iω
c
4π lim

η→0

η∫
−η

dzẑ× Pt(x, z|2ω). (13)

By using (12) this result can be rewritten as

H(I)
t (x, 0|2ω)− H(II)

t (x, 0|2w) = 2iω
c
µ3ẑ × Et(x, 0|ω)Dz(x, 0|ω), (14)

where the nonlinearity constant µ3 is given by

µ3 = lim
η→0

η∫
−η

dz
(
d
dz

α(z)
ε(ω, z)

+
2

ε(ω, z)
dκ(z)
dz

)
. (15)

The function ε(ω, z > η) = 1 in vacuum, and ε(ω, z < −η) = ε(ω) in the
metal.

Similarly, on integrating the tangential component of the equation ∇ ×
E = (2iω/c)H, namely, ∂Et/∂z = −(2iω/c)Ht + ∇tEz, along a contour
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around the vacuum–metal interface, we obtain the second nonlinear bound-
ary condition,

E(I)
t (x, 0|2ω)− E(II)

t (x, 0|2ω) = −4π lim
η→0

η∫
−η

dz
∂

∂t
PNL

z (x, z|2ω)
ε(2ω, z)

, (16)

where ε(2ω, z > η) = 1 in vacuum, ε(2ω, z < −η) = ε(2ω) in the metal, and
∂/∂t = (∂/∂x, ∂/∂y, 0). The use of (12) enables this result to be rewritten as

E(I)
t (x, 0|2ω)− E(II)

t (x, 0|2ω) = − ∂

∂t
[µ1D

2
z(x, 0|ω) + µ2E2

t (x, 0|ω)], (17)

where the nonlinearity constants µ1 and µ2 are given by

µ1 = lim
η→0

η∫
−η

dz
1

ε2(ω, z)ε(2ω, z)
d
dz

[α(z) + 3κ(z)] (18)

µ2 = lim
η→0

η∫
−η

dz
1

ε(2ω, z)
dκ(z)
dz

. (19)

In obtaining the boundary conditions (14) and (17), we kept only the
most singular terms in the integrands in (13) and (16), respectively, in the
limit as η → 0.

The fields entering the boundary conditions (14) and (17) are written
in the local coordinate system (x, y, z). On returning to the laboratory co-
ordinate system (x1, x2, x3), we note that when the incident electromag-
netic field is p-polarized, so is the scattered field at frequency ω, because
cross-polarized scattering is forbidden in the scattering geometry assumed
here. Consequently, the nonlinear sources on the right-hand sides of (14)
and (17) are nonzero only for p-polarized fields of frequency 2ω, so that
only p-polarized second-harmonic light is generated in reflection from a one-
dimensional random surface. In this case, it is convenient to work with the
single nonzero component of the magnetic field in the system, H2(x1, x3|Ω),
with Ω = ω, 2ω. The nonlinear boundary conditions (14) and (17) then take
the forms

H
(I)
2 (x1|2ω)−H

(II)
2 (x1|2ω) = 2ic

ω

µ3

φ2(x1)
L(I)(x1|ω) d

dx1
H(I)(x1|ω)

≡ A(x1|2ω) , (20)

L
(I)
2 (x1|2ω)− 1

ε(2ω)
L

(II)
2 (x1|2ω) =

2ic
ω

d
dx1

(
1

φ2(x1)

{
µ1

[
d
dx1

H(I)(x1|ω)
]2

+ µ2

[
L(I)(x1|ω)

)2})

≡ B(x1|2ω) , (21)
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where we have introduced the source functions

H(I)(x1|Ω) = H
(I)
2 (x1, x3|Ω)

∣∣∣
x3=ζ(x1)

, (22)

L(I)(x1|Ω) = ∂

∂N
H

(I)
2 (x1, x3|Ω)

∣∣∣
x3=ζ(x1)

. (23)

Now, we turn to the application of these boundary conditions to the prob-
lem of second-harmonic generation in the scattering of p-polarized light from
weakly rough and strongly rough one-dimensional random metal surfaces.

3.2 Strongly Rough Surfaces

The single nonzero component of the magnetic field in the system depicted
in Fig. 1 satisfies the following Helmholtz equation in regions I and II, re-
spectively:(

∂2

∂x2
1

+
∂2

∂x2
3

+
Ω2

c2

)
H

(I)
2 (x1, x3|Ω) = 0 (24)

and(
∂2

∂x2
1

+
∂2

∂x2
3

+ ε(Ω)
Ω2

c2

)
H

(II)
2 (x1, x3|Ω) = 0, (25)

where Ω stands for either ω or 2ω. The application of Green’s second integral
identity in the plane [26] to regions I and II in turn yields the equations

θ[x3 − ζ(x1)]H
(I)
2 (x1, x3|Ω) = H0(x1, x3|Ω)

+
1
4π

∫ ∞

−∞
dx′1

{[
∂

∂N ′G
(Ω)
0 (x1, x3|x′1, x′3)

]
x′
3=ζ(x′

1)

H(I)(x′1|Ω)

−
[
G

(Ω)
0 (x1, x3|x′1, x′3)

]
x′
3=ζ(x′

1)
L(I)(x′1|Ω)

}
, (26)

θ[ζ(x1)− x3]H
(II)
2 (x1, x3|Ω) =

− 1
4π

∫ ∞

−∞
dx′1 ×
{[

∂

∂N ′G
(Ω)
ε (x1, x3|x′1, x′3)

]
H

(II)
2 (x′1, x

′
3|Ω)

− G(Ω)
ε (x1, x3|x′1, x′3)

∂

∂N ′H
(II)
2 (x′1, x

′
3|Ω)
}

x′
3=ζ(x′

1)

, (27)

where

H0(x1, x3|Ω) =
{
H

(I)
2 (x1, x2|ω)inc ifΩ = ω

0 ifΩ = 2ω,
(28)
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with H
(I)
2 (x1, x3|ω)inc the incident field. G(Ω)

0 (x1, x3|x′1, x′3) is Green’s func-
tion in vacuum,

G
(Ω)
0 (x1, x3|x′1, x′3) =

∫ ∞

−∞

dq
2π

2πi
α0(q,Ω)

exp[iq(x1 − x′1) + iα0(q,Ω)|x3 − x′3|]

= iπH(1)
0

{
(Ω/c)
[
(x1 − x′1)

2 + (x3 − x′3)
2
] 1

2
}
, (29)

where

α0(q,Ω) = [(Ω/c)2 − q2]
1
2 q2 < (Ω/c)2

= i[q2 − (Ω/c)2]
1
2 q2 > (Ω/c)2, (30)

H
(1)
0 (z)is a Hankel function of the first kind, andG(Ω)

ε (x1, x3|x′1, x′3) is Green’s
function for the metal,

G(Ω)
ε (x1, x3|x′1, x′3) =

∫ ∞

−∞

dq
2π

2π
β(q,Ω)

exp[iq(x1 − x′1)− β(q,Ω)|x3 − x′3|]

= iπH(1)
0

{
nc(Ω)[(x1 − x′1)

2 + (x3 − x′3)
2]

1
2

}
(31)

with

β(q,Ω) = [q2 − ε(Ω)(Ω/c)2]
1
2 , Re β(q,Ω) > 0, Imβ(q,Ω) < 0 , (32)

and
nε(Ω) = [ε(Ω)]

1
2 , Renc(Ω) > 0, Imnε(Ω) > 0 . (33)

By setting x3 = ζ(x1)+ η in (26) and (27), where η is a positive infinites-
imal, the following two equations are obtained:

H(I)(x, |Ω) = H0(x1|Ω) + 1
4π

∫ ∞

−∞
dx′1

×
{[

∂

∂N ′G
(Ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

H(I)(x′1|Ω)

−
[
G

(Ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

L(I)(x′1|Ω)
}
, (34)

0 =
1
4π

∫ ∞

−∞
dx′1

{[
∂

∂N ′G
(Ω)
ε (x1, x3|x′1, x′3)

]
H

(II)
2 (x′1, x

′
3|Ω)

−G(Ω)
ε (x1, x3|x′1, x′3)

∂

∂N ′H
(II)
2 (x′1, x

′
3|Ω)
}
x3 = ζ(x1) + η
x′3 = ζ(x′1)

, (35)

where H0(x1|Ω) = H0(x1, x3|Ω)|x3=ζ(x1).
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Equations (34) and (35) at the fundamental frequency ω can be simplified
if we use a local impedance boundary condition to relate the source functions
L(I)(x1|ω) and H(I)(x1|ω):

L(I)(x1|ω) = K(0)(x1|ω)
ε(ω)

H(I)(x1|ω) . (36)

The function K(0)(x1|ω) is given as an expansion in powers of the product
of the skin depth of the metal d(ω) and the second derivative of the surface
profile function [27],

K(0)(x1|ω) = φ(x1)
d(ω)

{
1 +

d(ω)
2

ζ′′(x1)
φ3(x1)

− d2(ω)
8

[ζ′′(x1)]2

φ6(x1)
+O[d3(ω)]

}
(37)

where

d(ω) =
c

ω
√−ε(ω) , Red(ω) > 0 , Imd(ω) > 0. (38)

The impedance boundary condition (36) is known to represent a good ap-
proximation for highly reflective metals [28,29] and has been used successfully
in recent numerical work [30,31]. Its use makes (35) redundant and simplifies
the numerical problem thereby.

With the use of relation (36), Eq. (34) for the source function H(I)(x1|ω)
reduces to

H(I)(x1|ω) = H0(x1|ω) + 1
4π

∫ ∞

−∞
dx′1

×
{[

∂

∂N ′ G
(ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

−
[
G

(ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

×K(0)(x′1|ω)
ε(ω)

}
H(I)(x′1|ω). (39)

This equation is solved numerically by replacing the infinite domain of inte-
gration by the finite domain (−L/2, L/2), evaluating the resulting integral
over x′1 by a numerical quadrature scheme, and setting x1 equal to the ab-
scissas used in that scheme. The resulting matrix equation is then solved by
standard linear equation solver algorithms [32]. With H(I)(x1|ω) obtained in
this way, L(I)(x1|ω) is then calculated by (36).

The scattered field in the vacuum is given by the second term on the
right-hand side of (26), which in the far field becomes

H
(I)
2 (x1, x3|ω)sc =

∫ ∞

−∞

dq
2π

R(q, ω) exp[iqx1 + iα0(q, ω)x3] , (40)
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where

R(q, ω) =
i

2α0(q, ω)

×
∫ ∞

−∞
dx1

{
i[qζ′(x1)− α0(q, w)] − K(0)(x1|ω)

ε(w)

}
H(I)(x1|ω)

× exp{−i[qx1 + α0(q, w)ζ(x1)]} . (41)

If we introduce the scattering angle θs by q = (ω/c) sin θs, for plane wave
illumination, the contribution to the mean differential reflection coefficient
(the fraction of the total energy incident on the surface scattered per unit
angle) from the incoherent component of the scattered light is then given
by [21]〈

∂R(θs|ω)
∂θs

〉
incoh

=
〈|r(θs|ω)|2〉 − |〈r(θs|ω)〉|2

8π(ω/c)L cos θ0
, (42)

where L is the length of the surface, θ0 is the angle of incidence defined by
k = (ω/c) sin θ0, and r(θs|ω) = R[(ω/c) sin θs, ω].

The equations for the source functions H(I)(x1|2ω) and L(I)(x1|2ω) at the
harmonic frequency are obtained from (34) and (35) with aid of the boundary
conditions (20) and (21). The resulting equations are

H(I)(x1|2ω) = 1
4π

∫ ∞

−∞
dx′1



[

∂

∂N ′G
(2ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

×H(I)(x′1|2ω)−
[
G

(2ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

L(I)(x′1|2ω)


 , (43)

Q(x1|2ω) = 1
4π

∫ ∞

−∞
dx′1



[

∂

∂N ′G
(2ω)
ε (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

×H(I)(x′1|2ω)− ε(2ω)
[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

L(I)(x′1|2ω)


 ,

(44)
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where

Q(x1|2ω) = 1
4π

∫ ∞

−∞
dx′1



[

∂

∂N ′G
(2ω)
ε (x1, x3|x′1x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

×A(x′1|2ω)− ε(2ω)
[
G(2ω)

ε (x1, x3|x′1x′3)
]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

B(x′1|2ω)


 .(45)

These equations are solved numerically in the same way as the corresponding
equations at the fundamental frequency.

The solutions of this pair of equations enable calculating the scattered
field at the harmonic frequency, which is given by the second term on the
right-hand side of (26). By using (29), we find that in the far field it can be
written as

H
(I)
2 (x1, x3|2ω)sc =

∫ ∞

−∞

dq
2π

R(q, 2ω) exp[iqx1 + iα0(q, 2ω)x3], (46)

where

R(q, 2ω) =
i

2α0(q, 2ω)

∫ ∞

−∞
dx1

{
i[qζ′(x1)− α0(q, 2ω)]H(I)(x1|2ω)

− L(I)(x1|2ω)
}
exp{−i[qx1 + α0(q, 2ω)ζ(x1)]}. (47)

If we introduce the scattering angle θs by q = 2(ω/c) sin θs, we can write
the total time-averaged scattered flux at the harmonic frequency crossing the
plane x3 = const > ζ(x1)max as

P (2ω)
sc =

∫
dx1

∫
dx2Re [Sc

3]sc

= L2
c2

128π2ω

π
2∫

−π
2

dθs|r(θs|2ω)|2, (48)

where L2 is the length of the surface along the x2 axis, [Sc
3]sc is the

3-component of the complex Poynting vector of the scattered field at 2ω,
and

r(θs|2ω) = −4iω
c
cos θsR

(
2
ω

c
sin θs, 2ω

)
. (49)

The magnitude of the total time-average flux incident on the surface x3 =
ζ(x1) is

Pinc =
∣∣∣∣
∫

dx1

∫
dx2Re [Sc

3]inc

∣∣∣∣ , (50)
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where [Sc
3]inc is the 3-component of the complex Poynting vector of the inci-

dent field. If we choose a plane wave for the incident field,

H
(I)
2 (x1, x3|ω)inc = H0 exp[ikx1 − iα0(k, ω)x3], (51)

where H0 is the amplitude of the incident wave, we find that

Pinc = S|H0|2 c
2α0(k, ω)
8πω

, (52)

where S is the area of the x1x2 plane covered by the random surface. If we
introduce the angle of incidence θ0 by

k = (ω/c) sin θ0 , (53)

the incident flux (42) becomes

Pinc = S|H0|2 c cos θ08π
. (54)

The total power scattered by the sample at the harmonic frequency is
proportional to the square of the irradiance on the surface (incident power
per unit area) and the size of the effective source (illuminated area). That is

P (2ω)
sc ∝

(
Pinc

S

)2

S , (55)

where S is the illuminated area. It is convenient to normalize the scattered
power so that the results are independent of the incident power and the illu-
minated area. Therefore, we define the mean normalized intensity of second-
harmonic light generated in reflection by

I(θs|2ω) = P
(2ω)
sc

P 2
inc

S . (56)

The contribution to the mean normalized intensity from the incoherent com-
ponent of the scattered harmonic light is therefore

〈I(θs|2ω)〉inc =
L2

2Sω|H0|4 cos2 θ0
[〈|r(θs|2ω|2〉 − |〈r(θs|2ω)〉|2

]
. (57)

We present results for a silver surface whose profile constitutes a Gaussian
random process with a Gaussian correlation function. To compare with the
experimental results reported by O’Donnell and Torre [19], the statistical
parameters that characterize the random profile are chosen as a = 3.4 µm
and δ = 1.81 µm.

First, in Fig. 3, we show the results of linear scattering calculations at
the fundamental wavelength, λ = 1.06 µm, for normal incidence. The curve
has the typical shape of the scattering patterns produced by high-sloped,
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Fig. 3. The incoherent component of the mean differential reflection coefficient as
a function of the scattering angle θs for the scattering of p-polarized light of wave-
length λ = 1.064 �m from a random silver surface characterized by the Gaussian
power spectrum (25), the roughness parameters a = 3.4 �m and δ = 1.81 �m,
and a dielectric constant ε(ω) = −56.25 + i0.60. The sampling on the surface, of
length L = 40λ, was ∆ x = λ/20, and the curve shows the result of averaging
over Np = 2000 realizations of the surface. The angle of incidence is θ0 = 0◦

randomly rough surfaces. The most noteworthy feature in the curve is a pro-
nounced and well-defined enhanced backscattering peak in the θs = 0◦ direc-
tion. Note that since we are showing only the incoherent component of the
mean differential reflection coefficient, the coherent or specular component
has been excluded, and the peak shown in the figure is not a specular effect.
Moreover, for the parameters employed in the simulation, the coherent com-
ponent is negligible and would not be visible in the figure. These theoretical
results for the linear problem are in good agreement with the experimental
results of O’Donnell and Torre [19].

It is known that for high-sloped surfaces, the backscattering enhancement
phenomenon is due to the multiple (mainly double) scattering of waves within
the valleys of the surface [33,34,35,36]. The situation is shown schematically
in Fig. 4. In the far field, the waves that follow multiple scattering paths
such as those shown in Figs. 4a and 4b are phase coherent in the vicinity of
the backscattering direction, where they interfere constructively. According
to this picture, the angular width of the backscattering peak is of the order
of λ/a.

Computer simulation results for the mean normalized second-harmonic
scattering intensity are shown in Fig. 5. It can be verified that they are in
good agreement with the experimental results of O’Donnell and Torre [19].
Given the relative simplicity of the model assumed for nonlinear polarization
and the fact that there are no fitting parameters, this could be even a bit
surprising. We note also that the scattering curve has some similarities to
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(b)(a)

Fig. 4. Illustrative diagram of the double scattering processes in the valleys of the
surface

0.5

1.0

1.5

2.0

-90 -60 -30 0 30 60 90

X 10-21
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( θ
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2ω
)>

in
c

[deg]θs

Fig. 5. The incoherent component of the mean normalized second-harmonic inten-
sity as a function of the scattering angle θs for the scattering of p-polarized light
from a random silver surface characterized by the Gaussian power spectrum (5) and
the roughness parameters a = 3.4 �m, and δ = 1.81 �m, and dielectric constants
ε(ω) = −56.25 + i0.60 and ε(2ω) = −11.56 + i0.37. The thick line represents the
results of the numerical simulation, and the open circles represent the experimental
results of O’Donnell and Torre [19]. The incident plane wave has a wavelength
λ = 1.064 �m, and the surface, of length L = 40λ, was sampled at an interval
∆x = λ/20. The curve shows the result of averaging over Np = 2000 realizations
of the surface. The angle of incidence is θ0 = 0◦

that shown in Fig. 3 but, significantly, instead of a peak, there is now a dip
in the backscattering direction.

It is now known [19,21] that the origin of the dip observed in the backscat-
tering direction lies in the destructive interference between waves multiply
scattered within the valleys of the surface. To demonstrate this, we first cal-
culate the angular distribution of the scattered light at the fundamental and
harmonic frequencies in a single scattering approximation. Assuming an in-
cident plane wave and a locally flat surface (tangent plane model), we can
calculate the linear and nonlinear source functions involved. For the funda-
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mental frequency, we can write (Kirchhoff approximation)

H
(I)
K (x1|ω) = [1 + 6p(x1)]H(x1|ω)inc , (58)

L
(I)
K (x1|ω) = −iω

c
[1 − 6p(x1)]φ(x1) cos θlH(x1|ω)inc , (59)

where 6p(x1) represents the Fresnel reflection coefficient for p-polarized light
from a planar vacuum–metal interface corresponding to the local angle of
incidence θl(x1), defined as the angle of incidence measured from the normal
to the surface at the point [x1, ζ(x1)]. The Fresnel reflection coefficient is
given by

6p(x1) =
ε(ω) cos θl −

√
ε(ω)− sin2 θl

ε(ω) cos θl +
√
ε(ω)− sin2 θl

, (60)

with

sin θl =
1

φ(x1)
[sin θ0 − ζ′(x1) cos θ0] , (61)

cos θl =
1

φ(x1)
[cos θ0 + ζ′(x1) sin θ0] . (62)

Once the linear source functions are known, the functions A(x1|2ω) and
B(x1|2ω) can be determined from (20) and (21). We find that

A(x1|2ω) = 2iω
c
µ3(ω) cos θl sin θl

[
1− 62

p(x1)
]
[H(x1|ω)inc]

2
, (63)

B(x1|2ω) =
(
2ω
c

)2

µ1(ω)φ(x1) sin3 θl [1 + 6p(x1)]
2 [H(x1, |ω)inc]

2 . (64)

Now, for a tilted flat surface, the second-harmonic source functions may
be found by first writing the second-harmonic fields above and below the
interface as plane waves multiplied by some coefficients (of reflection and
transmission). These coefficients can be determined by requiring that the
fields and their unnormalized normal derivatives satisfy the nonlinear bound-
ary conditions given by (20) and (21). Finally, the nonlinear source functions
are found by evaluating the vacuum field and its normal derivative on the
surface. In our tangent plane approximation, we find that

H
(I)
K (x1|2ω) = 6(2ω)(x1) [H(x1|ω)inc]

2
, (65)

L
(I)
K (x1|2ω) = 2iω

c
φ(x1) cos θl6(2ω)(x1) [H(x1|ω)inc]

2 , (66)

where 6(2ω)(x1) represents the amplitude of the second-harmonic plane wave
reflected from a flat, tilted surface illuminated by a unit amplitude plane
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wave, and is given by

6(2ω)(x1) =
2iω
c

sin θl

[
ε(2ω) cos θl +

√
ε(2ω)− sin2 θl

]−1

×
{
µ3(ω)
√
ε(2ω)− sin2 θl cos θl

[
1− 62

p(x1)
]

−µ1(ω)ε(2ω) sin2 θl [1 + 6p(x1)]
2
}
. (67)

The physical processes taken into account in this approximation are il-
lustrated in Fig. 6, and can be summarized as follows. Light of frequency ω
hits the surface. The nonlinearities of the locally flat surface generate light
of frequency 2ω that is then scattered into the local specular direction as
shown in Fig. 6a. Further interactions of the second-harmonic radiation with
the surface are neglected, which may lead to unphysical situations, such as
that illustrated in Fig. 6b. So, the approximation is the equivalent of the
Kirchhoff approximation in linear scattering. The mean normalized second-
harmonic intensity calculated on the basis of the nonlinear source functions
(65) and (66) produces results that are very different from those obtained
with the full calculations; we conclude, then, that the observed effects are
not due to single scattering.

Now, we turn our attention to the multiple scattering contributions to
the mean second-harmonic intensity distribution. For this, we consider first
the single and double scattering contributions to the mean differential reflec-
tion coefficient at the fundamental frequency. It is known that by solving the
scattering equations iteratively, one can calculate separately, according to the
order of scattering, the different contributions to the scattered field. The iter-
ative method of solution was studied in detail by Liszka and McCoy [37] for
a case that corresponds to a perfectly conducting one-dimensional surface in
s-polarization. The technique has been used to show that the backscattering
enhancement phenomenon is due to multiple scattering [35]. An extension
of this method, applicable to metallic and dielectric surfaces, has been pro-
posed by Sentenac and Maradudin [38]. Following these authors and employ-
ing a local impedance boundary condition, we can write the following matrix

Fig. 6a,b. Illustrative diagram of the single scattering processes that produce
second-harmonic scattered light. The double line black arrows represent light of
frequency ω, and the thick gray arrows represent light of frequency 2ω
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equation for the source function at the fundamental frequency [21]:

H(I)(xm|ω) = [1 + 6p(xm)]H(xm|ω)inc

+
1
2

N∑
n=1

{
[1 + 6p(xm)]

[
H(0)

mn − L(0)
mn

K(0)(xn|ω)
ε(ω)

]

−[1− 6p(xm)]
[
H(ε)

mn − L(ε)
mnK

(0)(xn|ω)
]}

H(I)(xn|ω) , (68)

where, as before, 6p(xm) represents the Fresnel reflection coefficient corre-
sponding to a planar surface that is tangent to the rough surface at point xm.
Explicit expressions for the matrix elementsH(0,ε)

mn and L(0,ε)
mn are given in [38].

The first term on the right-hand side of the equation represents the Kirchhoff
approximation.

A solution to this equation can be written in the form of a Neumann–
Liouville series:

H(I)(xm|ω) = H(1)(xm|ω) +H(2)(xm|ω) +H(3)(xm|ω) + . . . , (69)

where

H(1)(xm|ω) = [1 + 6p(xm)]H(xm|ω)inc , (70)

H(s)(xm|ω) = 1
2

N∑
n=1

{
[1 + 6p(xm)]

[
H(0)

mn − L(0)
mn

K(0)(xn|ω)
ε(ω)

]

−[1− 6p(xm)]
[
H(ε)

mn − L(ε)
mnK

(0)(xn|ω)
]}

H(s−1)(xn|ω) .

(71)

If we denote by r(s)(θs|ω) the contribution to the scattering amplitude r(θs|ω)
calculated from H(s)(xm|ω), it represents, in the geometrical optics limit, the
contribution of s scattering events to the scattering amplitude.

Now, let us consider the consequences of making this kind of approxima-
tion for the source functions at the fundamental frequency on the calculations
of the scattering distribution at the second-harmonic frequency. Some of the
multiple scattering processes that give rise to the second-harmonic scattering
pattern are shown in Fig. 7. As far as the linear part of the scattering is
concerned, the Kirchhoff approximation is sufficient to describe the processes
shown in Fig. 7a,b. However, in contrast with our previous approximation
(Fig. 6a), a multiple scattering solution for the second-harmonic field is re-
quired to account for these processes. In Fig. 8a, we present results for the
mean normalized second-harmonic intensity based on a single scattering ap-
proximation for the linear scattering problem and the complete solution of
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Fig. 7a-e. Illustrative diagram of some of the multiple scattering processes that
produce second-harmonic scattered light. The double line black arrows represent
light of frequency ω, and the thick gray arrows represent light of frequency 2ω

the scattering equations for the second-harmonic field. In other words, for
each realization of the profile, we use the Kirchhoff approximation to deter-
mine the source functions at the frequency ω and solve the full system of
matrix equations given by (43) and (44) to determine the source functions at
2ω. This procedure takes into account the processes illustrated in Fig. 7a,b.
It may be seen in Fig. 8a that when these multiple scattering processes are in-
corporated into the solution, a sharp minimum in the backscattering direction
appears in the angular distribution of the mean second-harmonic intensity.

The processes shown in Fig. 7c,d contain double scattering processes at
the fundamental frequency. So, to include these processes, we use a dou-
ble scattering approximation for the source functions at frequency ω and
solve the full system of equations at 2ω. Calculations of the mean normalized
second-harmonic intensity based on this procedure are shown in Fig. 8b. The
contribution of these processes to the mean second-harmonic scattering pat-
tern also leads to a minimum in the backscattering direction. The curve with
the thick line shown in Fig. 8c contains single and double scattering processes
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Fig. 8. Calculations of the incoherent part of the mean normalized second-harmonic
intensity as a function of the scattering angle θs based on the iterative solutions
of the linear problem for the scattering of p-polarized light from a random silver
surface characterized by the Gaussian power spectrum (5) and the roughness pa-
rameters a = 3.4 �m and δ = 1.81 �m. Other parameters of the simulation are
as in Fig. 5, and the angle of incidence is θ0 = 0◦. The curves have (a) the single
scattering contributions in the linear scattering and all contributions at the har-
monic frequency, (b) pure double scattering contributions in the linear scattering
and all contributions at the harmonic frequency, and (c) the single and double scat-
tering contributions in the linear scattering and all contributions at the harmonic
frequency. In (c), the curve shown with the dashed line represents the sum of the
curves shown in (a) and (b)

in the linear scattering calculations and a full solution in the second-harmonic
calculations.

The results shown in Fig. 8 demonstrate that, as suggested by O’Donnell
and Torre [19], the minimum in the backscattering direction in the angular
distribution of the mean second-harmonic intensity is a consequence of mul-
tiple scattering (and nonlinear mixing of the light) within the valleys of the
surface. As in linear optics, it is also natural to expect that some of these
processes are coherent and that the backscattering effects are due to the in-
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terference between multiply scattered waves. However, in contrast with the
linear case, the interference in second-harmonic light appears to be destruc-
tive.

Since the dependence of the second-harmonic wave on the incident one
is quadratic, the accumulated phase of the wave of frequency ω is doubled
at the point where the second-harmonic wave is generated. Thus, apart from
the phase shifts acquired by the wave on the reflections, the relative phase
difference between the processes illustrated in Fig. 7a,b should be zero in
the backscattering direction. That interference effects are indeed a plausible
explanation for the dip may be recognized from the fact that the amplitude
reflection coefficient for second-harmonic generation, (67) is an odd function
of the local angle of incidence on the surface. We conclude, then, that the pro-
cesses depicted in Fig. 7a,b are phase coherent in the backscattering direction
and that the waves that follow these two paths are π radians out of phase,
producing destructive interference in the far field. In the linear problem, the
interference is constructive because the pairs of paths illustrated in Fig. 4a,b
become reciprocal in the backscattering direction. On the other hand, reci-
procity does not apply in second-harmonic generation and, moreover, there
seems to be some degree of antireciprocity when source and detector are
interchanged.

The arguments given above can be repeated and applied to the processes
shown in Fig. 4c,d. Again, we conclude that these processes are coherent with
each other and that the corresponding scattered waves interfere destructively.
We also remark that there seems to be no coherency between the paths shown
in Figs. 4a,c or 7d or between the paths shown in Fig. 7b,c, or d.

However, to the order of scattering considered, the processes shown in
Fig. 7a–d are not the only ones that contribute to the second-harmonic scat-
tering distribution. The process depicted in Fig. 7e is also possible, and it is
worth noting that its contribution is already included in the results shown
with the thick line in Fig. 8c. However, we also notice that this process in-
volves the generation of second-harmonic light in a direction that is near
normal to the local tangent plane, making its contribution relatively small.
Furthermore, paths such as this (Fig. 7e) do not seem to have a coherent
partner.

To substantiate our arguments and statements, we show with the dashed
line curve of Fig. 8c, the sum of the scattering intensities shown in Fig. 8a,b.
The curve represents, then, the incoherent sum of the contributions from the
pairs of processes shown in Fig. 7a,b, and those shown in Fig. 7c,d. It contains
no contributions due to the interference between these two pairs of processes.
The two curves presented in Fig. 8c are very similar and present only minor
differences in the region that surrounds the backscattering dip. The similarity
between these two curves implies that, as expected, the processes of Fig. 7e
do not contribute significantly. In addition, these curves demonstrate the rel-
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ative lack of coherence between the contributions from the pairs of processes
illustrated in Fig. 7a,b, and those illustrated in Fig. 7c,d.

Our results indicate that, to the order of multiple scattering considered,
the main contributions to the second-harmonic scattering pattern come from
the processes shown in Fig. 7a–d, and that only the contributions correspond-
ing to the pair of processes shown in Fig. 7a,b, and those corresponding to
the pair Fig. 7c,d are coherent with each other.

3.3 Weakly Rough Surfaces

When the random metal surface is weakly rough, second-harmonic genera-
tion of light reflected from such a surface can be treated perturbatively. Such
a treatment is useful when interpreting the results of the numerical simu-
lations as well as experimental data, since it yields analytic expressions for
the various contributions to the process of second-harmonic generation whose
content can be readily understood.

We assume that the surface roughness satisfies the condition for the va-
lidity of the Rayleigh hypothesis, |ζ′(x1)| � 1 [39,40,41]. In this case, the
Fourier representation of the fields in the vacuum above the surface,

H
(I)
2 (x1, x3|Ω) = H

(I)
2 (x1, x3|Ω)inc +

∫ ∞

−∞

dq
2π

R(q,Ω)eiqx1eiα0(q,Ω)x3 , (72)

where

H
(I)
2 (x1, x3|ω)inc = H0ei(kx1−α0(k,ω)x3) (73)

is the incident field and H
(I)
2 (x1, x3|2ω)inc = 0 can be continued onto the

surface x3 = ζ(x1) itself. To derive the equations for the scattering amplitude
R(q,Ω), we substitute in (26) the values of the functions H(II)(x′1, x

′
3|Ω) and

∂H(II)(x′1, x
′
3|Ω)/∂N ′ evaluated at x′3 = ζ(x′1) and expressed in terms of

the source functions H(I)(x′1|Ω) and L(I)(x′1|Ω) with the use of the linear
(when Ω = ω) and nonlinear (when Ω = 2ω) boundary conditions across the
interface x′3 = ζ(x′1), and set x3 > ζ(x1). Using the explicit expressions for
Green’s function G(Ω)

ε (x1, x3|x′1, x′3), (31), we obtain

0 =
∫ ∞

−∞

dq
2π

MΩ(p|q)R(q,Ω) +NΩ(p|k) , (74)

where

MΩ(p|q) = i [1− ε(Ω)]
pq + iβ(p,Ω)α0(q,Ω)
iβ(p,Ω)− α0(q,Ω)

×I[iβ(p,Ω)− α0(q,Ω)|p− q] , (75)

and

I(γ|Q) =
∫ ∞

−∞
dx1e−iQx1e−iγζ(x1) . (76)
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The driving term NΩ(p|k) on the right-hand side of (74) has different rep-
resentations for the fundamental and harmonic fields. When Ω = ω, it is
related to the incident field

Nω(p|k) = iH0 [1− ε(ω)]
pk − iβ(p, ω)α0(k, ω)
iβ(p, ω) + α0(k, ω)

×I[iβ(p, ω) + α0(k, ω)|p− k] , (77)

and when Ω = 2ω, it is the source produced by the surface nonlinear polar-
ization

N2ω(p|k) = −
∫ ∞

−∞
dx1e−ipx1eβ(q)ζ(x1) {[β(q, 2ω) + iqζ ′(x1)]

×A(x1|2ω)− ε(2ω)B(x1|2ω)} , (78)

where A(x1|2ω) and B(x1|2ω) defined in (20) and (21) are the nonlinear
current and charge densities, respectively. Note that the nonlinear source
Q(x1|2ω), which enters the exact equation (44) for the source functions and
is given by (45), is related to the nonlinear driving term N2ω(q|k) through

Q(x1|2ω) =
∫ ∞

−∞

dq
2π

eiqx1e−β(q,2ω)ζ(x1) 1
2β(q, 2ω)

N2ω(q|k) . (79)

The explicit expression for the nonlinear source term N2ω(q|k) is

N2ω(q|k) = −2c
ω

∫ ∞

−∞

dp
2π

∫ ∞

−∞

dr
2π

∫ ∞

−∞

dt
2π

I[iβ(q, 2ω)|q − p− r − t]

×
{
iµ3

q(q − p− r − t)− β2(q, 2ω)
iβ(q, 2ω)

pH(p|ω)L(r|ω)

−ε(2ω)(p+ r + t) [µ1prH(p, ω)H(r|ω)

−µ2L(p|ω)L(r|ω)]
}
Φ(t) , (80)

where

Φ(t) =
∫ ∞

−∞
dx1e−itx1φ−2(x1), (81)

and H(p|ω) and L(p|ω) are the Fourier coefficients of the source functions
H(I)(x1|ω) and L(I)(x1|ω), respectively.

To solve the linear scattering problem, we seek the solution of (74) in the
form

R(q, ω) = −2πδ(q − k)− 2iG(ω)(q|k)α0(k, ω) , (82)
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where we have introduced Green’s function G(ω)(q|k) associated with the
randomly rough interface between the vacuum and the scattering medium.
We define it as the solution of the equation

G(ω)(q|k) = 2πδ(q − k)G0(k, ω) +
∫ ∞

−∞

dp
2π

G(ω)(q|p)V (ω)(p|k)G0(k, ω)

= 2πδ(q − k)G0(k, ω) +G0(q, ω)
∫ ∞

−∞

dp
2π

V (ω)(q|p)G(ω)(p|k) , (83)

where

G0(q, ω) =
iε(ω)

ε(ω)α0(q, ω) + iβ(q, ω)
(84)

is Green’s function associated with a planar surface. The scattering poten-
tial V (ω)(p|k) satisfies an integral equation which can be readily obtained
if we combine the two equations obtained by substituting (82) in (74), and
multiplying (83) by Mw(p|q) and integrating the result over q. The resulting
equation for the scattering potential has the form [42]∫ ∞

−∞

dq
2π

[Nω(p|q) − Mω(p|q)] V
(ω)(q|k)

2α0(q, ω)

=
Nω(p, k) +Mω(p, k)[1 + 2iα0(k, ω)G0(k, ω)]

2α0(k, ω)G0(k, ω)
. (85)

Now, if we introduce the proper self–energy M(q|p) by the relation∫ ∞

−∞

dq
2π

V (ω)(p|q)G(ω)(q|k) =
∫ ∞

−∞

dq
2π

M(p|q)〈G(ω)(q|k)〉 (86)

and recall that due to the stationarity of ζ(x1) the averaged Green’s function
〈G(ω)(q|k)〉 = 2πδ(q − k)G(k, ω), (83) takes the form

G(ω)(q|k) = G0(q, ω)2πδ(q − k) +G0(q, ω)M(q|k)G(k, ω) . (87)

Since, due to the stationarity of ζ(x1), the averaged proper self–energy is
〈M(q|k)〉 = 2πδ(q − k)M(k, ω), then the averaged Green’s function is given
by

〈G(ω)(q|k)〉 = 2πδ(q − k)
1

G−1
0 (k, ω)−M(k, ω)

. (88)

If we express G0(q, ω) in terms of G(q, ω) and M(q, ω) and substitute it
in (83), we obtain a more convenient equation for Green’s function

G(ω)(p|k) = G(p, ω)2πδ(p− k)

+G(p, ω)
∫ ∞

−∞

dq
2π

[
V (ω)(p|q)− 〈M(p|q)〉

]
G(ω)(q|k) . (89)
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From this equation, the equation for the proper self–energy M(q|k) can be
readily derived if we multiply it from the left by V (ω)(q|p), integrate on q,
and use definition (86). The resulting equation has the form

M(p|k) = V (ω)(p|k) +
∫ ∞

−∞

dq
2π

M(p|q)G(q, ω)
[
V (ω)(p|k)− 〈M(q|k)〉

]
. (90)

Now, we introduce a new operator tω(q|k) by the relation

tω(q|k)G(q, ω) =
∫ ∞

−∞

dq
2π

[
V (ω)(p|q)− 〈M(p|q)〉

]
G(ω)(q|k) . (91)

The operator tω(q|k) has the very useful property 〈tω(q|k)〉 = 0 and satisfies
the integral equation

tω(p|k) = V (ω)(p|k)− 〈M(p|k)〉

+
∫ ∞

−∞

dq
2π

tω(p|q)G(q, ω)
[
V (ω)(q|k)− 〈M(q|k)〉

]

= V (ω)(p|k)− 〈M(p|k)〉

+
∫ ∞

−∞

dq
2π

[
V (ω)(p|q)− 〈M(p|q)〉

]
G(q, ω)tω(q|k) , (92)

which is obtained by multiplying (89) by V (ω)(q|p) − 〈M(q|p)〉, integrating
over p, and using definition (91).

The scattering amplitude R(q, ω) is now expressed in terms of tω(q|k) and
the averaged Green function, and has the form

R(q, ω) = 2πδ(q − k)R(ω)(k)− 2iG(q, ω)tω(q|k)G(k, ω)α0(k, ω) (93)

where

R(ω)(k) = −1− 2iα0(k, ω)G(k, ω) (94)

is the specular reflection coefficient for a rough surface.
To deal with the fields of frequency 2ω, we also introduce Green’s func-

tion G(2ω)(q|p) associated with rough surface by the relation

R(p, 2ω) = −
∫ ∞

−∞

dq
2π

G(2ω)(p|q)N2ω(q|k) (95)

and postulate that it satisfies the equation

G(2ω)(p|k) = G0(p, 2ω)2πδ(p− k)

+G0(p, 2ω)
∫ ∞

−∞

dq
2π

V (2ω)(p|q)G(2ω)(q|k) . (96)
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By comparing this equation with the reduced Rayleigh equation, (74), keeping
in mind relation (95), we can show that the scattering potential in this case
is a function that has the form

V (2ω)(q|p) = − 1
ε(2ω)

M2ω(q|p) +G−1
0 (q, 2ω)2πδ(q − p)

≡ −i 1− ε(2ω)
ε(2ω)

qp+ iβ(q, 2ω)α0(p, 2ω)
iβ(q, 2ω)− α0(p, 2ω)

×J [iβ(q, 2ω)− α0(p, 2ω)|q − p] , (97)

where

J(γ|Q) =
∫ ∞

−∞
dx1e−iQx1

[
e−iγζ(x1) − 1

]
. (98)

Now, if we introduce the operator t2ω(q|p) and the proper self–energyM(q|p),
as in the problem of linear scattering, we obtain a very convenient representa-
tion of the scattering amplitude R(q, 2ω) in terms of t2ω(q|p) and the averaged
Green function G(q, 2ω),

R(p, 2ω) = G(p, 2ω)Q(p|2k)

+G(p, 2ω)
∫ ∞

−∞

dq
2π

t2ω(p|q)G(q, 2ω)Q(q|2k) , (99)

where

Q(q|2k) = − 1
ε(2ω)

N2ω(q|k) . (100)

To analyze the main features of the angular dependence of the intensity
of the generated light, which was defined in Sect. 3.2 and in terms of R(q, 2ω)
has the form

〈I(θs|2ω)〉inc =
8ω

L1c2|H0|4
cos2 θs
cos2 θ0

[〈|R(q, 2ω)|2〉 − |〈R(q, 2ω)〉|2] , (101)

where q = (2ω/c) sin θs and k = (ω/c) sin θ0, we need explicit expressions
for the different contributions to it. From the form of the equation for the
scattering amplitude R(q, 2ω), (99), it is clear that the the first term on the
right-hand side of it, i. e., the nonlinear driving term Q(q|2k), describes the
generation of light at the harmonic frequency due to the nonlinear mixing of
scattered fundamental waves. The effects of the multiple scattering of surface
plasmon polaritons of frequency ω are contained in this term. The integral
term in (99) describes the multiple scattering of waves of frequency 2ω, which
are generated due to the presence of the nonlinear source Q(q|2k) and, in
particular, contains the effects of the multiple scattering of surface plasmon
polaritons of frequency 2ω.
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To clarify the analysis that we are going to present, we subdivide Q(q|2k)
into four contributions with different physical meanings in the following man-
ner. Using (93), we can write the explicit expressions for the Fourier coeffi-
cients of the source functions in the forms,

H(q, ω) = −2iα0(k, ω)G(k, ω)H0 [2πδ(q − k)

+G(q, ω)tω(q|k) +Hsc(q, ω)] , (102)

where

Hsc(q, ω) =
1
2
{J [α0(k, ω)|q − k] + J [−α0(k, ω)|q − k]}

+
iβ(k, ω)
ε(ω)

2α0(k, ω) {J [α0(k, ω)|q − k]− J [−α0(k, ω)|q − k]}

+
∫ ∞

−∞

dp
2π

J [−α0(p, ω)|q − p]G(p, ω)tω(p|k), (103)

and

L(q, ω) = −2α0(k, ω)G(k, ω)H0

×
[
2πδ(q − k)

iβ(k, ω)
ε(ω)

− α0(q, ω)G(q, ω)tω(q|k) + Lsc(q|k)
]
, (104)

with

Lsc(q|k) = (ω2/c2)− qk

2α0(k, ω)
{J [α0(k, ω)|q − k]− J [−α0(k, ω)|q − k]}

+
(ω2/c2)− qk

2α2
0(k, ω)

iβ(k, ω)
ε(ω)

{J [α0(k, ω)|q − k]

+J [−α0(k, ω)|q − k]}+−
∫ ∞

−∞

dp
2π

(ω2/c2)− qp

α0(p, ω)

J [−α0(p, ω)|q − p]G(p, ω)tω(p|k) . (105)

Since the function N2ω(q|k), given by (82), is composed of the products of
the source functions at frequency ω, we can separate three important con-
tributions to Q(q|2k). The first contribution contains only the product of
δ functions, (2π)2δ(p− k)δ(p′ − k). It describes the nonlinear mixing of the
fields of frequency ω which would be specular if the metal–vacuum inter-
face were planar. The second contribution to Q(q|2k) contains the product of
a δ function and terms with Green’s function, e. g., 2πδ(p−k)G(p′, ω)tω(p′|k),
and describes the interaction of the “specular” and scattered fields, includ-
ing nonlinear mixing of the excited surface plasmon polaritons with the in-
cident light. The third important contribution contains the product of two
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Green’s functions of surface plasmon polaritons of frequency ω,G(p, ω)tω(p|k)
G(p′, ω)tω(p′|k). It describes nonlinear mixing of the scattered fields and in-
cludes the mixing of co- and contrapropagating surface plasmon polaritons.
Finally, the fourth term, which we will denote by Qsc(q|2k), contains the
roughness-induced corrections to the first three terms in the nonlinear source
Q(q|2k) According to the classification we have just given, we separate ex-
plicitly the three main contributions to the nonlinear driving source, so that
we obtain

Q(q|2k) = 8ic
ω
α2

0(k, ω)H
2
0G

2(k, ω) [Γ0(q)2πδ(q − 2k)

+Γ1(q, k)G(q − k, ω)tω(q − k|k)

+
∫ ∞

−∞

dp
4π

Γ2(q, p)G(q − p, ω)G(p, ω)tω(q − p|k)tω(p|k)

+ Qsc(q|2k)] . (106)

The explicit expressions for the nonlinear coefficients entering (106) are

Γ0(q) = −µ3k
β(q, 2ω)
ε(2ω)

β(k, ω)
ε(ω)

− q

{
µ1kq − µ2

[
β(k, ω)
ε(ω)

]2}
, (107)

Γ1(q, k) = µ3
iβ(q, 2ω)
ε(2ω)

[
(q − k)

iβ(k, ω)
ε(ω)

− kα0(q − k, ω)
]

−2q
[
µ1(q − k)k − µ2

iβ(k, ω)
ε(ω)

α0(q − k, ω)
]
, (108)

Γ2(q, p) = µ3
iβ(q, 2ω)
ε(2ω)

(q − p)α0(q, ω) + q [µ1(q − p)p

+µ2α0(q − p, ω)α0(p, ω)] . (109)

An explicit expression for the function Qsc(q|2k) is presented in [43].
To calculate the mean intensity of the second-harmonic light given by

(101), we need to calculate 〈|R(q, 2ω)|2〉 − |〈R(q, 2ω)〉|2. In terms of the op-
erator t2ω(q|k), this quantity takes the form

〈|R(q, 2ω)|2〉 − |〈R(q, 2ω)〉|2 = |G(q, 2ω)|2
{
〈|Q(q|k)|2〉 − |〈Q(q|k)〉|2

+L1τ2ω(q|k)|G(2k, 2ω)|2|Q(2k|2k)|2



Multiple-Scattering Phenomena in the Second-Harmonic Generation 389

+L1τ̃2ω(q|k) + 2Re
∫ ∞

−∞

dp
2π

〈t2ω(q|p)

G(p, 2ω)Q(p|k)Q∗(q|k)〉c
}
, (110)

where 〈·〉c denotes the cumulant average [44]. In writing (110), we have in-
troduced the notation

〈tΩ(q|p)t∗Ω(q|p′)〉 = 2πδ(p− p′)L1τΩ(q|p) (111)

for the averaged reducible vertex function τΩ(q|p) in the problem of linear
scattering of light from a rough surface, and the specular component of the
field of frequency 2ω generated at the rough surface, Q(2k|2k), is determined
by

〈Q(p|2k)〉 ≡ Q(2k|2k)2πδ(p− 2k) . (112)

The function τ̃2ω(q|2k) in (110) is the analog of the reducible vertex function
in the problem of nonlinear scattering and is given by

τ̃2ω(q|2k) =
∫ ∞

−∞

dp
2π

∫ ∞

−∞

dp′

2π

[
1
L1

〈t2ω(q|p)G(p, 2ω)Q(p|2k)t∗2ω(q|p′)

G∗(p′, 2ω)Q∗(p′|2k)〉c
+τ2ω(q|p)|G(p, 2ω)|2〈|Q(p|2k)|2〉c

+
1
L1

〈t2ω(q|p)G(p, 2ω)Q∗(p′|2k)〉c〈t2ω(q|p′)

G∗(p′, 2ω)Q(p|2k)〉c
]
. (113)

As in the experiments of [17] and [18], to separate different mechanisms
for the interplay of the nonlinearity and roughness of the surface, we study
features of the mean intensity of the generated light under different scat-
tering conditions imposed by the power spectrum of the surface roughness.
To do this, we calculate the mean intensity of the second-harmonic light
generated in reflection from a one-dimensional, random silver surface char-
acterized by the rectangular power spectrum (6) for the two particular cases
where h1 = 1, and h2 = 0, and where h1 = 0, and h2 = 1. In our calcula-
tions, the wavelength of the incident light was chosen 1.064 µm, as in the
experiments of [17] and [18], so that the wavelength of the generated light
is 0.532 µm. The dielectric constants of silver at the fundamental and har-
monic frequencies are then ε(ω) = −56.25+i0.60 and ε(2ω) = −11.56+i0.37,
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respectively, which ensures that surface plasmon polaritons exist at both fre-
quencies. The real parts of their wave numbers are ksp(ω) = 1.009008(ω/c)
and ksp(2ω) = 1.0462234(2ω/c), respectively.

To illustrate the specific effects of the rectangular power spectrum, in
Fig. 9 we present the results of linear scattering calculations at the funda-
mental frequency ω for three angles of incidence θ0 = 0◦ (Fig. 9a), θ0 = 8◦

(Fig. 9b), and θ0 = 10◦ (Fig. 9c) where the power spectrum is centered at the
wave number ksp(ω) of the surface plasmon polaritons at frequency ω and has
a half width equal to (ω/c) sin θmax . The rms height of the surface roughness
is δ = 10.8 nm, and the characteristic angle θmax is θmax = 15◦. In this case,
the light whose angle of incidence is within the range −θmax < θ0 < θmax

Fig. 9. The incoherent component of the mean differential reflection coefficient as
a function of the scattering angle θs for the scattering of p-polarized light of wave-
length λ = 1.064 �m from a random silver surface characterized by the rectangular
power spectrum (6) centered at the wave number of surface plasmon polaritons of
wavelength λ, with roughness parameters δ = 10.8 nm and θmax = 15◦, and a di-
electric constant ε(ω) = −56.25 + i0.60. The angles of incidence are (a) θ0 = 0◦,
(b) θ0 = 8◦, and (c) θ0 = 13◦
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is converted effectively into surface plasmon polaritons of frequency ω, and
the surface plasmon polaritons of frequency ω are converted effectively into
the light that propagates into the vacuum within the range of scattering an-
gles −θmax < θs < θmax . The plots display single–scattering wings at large
angles of scattering and an almost rectangular distribution coming from the
double–scattering processes mediated by the surface plasmon polaritons of
frequency ω. The height of the enhanced backscattering peak in Fig. 9 is ex-
actly twice the background intensity, as expected in linear scattering theory.

In the calculations of the nonlinear scattering problem, we use the nu-
merical values of the nonlinear parameters µ1(ω) and µ3(ω), which are given
by (18) and (15), calculated in the framework of the free-electron model.
They are µ1 = (0.2384987 × 10−14 + i6.384 × 10−17) CGSE, and µ3 =
(0.6818093×10−14+i1.316×10−18) CGSE. We note, that in the free-electron
model, the nonlinear coefficient µ2, given by (19), vanishes. When using the
Agranovich and Darmanyan model of surface nonlinear polarization, we es-
timated the nonlinear coefficients in the following manner. Since the free-
electron model describes the experimental results on second-harmonic gen-
eration in reflection from a planar metal surface fairly well [24], we assume
that the values of the nonlinear coefficients µ1 and µ3 in the Agranovich and
Darmanyan model coincide with those in the free-electron model. From these
coefficients, we can express the phenomenological constants α(z) and κ(z)
entering the expression for the surface nonlinear polarization in the Agra-
novich and Darmanyan model in terms of the parameters appearing in the
free-electron model. Having α(z) and κ(z) in hand, we obtain an expression
for µ2 in the form

µ
(0)
2 =

2
3
β ln[ε(ω)/ε(2ω)] , (114)

so that µ2 = (0.7732004× 10−14 + i9.871 · 10−17) CGSE.
First we analyze the processes of multiple scattering of surface plasmon

polaritons of frequency 2ω. As in [17], we suppress the excitation of surface
plasmon polaritons of frequency ω, so that the features in the angular dis-
tribution of the mean intensity of the scattered light of frequency 2ω are
due to the multiple scattering of surface plasmon polaritons of frequency 2ω.
This is achieved by using the rectangular power spectrum (6), centered at
the wave numbers of surface plasmon polaritons of frequency 2ω, ksp(2ω),
with a half width equal to (2ω/c) sin θmax . In this case, the excitation of sur-
face plasmon polaritons of frequency ω through single-scattering processes
is forbidden, and the strong conversion of surface plasmon polaritons of fre-
quency 2ω into volume electromagnetic waves radiated into vacuum in the
given range of the scattering angle is ensured.

In Fig. 10a–c, we present the mean intensity of the second-harmonic light,
calculated by numerical simulations (solid lines) and the perturbative ap-
proach (dashed lines), when p-polarized light is incident on a one-dimensional,
random silver surface, characterized by the power spectrum (6) with h1 = 0
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Fig. 10. The mean normalized intensity of the second-harmonic light as a function
of the scattering angle θs for the scattering of p-polarized light from a randomly
rough silver surface whose roughness is characterized by the rectangular power spec-
trum (6), centered at the wave numbers of surface plasmon polaritons of frequency
2ω, with roughness parameters δ = 11.1 nm and θm = 12.2◦. The nonlinear coeffi-
cients are given by the free-electron model. The angles of incidence are (a) θ0 = 0◦,
(b) θ0 = 6◦, and (c) θ0 = 10◦. The solid lines represent the results of the numerical
simulations; the dashed lines represent the perturbative results

and h2 = 1, an rms height δ = 11.1 nm, and θmax = 12.2◦. The power
spectrum is centered at the wave numbers ±ksp(2ω) of the surface plasmon
polariton at frequency 2ω and has a half width equal to (2ω/c) sin θmax . The
nonlinear parameters used in the calculations, µ1(ω), µ2(ω), µ3(ω), are given
by the free-electron model. The results of numerical simulations represent the
averages of results obtained from 3000 realizations of the random surface.

The plots in Fig. 10a–c look similar to the plots of the differential re-
flection coefficient for linear scattering presented in Fig. 9. They display the
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single-scattering wings at large angles of scattering and an almost rectan-
gular distribution coming from the double-scattering processes mediated by
the surface plasmon polaritons of frequency 2ω. However, in contrast to the
results for linear scattering, the mean intensity of the second-harmonic light
displays a dip in the retroreflection direction when the fundamental light
is incident normally on the surface, θ0 = 0◦ (Fig. 10a), and a peak in the
retroreflection direction for larger angles of incidence θ0 = 6◦ (Fig. 10b) and
θ0 = 10◦ (Fig. 10c). Two weak peaks positioned at θs = ±30.3◦ when the
angle of incidence is 0◦, at θs = 33.83◦ and θs = −26.89◦ when the angle
of incidence is 6◦, and at θs = 36.25◦ and θs = −24.69◦ when the angle of
incidence is 10◦, are also displayed.

Although the results presented in Fig. 10 are in quite good quantitative
agreement with the experimental results of [17], they disagree with them
qualitatively, since only a dip in the retroreflection direction was observed in
the experiments of [17] for all angles of incidence of the fundamental light.

In Fig. 11a–c, we present plots of the mean intensity of second-harmonic
light generated in reflection from the same surface used in the calculations of
the results presented in Fig. 10, but with the surface nonlinear polarization
given by the Agranovich and Darmanyan model, in which we assume that
µ1 = 0. In this case, a dip in the retroreflection direction is displayed for all
angles of incidence.

In view of the power spectrum, the central distribution of the intensity
of the light of frequency 2ω in Fig. 10–11 is due to the roughness-induced
radiation of surface plasmon polaritons of frequency 2ω and is determined by
the contribution of the second, τ2ω(q|2k)|G(2k, 2ω)|2|Q(2k|2k)|2, and third,
τ̃2ω(q|2k), terms on the right-hand side of (110). As is well known in lin-
ear scattering theory [5], the averaged reducible vertex function τΩ(q|p)
displays a Lorentzian-enhanced backscattering peak whose position is de-
termined by the condition q + p = 0 and whose half width at half maxi-
mum equals the decay rate of the surface plasmon polaritons propagating
along the rough surface. Therefore, the contribution to the mean intensity of
the second-harmonic from the second term on the right-hand side of (110),
τ2ω(q|2k)|G(2k, 2ω)|2|Q(2k|2k)|2, can be viewed as a linear scattering one;
the only difference is that the “amplitude” of the incident field, that is,
G(2k, 2ω)Q(2k|2k), depends on the angle of incidence (the processes associ-
ated with this term are illustrated schematically in Fig. 12a). Due to the pres-
ence of τ2ω(q|2k), this contribution displays an enhanced second-harmonic
generation peak. The position of the peak is determined by the condition
q + 2k = 0. Since q = (2ω/c) sin θs, the condition q = −2k is equivalent to
sin θs = − sin θ0, i. e., the enhanced second-harmonic generation peak occurs
in the retroreflection direction. The height of the peak as a function of the
angle of incidence is determined by the effective amplitude of the field being
scattered, G(2k, 2ω)Q(2k|2k), i. e., by the coherent component of the nonlin-
ear source function of frequency 2ω. The strongest contribution to it is the
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Fig. 11. The same as Fig. 10, except that the nonlinear coefficients are given by
the Agranovich and Darmanyan model with µ1 = 0

specular contribution to the term Q(q|2k), (106), which is governed by the
effective nonlinear coefficient Γ0(2k), which describes the specular generation
of p-polarized light reflected from a planar surface. Since this coefficient is
proportional to k, in contrast to the situation in linear scattering, the peak
of the enhanced second-harmonic generation in this case will be absent when
light is incident normally on the surface. We note that this contribution
to the mean intensity of the generated light always displays a peak in the
retroreflection direction.

The second important, and much stronger, term is τ̃2ω(q|2k). In a sense,
this term is analogous to the contributions from the ladder and maximally
crossed diagrams in the linear problem of the scattering of light from a ran-
domly rough surface. However, in the nonlinear scattering problem, the am-
plitude of the field being scattered is the nonlinear source function Q(q|2k).
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Fig. 12a,b. Diagrams of multiple scattering processes involving surface plasmon
polaritons of frequency 2ω. The solid line arrows represent light of frequency ω,
the wavy gray line arrows represent surface plasmon polaritons of frequency 2ω,
and the solid gray line arrows represent light of frequency 2ω

Therefore, it describes the scattering of the waves of frequency 2ω generated
through the nonlinear mixing of the diffusely scattered fundamental radia-
tion. To second order in the nonlinear coefficients, the function τ̃2ω(q|2k) has
the form

τ̃2ω(q|2k) =
∫ ∞

−∞

dp
2π
[
τ2ω(q|p)|G(p, 2ω)|2〈|Q(p|2k)|2〉0

+〈t2ω(q, p)Q∗(q + 2k − p|2k)〉0G(p, 2ω)G∗(q + 2k − p, 2ω)

×〈t∗2ω(q, q + 2k − p)Q(p|2k)〉0
]
, (115)

where we have introduced the notation 〈f(q, p)g(p′, q′)〉 = 2πδ(q−p+p′−q′)
〈f(q, p)g(q′ − q + p, q′)〉0.

As in [5], to calculate the most important contributions to τ̃2ω(q|2k),
we will use the pole approximation for Green’s function G(q,Ω) [5]. In this
approximation, we obtain the following expression for τ̃2ω(q|2k):

τ̃2ω(q|2k) = C2(2ω)
∆ t(2ω)

{
τ2ω[q|ksp(2ω)]〈|Q[ksp(2ω)|2k]|2〉0

+ τ2ω [q| − ksp(2ω)]〈|Q[−ksp(2ω)|2k]|2〉0
]

+
4∆ t(2ω)C2(2ω)

(q + 2k)2 + 4∆ 2
t (2ω)
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×Re {P2ω[q, ksp(2ω)|q + 2k − ksp(2ω), 2k]

P∗
2ω[q, q + 2k − ksp(2ω)|ksp(2ω), 2k]

+P2ω[q,−ksp(2ω)|q + 2k + ksp(2ω), 2k]

P∗
2ω[q, q + 2k + ksp(2ω)| − ksp(2ω), 2k]}

+
1
2
C2(2ω)τMC(q,−q|2ω)|G(q, 2ω)|2〈|Q(−q|2k)|2〉0 , (116)

where

P2ω(q, p|p′, q′) = 〈t2ω(q, p)Q∗(p′|q′)〉0 (117)

and

C(Ω) =
(|ε1(Ω)|)3/2

ε21(Ω)− 1
(118)

is the residue of Green’s function at the poles q = ±ksp(Ω). The decay rate
∆ t(Ω) of the surface plasmon polaritons is

∆ t(Ω) = ∆ ε(Ω) + ∆ sp(Ω), (119)

where

∆ ε(Ω) =
1
2
ksp(Ω)

ε2(Ω)
[ε1(Ω) + 1]ε1(Ω)

(120)

is the decay rate of the surface plasmon polaritons due to ohmic losses and

∆ sp(Ω) = C(Ω)ImM [ksp(Ω)] (121)

is the decay rate of surface plasmon polaritons due to their scattering by the
surface roughness.

From (116), it is seen that the function τ̃2ω(q|2k) displays a Lorentzian
peak centered at q = −2k, i. e., in the retroreflection direction. However,
the height of the peak is determined by the Fourier component of the non-
linear source through which the excitation of surface plasmon polaritons of
frequency 2ω occurs. As a result, the height of the peak depends on the partic-
ular trajectory of the scattering path. In our case, it is the “incident” surface
plasmon polaritons of frequency 2ω that are excited due to the nonlinear
mixing of the fundamental waves, which are multiply scattered. Schematic
illustrations of the processes contained in the term under discussion are pre-
sented in Fig. 12b. The mean intensities of these “incident” surface plasmon
polaritons are determined by the nonlinear source functions and are propor-
tional to Q[ksp(2ω)|2k] and Q[−ksp(2ω)|2k]. Generally speaking, both the
nonlinear excitation and the roughness-induced radiation of the surface plas-
mon polaritons of frequency 2ω are nonreciprocal processes, and, as a result,
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there is no reason to expect a backscattering enhancement peak in the an-
gular distribution of the intensity of the generated light. Depending on the
phases acquired in the processes of excitation and radiation, a peak or a dip
can occur.

From the expression for the nonlinear source function, (106), one can
see that the strongest contributions to Q[±ksp(2ω)|2k] come from the terms
that are governed by the effective nonlinearities Γ0[±ksp(2ω)], (107), and
Γ1[±ksp(2ω)|k], (108). We can see that the terms with the nonlinear con-
stants µ2 and µ3 are proportional to the wave vector of the intermediate
excitations, in our case ±ksp(2ω), whereas the term with the nonlinear coef-
ficient µ1 is a quadratic function of it. Therefore, when the surface plasmon
polaritons of frequency 2ω propagating in opposite directions are excited in
the processes of nonlinear mixing, they will have a phase difference π if the
nonlinear constant µ1 is zero or small compared to µ2 and µ3. This is always
the case at normal, or almost normal, incidence of the fundamental light,
since the term with µ1 is also linear in the tangential component of the wave
vector of the incident light. Therefore, at normal incidence, only a dip can
be formed in the retroreflection direction. With an increase of the angle of
incidence, the term with µ1 becomes dominant and, as a result, a peak in the
retroreflection direction will be formed. The angle of incidence at which the
dip disappears and the peak begins to evolve is determined by the relative
magnitudes of the nonlinear coefficients, and also by the dielectric functions
of the medium, ε(ω) and ε(2ω), as well. When µ1 = 0 (Fig. 11), the angular
distribution of the intensity displays a dip in the retroreflection direction for
all angles of incidence. The strong dependence of the intensity of the gen-
erated light on the angle of incidence displayed in the plots in Fig. 10 also
shows the dominant role of the nonlinear constant µ1 when the calculations
are carried out within the framework of the free-electron model.

It should be noted that peaks at q = k ± ksp(ω) are present in the gap
between the central distribution and the single-scattering wings in Fig. 10,
as well as in the experimental data of [17]. They are due to the resonant
nonlinear mixing of the incident light with the surface plasmon polaritons
of frequency ω. For the given power spectrum of the surfaces under study,
surface plasmon polaritons of frequency ω can be excited in higher order
scattering processes, in fact in the third event of scattering by the surface
roughness. Therefore, the resonant peaks due to the nonlinear mixing of sur-
face plasmon polaritons of frequency ω with the incident light can arise, but
only in higher order scattering processes. They can be seen in Fig. 10 but are
too weak to be seen in Fig. 11.

Now, we turn to the analysis of the effects of the multiple scattering of
surface plasmon polaritons of frequency ω. To do this, we assume that the
power spectrum of the surface roughness is now such that the fundamental
light incident on the surface at angles of incidence |θ0| < θmax is strongly
coupled into surface plasmon polaritons of frequency ω, and the conversion of
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surface plasmon polaritons of frequency 2ω, excited due to nonlinear scatter-
ing processes, into volume waves in the vacuum is suppressed. This is achieved
by using the rectangular power spectrum, (26), centered at the wave numbers
of surface plasmon polaritons of frequency ω, ksp(ω), with a half width equal
to (ω/c) sin θmax .

In Fig. 13a–c, we present the mean intensity of the second-harmonic light,
calculated by numerical simulations when p-polarized light is incident on
a one-dimensional, random silver surface at three angles of incidence, θ0 = 0◦

(Fig. 13a), θ0 = 8◦ (Fig. 13b), and θ0 = 13◦ (Fig. 13c). The nonlinear coeffi-
cients are given by the free-electron model. The surface roughness is charac-
terized by the power spectrum (6) with h1 = 1 and h2 = 0, with an rms height
δ = 28.3 nm, and θmax = 15◦. This power spectrum is centered at the wave
number ksp(ω) of the surface plasmon polaritons at frequency ω. The angu-
lar distributions of the mean intensity of the second-harmonic light presented
in Fig. 13 differ considerably from the angular distributions of the intensity
of the light scattered linearly from the same surface, which are presented
in Fig. 9. In the gaps between the single scattering wings and the central
distribution, two strong resonant peaks are also displayed, at θs = ±30.3◦
when the angle of incidence is 0◦, at θs = 35.03◦ and θs = −25.78◦ when the
angle of incidence is 8◦, and at θs = 38.1◦ and θs = −23.1◦ when the angle
of incidence is 13◦. These are the peaks whose positions are determined by
the condition q = k ± ksp(ω) and are associated with the resonant nonlinear
interaction of the excited surface plasmon polariton of frequency ω with the
incident light. The most striking feature of the plots in Fig. 13 is a narrow dip
at θs = 0 that is present in the plots at small angles of incidence and evolves
into a peak when the angle of incidence is 13◦. Note that the intensity of the
light of frequency 2ω in this case is an order of magnitude greater than in
the case where the excitation of surface plasmon polaritons of frequency ω is
forbidden (Fig. 10). A weak dip in the retroreflection direction is displayed in
Fig. 13b. Although the main features of the experimental results of [18] are
displayed by the plots presented in Fig. 13, no dips or peaks in the direction
normal to the mean surface and in the retroreflection direction were observed
experimentally.

In Fig. 14, we present plots of the the intensity of second-harmonic light of
light reflected from the same surface used in calculating the results presented
in Fig. 13, but with the surface nonlinear polarization given by the Agranovich
and Darmanyan model where we have set µ1 = 0. From the plots, we can see
that when the fundamental light is incident normally on the surface, a narrow
dip occurs in the direction normal to the mean surface, independent of the
values of the nonlinear coefficients µ1, µ2, and µ3. With increasing angle
of incidence, the dip evolves into a peak when the nonlinear coefficient µ1

is nonzero, whereas when only µ1 = 0, only a dip appears in the angular
dependence of the mean intensity. A weak dip in the retroreflection direction
is displayed when the angle of incidence is 8◦ in both cases.
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Fig. 13. The mean normalized intensity of the second-harmonic light as a function
of the scattering angle θs for the scattering of p-polarized light from a randomly
rough silver surface whose roughness is characterized by the rectangular power
spectrum (6), centered at the wave numbers of surface plasmon polaritons of fre-
quency ω, with roughness parameters δ = 28.3 nm and θm = 15◦. The nonlinear
coefficients are given by the free-electron model. The angles of incidence are (a)
θ0 = 0◦, (b) θ0 = 8◦, and (c) θ0 = 13◦. The plots represent the results of the
numerical simulations

In Fig. 15, we present plots of the the intensity of the second-harmonic
light for the same cases for which the results presented in Fig. 13 were
obtained, except that the rms height of the surface roughness is taken as
δ = 10.8 nm instead of 28.3 nm. These results were obtained by the numer-
ical and perturbative approaches developed in the preceding sections. The
parameters of the surface roughness used in the calculations of the results
presented in Fig. 15 are the parameters of surface 1 studied in [18], and for
the numerical calculations illustrated in Fig. 13 and Fig. 14, we have used
the parameters of the surface 3. For the latter sets of parameters, the per-
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Fig. 14. The same as Fig. 13, except that µ2 is given by (114), and µ1 = µ3 = 0

turbation theory approach breaks down since
√|ε(ω)|(ωδ/c) = 1.25575. The

experimental curves for the mean intensity of the harmonic light presented
in [18] also support the conclusion that the perturbation theory is applicable
only to surface 1, the most weakly rough surface used in the study.

First let us analyze the general features of the angular distribution of the
mean intensity of the scattered light The second-harmonic light generated
through the nonlinear mixing of the surface plasmon polaritons of the funda-
mental frequency emerges into vacuum in the angular range determined by
the conditions

− 1
2
(sin θmax − sin θ0) < sin θs <

1
2
(sin θmax + sin θ0) , (122)

−1
2
[nsp(ω) + sin θmax ] < sin θs < −1

2
[nsp(ω)− sin θmax ] ,
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Fig. 15. The mean normalized intensity of the second-harmonic light as a function
of the scattering angle θs for the scattering of p-polarized light from a randomly
rough silver surface whose roughness is characterized by the rectangular power
spectrum (6), centered at the wave numbers of surface plasmon polaritons of fre-
quency ω, with roughness parameters δ = 10.8 nm and θm = 15◦. The nonlinear
coefficients are given by the free-electron model. The angles of incidence are (a)
θs = 0◦, (b) θs = 8◦, and (c) θs = 13◦. The plots represent the results of the
numerical (solid line) and perturbative (dashed line) calculations

and

1
2
[nsp(ω)− sin θmax ] < sin θs <

1
2
[nsp(ω) + sin θmax ] . (123)

In contrast, the surface plasmon polaritons of frequency 2ω excited through
the nonlinear interaction are converted into vacuum light that radiates within
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the angular range determined by the conditions

1
2
[nsp(ω)− sin θmax ]− nsp(2ω) < sin θs

<
1
2
[nsp(ω) + sin θmax ]− nsp(2ω) (124)

and

− 1
2
[nsp(ω) + sin θmax ] + nsp(2ω) < sin θs

< −1
2
[nsp(ω)− sin θmax ] + nsp(2ω). (125)

In (124) and (125), nsp(Ω) = [ksp(Ω)c]/Ω is the refractive index of the
surface plasmon polaritons of frequency Ω. The single scattering processes
give a contribution to the intensity of the second-harmonic light only in the
angular ranges

1
2
[nsp(ω)− sin θmax ] + sin θ0 < sin θs

<
1
2
[nsp(ω) + sin θmax ] + sin θ0 (126)

and

− 1
2
[nsp(ω) + sin θmax ] + sin θ0 < sin θs

< −1
2
[nsp(ω)− sin θmax ] + sin θ0 . (127)

The plots of Figs. 13–15, indeed, display a nonzero intensity of the scattered
light of frequency 2ω only in these angular intervals.

The effects of the multiple scattering of surface plasmon polaritons of
frequency ω influence all of the terms contributing to the mean differential
intensity of the second-harmonic light. The first term in (110), 〈|Q(q|2k)|2〉−
|〈Q(q|2k)〉|2, describes the second-harmonic generation of volume waves of
frequency 2ω through the nonlinear mixing of the scattered fundamental light,
including the multiply-scattered surface plasmon polariton of frequency ω,
and the remaining contributions describe those processes in which the gen-
erated waves of frequency 2ω have been scattered by the rough surface. The
latter give rise to a structureless background of the intensity of the second-
harmonic light because the power spectrum chosen in this case forbids the
conversion of surface plasmon polaritons of frequency 2ω into radiative waves
in vacuum. The main features of the angular distribution of the intensity
of light of the harmonic frequency can be described if we keep only those
contributions to the nonlinear driving term Q(q|2k) that contain the oper-
ators tω(p|k), i. e., the second and third terms in (106). The second term
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in (106), which contains the nonlinear coefficient Γ1(q, k), gives the contribu-
tion to the mean differential intensity of the harmonic light of the form

χ1(q|k) = |Γ1(q, k)|2|G(q − k, ω)|2τω(q − k|k) . (128)

This term describes the intensity of the light of frequency 2ω generated
by the nonlinear interaction of the incident light with the scattered waves
of frequency ω. (Schematic illustrations of these processes are presented in
Fig. 16a–c.) The function χ1(q|k) contains the product of two highly peaked
functions, |G(q − k, ω)|2τω(q − k|k) and, as a result, displays three peaks
of the enhanced second-harmonic generation. Two strong resonant peaks at
q = k ± ksp(ω) are due to the resonant interaction of the incident light with
the excited surface plasmon polaritons of frequency ω [7,45] (Fig. 16a,b) and
appear already in the single scattering processes due to the presence of the
factor |G(q − k, ω)|2 [7,45]. The coherent interference of multiply-scattered
surface plasmon polaritons of frequency ω leads to the appearance of a peak
in the direction normal to the surface because the reducible vertex function
τω(q−k|k) displays a Lorentzian peak centered at q−k+k = 0. The function
τω(q − k|k) describes the second-harmonic generation by the nonlinear mix-
ing of the incident light with volume waves of frequency ω emerging into the
vacuum after being multiply scattered by the surface roughness. It displays
a peak when q = 0, i. e., in the direction normal to the mean surface. The
presence of this peak can be understood easily since it is due to the mixing
of the incident light and the light scattered in the retroreflection direction,
i. e., in the direction of the enhanced backscattering (Fig. 16c). In this case
the contrapropagating beams of volume waves interact nonlinearly giving
rise to the waves of frequency 2ω propagating into the vacuum in the direc-
tion normal to the surface. However, not only the reducible vertex function
τω(q− k|k) depends on the angle of scattering. The effective nonlinear coeffi-
cient Γ1(q, k) is also a function of q and, at small values of q, is proportional
to q; therefore, the efficiency of the nonlinear mixing in such processes van-
ishes when q = 0, i. e., in the direction normal to the mean surface. Generally
speaking, depending on the values of the nonlinear coefficients µ1, µ2, and
µ3 and the dielectric functions ε(2ω) and ε(ω), the processes we have just
discussed can lead to a peak with a dip at the top.

A much stronger contribution to the intensity of the light of frequency 2ω
comes from the nonlinear mixing of the multiply-scattered surface plasmon
polaritons of frequency ω, propagating in opposite directions. They are il-
lustrated in Fig. 16d and are described by the third term in the nonlinear
source (106). Its contribution to the mean differential intensity has the form

χ3(q|k) =
∫ ∞

−∞

dp
4π

|Γ2(q, p) + Γ2(q, q − p)|2|G(q − p, ω)G(p, ω)|2

×τω(q − p|k)τω(p|k) . (129)
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Fig. 16a-d. Diagrams of the multiple scattering processes involving surface plas-
mon polaritons of frequency ω. The solid line arrows represent light of frequency
ω, the wavy gray line arrows represent surface plasmon polaritons of frequency ω,
and the solid gray line arrows represent light of frequency 2ω

In the pole approximation for Green’s functions, it has the form

χ3(q, k) =
C2(ω)
2∆ t(ω)

C2(ω)
q2 + 4∆ 2

t (ω)

{
τω[ksp(ω)|k]τω[q − ksp(ω)|k]

×|Γ2[q, ksp(ω)] + Γ2[q, q − ksp(ω)]|2

+τω[−ksp(ω)|k]τω[q + ksp(ω)|k]

×|Γ2[q, ksp(ω)] + Γ2[q, q − ksp(ω)]|2



Multiple-Scattering Phenomena in the Second-Harmonic Generation 405

+C2(ω)τ ′ω(−k, k)τω(q + k|k)|G(k, ω)G(q + k, ω)|2|

×|Γ2(q,−k) + Γ2(q, q + k)|2
}
, (130)

where τ ′ω(−k, k) is the residue of τω(q, k) at the pole q = −k. Although this
function also has a Lorentzian factor centered at q = 0, the efficiency of
the nonlinear mixing of the contrapropagating surface plasmon polaritons is
determined by the effective nonlinear coefficient Γ2[q,±ksp(ω)] + Γ2[q, q ∓
ksp(ω)]. This effective nonlinear coefficient is also linear in q for small q due
to the symmetry of the surface nonlinear polarization. As is well known,
the symmetry of the nonlinear polarization of a metal surface forbids such
processes [16]. Therefore, this contribution displays a dip rather than a peak
in the direction normal to the mean surface. The depth of this dip depends
strongly on the values of the material parameters and the angle of incidence
of the fundamental light.

In the nonlinear source Q(q|2k), (106), we have separated two lead-
ing terms that contain the scattering of surface plasmon polaritons of fre-
quency 2ω. However, the remaining term Qsc(q|2k) contains higher order
processes with the participation of surface plasmon polaritons of frequency ω,
which can give rise to qualitative features in the angular distribution of the
mean differential intensity of the light of frequency 2ω. We list here the most
important processses left out of our description. The first are the processes
of nonlinear mixing in which at least one of the participating waves is the
volume wave emerging into the vacuum after the scattering of surface plas-
mon polaritons of frequency ω by the surface roughness. In particular, the
nonlinear mixing of the enhanced backscattered radiation with the enhanced
backscattered surface plasmon polariton beam leads to the appearance of
resonant peaks or dips when q = −k ± ksp(ω) In a sense, these processes are
analogous to the processes of the resonant mixing of the incident light with
the surface plasmon polaritons of frequency ω which lead to the peaks/dips
at q = k ± ksp(ω) (Figs. 13–15). However, these peaks are weak and are
displayed in the plots of Figs. 13–15, as well as in the experimental curves
of [18], as a weak structure on the left and right shoulders of the rectangular
distributions of the intensity in the angular ranges −45◦ < θs < −20◦ and
20◦ < θs < 45◦.

We have also left out of our discussion the processes of nonlinear mixing
of the backscattered waves of frequency ω. They display a peak or a dip in
the retroreflection direction, since the waves of frequency ω scattered into
the retroreflection direction are coherent. No surface plasmon polaritons of
frequency 2ω participate in the formation of the peak/dip. The dip is clearly
seen in the plots in Figs. 13–15.

In addition, the last, and possibly the strongest, processes are the pro-
cesses of nonlinear mixing of copropagating surface plasmon polaritons of
frequency ω. The latter processes are nonresonant since the frequency dis-
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persion of the dielectric function of the metal breaks the phase matching
conditions.

It should be pointed out that only the multiply–scattered waves parti-
cipate in the processes of nonlinear mixing listed, and the resulting angular
pattern of the intensity of the generated light does not depend on the angle
of incidence. This is why the rectangular distributions of the intensity in the
angular ranges −45◦ < θs < −20◦ and 20◦ < θs < 45◦ in Figs. 13–15 do not
move with an increase of the angle of incidence.

The nonlinear interaction of the multiply-scattered surface plasmon po-
laritons of frequency ω can also lead to the excitation of surface plasmon
polaritons of frequency 2ω. These types of processes are of a higher order in
the surface profile function and usually are weak. What is more, the partic-
ular form of the power spectrum used in our calculations makes them even
weaker or totally forbids them. However, the nonlinear mixing of copropa-
gating surface plasmon polaritons of frequency ω can result in the excitation
of surface plasmon polaritons of frequency 2ω on the rough surface. These
processes can give quite a strong contribution to the intensity of the second-
harmonic radiation independent of the power spectrum and display, depend-
ing on the effective nonlinearities Γ2[q,±ksp(ω)], Lorentzian peaks or dips at
q = ±[ksp(2ω) − 2ksp(ω)]. For the particular values of the dielectric func-
tions ε(ω) and ε(2ω) assumed in our calculations, these peaks/dips occur at
θs = ±1.1◦, that is, in the vicinity of the direction normal to the surface.
Possibly, the additional weak structure in the vicinity of the normal direction
present in Figs. 13–15 can be attributed to this mechanism.

4 The Kretschmann Geometry

As we noted in the introduction, the first experimental studies of second-
harmonic generation of light reflected from, or transmitted through, randomly
rough metal surfaces were carried out in the Kretschmann ATR geometry.
In several of these studies [8,9,11], the random, unilluminated surface of the
metal film was in contact with a nonlinear quartz crystal. In others [10,12,13],
it was in contact with vacuum. In this section, we present theories of second-
harmonic generation in the reflection of light from, and in its transmission
through, a metal film with a one-dimensional random surface when that sur-
face is in contact with vacuum, so that the nonlinear interactions occur at
the silver surfaces. A theory of second-harmonic generation in transmission
when the random metal surface is in contact with a nonlinear quartz crystal
has been presented in [46], and the interested reader is referred to that work
for the details of the analysis.

The system we consider in this section is depicted in Fig. 17. It consists
of a dielectric prism characterized by a real, positive, dielectric constant ε0
in the region x3 > D (region I), a metal film characterized by an isotropic,
complex, frequency-dependent, dielectric function ε(ω) = ε1(ω) + iε2(ω) in
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Fig. 17. The Kretschmann attenuated total reflection geometry

the region ζ(x1) < x3 < D (region II), and vacuum in the region x3 < ζ(x1)
(region III). This system is illuminated through the prism by p-polarized light
of frequency ω, whose plane of incidence is the x1x3 plane. Therefore, it is
convenient to work with the single nonzero component of the magnetic field
in it, H2(x1, x3|ω).

At each frequency ω in the interval 0 < ω < ωmax , where ωmax is the
solution of ε0 + Re ε(ω) = 0, the structure depicted in Fig. 17 supports two
p-polarized surface plasmon polaritons, whose wave numbers are denoted
by q1(ω) and q2(ω), with |q1(ω)| < |q2(ω)|. In the absence of the surface
roughness [ζ(x1) ≡ 0], these wave numbers are obtained as the solutions of
the dispersion relation

[ε0β(q, ω) + ε(ω)βp(q, ω)][ε(ω)β0(q, ω) + β(q, ω)]

= −[ε0β(q, ω)− ε(ω)β0(q, ω)][ε(ω)β0(q, ω)− β(q, ω)] exp[−2β(q, ω)D] ,
(131)

where βp(q, ω) = [q2 − ε0(ω/c)2]
1
2 , with Reβp(q, ω) > 0, Imβp(q, ω) < 0;

β(q, ω) = [q2−ε(ω)(ω/c)2] 12 , with Re β(q, ω) > 0, Imβ(q, ω) < 0; and β0(q, ω)
= [q2 − (ω/c)2]

1
2 , with Reβ0(qω) > 0, Imβ0(q, ω) < 0.

If, for the time being, we neglect the imaginary part of ε(ω), we find that
true surface plasmon polaritons exist only in the region q >

√
ε0(ω/c), where

both βp(q, ω) and β0(q, ω) are real and positive, so that the electromagnetic
field in both the prism and the vacuum decays exponentially with increasng
distance from the metal film. In the limit D → ∞, the vanishing of the first
factor on the left-hand side of (131) is the dispersion relation for a surface
plasmon polariton localized to the prism metal interface; the vanishing of
the second factor is the dispersion relation for a surface plasmon polariton
localized to the metal–vacuum interface.
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The solution of (131) for finite values of D in the frequency range of
interest to us yields two real values of q, q1(ω) and q2(ω). In this frequency
range, q2(ω) >

√
ε0(ω/c), so that both βp(q2(ω), ω) and β0(q2ω), ω) are real

and positive. The field associated with this mode has its maximum at the
prism–metal interface and decays exponentially both into the prism and into
the vacuum. This is a true surface plasmon polariton, which in the limit of
a thick film becomes the surface plasmon polariton at a prism–metal interface.
The solution q1(ω) is larger than ω/c but is smaller than

√
ε0(ω/c), so that

β0(q1(ω), ω) is real, whereas βp(q1, (ω), ω) is imaginary. The field associated
with this mode has its maximum at the metal–vacuum interface and decays
exponentially into the vacuum; however, it radiates into the prism. Thus,
this mode is a leaky wave. In the limit of a thick film, this mode becomes the
surface plasmon polariton at a metal–vacuum interface. The fact that this
mode is a leaky wave for finite values of D makes it possible to excite it in
the Kretschmann ATR configuration.

The dispersion curves resulting from the solution of (131) are plotted in
Fig. 18 for the case that ε0 = 2.25 and ε(ω) has the simple free-electron
form ε(ω) = 1− (ωp/ω)2, where ωp is the plasma frequency of the conduction
electrons in the metal. The portion of one branch of the dispersion curve that
corresponds to the leaky wave is depicted by the dashed curve and represents
a plot of ω as a function of Re q.

Fig. 18. The dispersion curves for the surface plasmon polaritons supported by
the Kretschmann attenuated total reflection geometry in the absence of surface
roughness. The dielectric constant of the prism is ε0 = 2.25; the dielectric function
of the metal is ε(ω) = 1−ω2

p/ω2; the medium below the film is vacuum. The leaky
mode is depicted by the dashed curve
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When the imaginary part of ε(ω) is restored, both wave numbers q1(ω)
and q2(ω) become complex. Their imaginary parts, however, are generally
small enough compared with their real parts that the dispersion curves plot-
ted in Fig. 18 are almost unchanged, except that the entire horizontal axis,
it must now be understood, is labeled Req.

The fact that one of the branches of the dispersion curves obtained from
the solution of (131) is that of a leaky wave for a certain range of frequen-
cies (Fig. 18) gives rise to the possibility of additional peaks in the angular
dependence of the incoherent component of the scattered light. These leaky
wave peaks are single-scattering phenomena and hence, are generally more
intense than multiple-scattering phenomena such as the enhanced backscat-
tering peaks. The scattering angles at which these peaks occur can be de-
termined simply by equating the x1 component of the wave vector of the
scattered light to the wave number of the leaky surface plasmon polariton,

Re [q1(ω)] = ±√
ε0(ω/c) sin θleaky. (132)

Therefore, the angles at which the leaky wave peaks occur are independent
of the angle of incidence. Because Re [q1(ω)] is smaller than

√
ε0(ω/c) but

larger than (ω/c), there are no leaky wave peaks in transmission, because
the dielectric constant is unity in the vacuum region and the corresponding
peaks lie in the nonradiative region of the optical spectrum. Because the
leaky wave peaks significantly contribute to the angular dependence of the
intensity of the scattered light, we may expect that multiple-scattering effects
will manifest themselves more clearly under conditions where the leaky wave
peaks are absent.

In the rest of this section, both a weakly rough and a strongly rough
metal–vacuum interface will be considered. Underlying the theoretical treat-
ment of both types of random surfaces are the boundary conditions at the
planar prism–metal interface and at the random metal–vacuum interface at
the harmonic frequency.

4.1 Linear and Nonlinear Boundary Conditions

The boundary conditions satisfied by the field components H(i)
2 (x1, x3|ω)(i =

I, II, III) at the fundamental frequency ω express the continuity of the tan-
gential components of the magnetic and electric fields across the interfaces
x3 = D and x3 = ζ(x1). They can be written in the forms

H
(I)
2 (x1, x3|ω)

∣∣∣
x3=D

= H
(II)
2 (x1, x3|ω)

∣∣∣
x3=D

1
ε0

∂

∂x3
H

(I)
2 (x1, x3|ω)

∣∣∣
x3=D

=
1

ε(ω)
∂

∂x3
H

(II)
2 (x1, x3|ω)

∣∣∣
x3=D

(133)
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and

H
(II)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

= H
(III)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

1
ε(ω)

∂

∂N
H

(II)
2 (x1, x3|ω)

∣∣∣
x3ζ(x1)

=
∂

∂N
H

(III)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

, (134)

respectively.
As in the derivation of the boundary conditions at the harmonic frequency

at a vacuum–metal interface, a central role in the derivation of the boundary
conditions at the harmonic frequency at the prism–metal film interface and
at the metal film–vacuum interface in the Kretschmann ATR geometry is
played by the nonlinear polarization in a centrosymmetric metal film. In this
case, we take it to have the form [22]

PNL
I,III =

1
4π

[αI,IIIE(∇ · E) + βI,III(E · ∇)E

+γI,IIIE× (∇× E) +E(E · ∇ρI,III) + (E · E)∇κI,III] , (135)

where the subscripts I and III denote the prism–metal and metal–vacuum
interfaces, respectively, E is the macroscopic electric field, and the coefficients
in general depend on the distance from the corresponding interface.

The nonlinear boundary conditions for the harmonic fields are obtained
by integrating the Maxwell equations for them across the interfacial layers
and then passing to the limit of vanishing thicknesses of the layers. Without
going into the details of their derivation, which mimics their derivation at
a rough vacuum–metal interface presented in Sect. 3.1, we note that when
the incident field is p-polarized, the fields at the harmonic frequency 2ω
are also p-polarized. The nonlinear boundary conditions at the prism–metal
interface x3 = D can then be written in the forms

H
(I)
2 (x1, x3|ω)

∣∣∣
x3=D

− H
(II)
2 (x1, x3|ω)

∣∣∣
x3=D

=
2ic
ω
µ

(I)
3

1
ε0
L(I)(x1|ω) d

dx1
H(I)(x1|ω)

≡ A(I)(x1|2ω) (136)

1
ε0

∂

∂x3
H

(I)
2 (x1, x3|ω)

∣∣∣
x3=D

− 1
ε(2ω)

∂

∂x3
H

(II)
2 (x1, x3|ω)

∣∣∣
x3=D

=
2ic
ω

d
dx1

[
µ

(I)
1

(
d
dx1

H(I)(x1|ω)
)2

+ µ
(I)
2

1
ε20
L(I)(x1|ω)2

]

≡ B(I)(x1|2ω), (137)
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where the nonlinearity constants are given by

µ
(I)
1 = lim

η→0

D+η∫
D−η

dx3
1

ε(2ω, x3)

{
[αI(x3) + βI(x3)]

d
dx3

1
ε2(ω, x3)

+
1

ε2(ω, x3)
d
dx3

[ρI(x3) + κI(x3)]
}
, (138)

µ
(I)
2 = lim

η→0

D+η∫
D−η

dx3
1

ε(2ω, x3)
dκI(x3)
dx3

, (139)

µ
(I)
3 = lim

η→0

D+η∫
D−η

dx3

[
αI(x3)

d
dx3

1
ε(ω, x3)

+
1

ε(ω, x3)
dρI(x3)
dx3

]
. (140)

At the same time, the nonlinear boundary conditions at the metal film–
vacuum interface x3 = ζ(x1) become

H
(II)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

− H
(III)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

=
2ic
ω

µ
(III)
3

φ2(x1)
L(III)(x1|ω) d

dx1
H(III)(x1|ω)

≡ A(III)(x1|2ω) (141)

1
ε(2ω)

∂

∂N
H

(II)
2 (x1, x3|ω)

∣∣∣
x3=ζ(x1)

− ∂

∂N
H

(III)
2 (x1, x3|2ω)

∣∣∣
x3=ζ(x1)

=
2ic
ω

d
dx1

(
1

φ2(x1)

{
µ

(III)
1

[
d
dx1

H(III)(x1|ω)
]2

+ µ
(III)
2 L(III)(x1|ω)2

})
.

(142)

The nonlinearity coefficients in the case are

µ
(III)
1 = lim

η→0

η∫
−η

1
ε(2ω, z)

{
1
2
[αIII(z) + βIII(z)]

d
dz

1
ε2(ω, z)

+
1

ε2(ω, z)
d
dz

[ρIII(z) + κIII(z)]
}
, (143)
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µ
(III)
2 = lim

η→0

η∫
−η

dz
1

ε(2ω, z)
dκIII(z)

dz
, (144)

µ
(III)
3 = lim

η→0

η∫
−η

dz
[
αIII(z)

d
dz

1
ε(ω, z)

+
1

ε(ω, z)
dρIII(z)

dz

]
, (145)

where z is a local coordinate normal to the interface x3 = ζ(x1) at each
point. The boundary conditions (136)–(137) and (141)–(142) will be used in
both the perturbative calculations of second-harmonic generation in a weakly
rough metal film and in the computer simulations for a more strongly rough
metal film.

4.2 Strongly Rough Surfaces

A monochromatic p-polarized beam of light of frequency ω, whose plane of
incidence is the x1x3 plane illuminates the prism–metal interface x3 = D from
the side of the prism. In this case, it is convenient to work with the single
nonzero component of the magnetic vector at the fundamental frequency ω.

The x2 components of the magnetic fields at ω and 2ω satisfy Helmholtz
equations in each of the regions: x3 > D (region I); ζ(x1) < x3 < D (re-
gion II); and x3 < ζ(x1) (region III). By applying Green’s second integral
identity in the plane [26] to each of these regions in turn, we obtain the
following equations:

θ(x3 −D)H(I)
2 (x1, x3|Ω) = H0(x1, x3|Ω) + 1

4π

∫ ∞

−∞
dx′1

×
{[

∂

∂x′1
G(Ω)

ε0 (x1, x3|x′1, x′3)
]

x′
3=D

H(I)(x′1|Ω)

−
[
G(Ω)

ε0 (x1, x3|x′1, x′3)
]

x′
3=D

L(I)(x′1|Ω)
}

(146)

θ[x3 − ζ(x1)]θ(D − x3)H
(II)
2 (x1, x3|Ω) = − 1

4π

∫ ∞

−∞
dx′1

×
{[

∂

∂x′3
G(Ω)

ε (x1, x3|x′1, x′3)
]
H

(II)
2 (x′1, x

′
3|Ω)
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− G(Ω)
ε (x1, x3|x′1, x′3)

∂

∂x′3
H

(II)
2 (x′1, x

′
3|Ω)
}

x′
3=D

+
1
4π

∫ ∞

−∞
dx′1

{[
∂

∂N ′G
(Ω)
ε (x1, x3|x′1, x′3)

]
H

(II)
2 (x′1, x

′
3|Ω)

− G(Ω)
ε (x1, x3|x′1, x′3)

∂

∂N ′H
(II)
2 (x′1, x

′
3|Ω)
}

x′
3=ζ(x′

1)

; (147)

θ[ζ(x1)− x3]H
(III)
2 (x1, x3|Ω) = − 1

4π

∫ ∞

−∞
dx′1

×
{[

∂

∂N ′G
(Ω)
0 (x1, x3|x′1, x′3)

]
x′
3=ζ(x′

1)

H(III)(x′1|Ω)

−
[
G

(Ω)
0 (x1, x3|x′1, x′3)

]
x′
3=ζ(x′

1)
L(III)(x′1|Ω)

}
, (148)

respectively. The source functionsH(I,III)(x1|Ω) and L(I,III)(x1|Ω) are defined
by

H(I)(x1|Ω) = H
(I)
2 (x1, x3|Ω)|

∣∣∣
x3=D

, (149)

L(I)(x1|Ω) = ∂

∂x3
H

(I)
2 (x1, x3|Ω)

∣∣∣
x3=D

, (150)

H(III)(x1|Ω) = H
(III)
2 (x1, x3|Ω)

∣∣∣
x3=ζ(x1)

, (151)

L(III)(x1|Ω) = ∂

∂N
H

(III)
2 (x1, x3|Ω)

∣∣∣
x3=ζ(x1)

, (152)

and

H0(x1, x3|Ω) = H
(I)
2 (x1, x3|ω)inc , Ω = ω ,

= 0 , Ω = 2ω . (153)
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The functionsG(Ω)
ε0 (x1, x3|x′1, x′3), G(Ω)

ε (x1, x3|x′1, x′3), andG(Ω)
0 (x1, x3|x′1, x′3)

are Green’s functions defined by the following expressions:

G(Ω)
ε0 (x1, x3|x′1, x′3) =

∫ ∞

−∞

dq
2π

2πi
αp(q,Ω)

exp[iq(x1 − x′1)

+iαp(q,Ω)|x3 − x′3|]

= iπH(1)
0

{√
ε0(Ω/c)[(x1 − x′1)

2 + (x3 − x′3)
2]

1
2

}
,

G(Ω)
ε (x1, x3|x′1, x′3) =

∫ ∞

−∞

dq
2π

2π
β(q,Ω)

exp[iq(x1 − x′1)− β(q,Ω)|x3 − x′3|]

= iπH(1)
0

{
nε(Ω)(Ω/c)[(x1 − x′1)

2 + (x3 − x′3)
2]

1
2

}
,

G
(Ω)
0 (x1, x3|x′1, x′3) =

∫ ∞

−∞

dq
2π

2πi
α0(q,Ω)

exp[iq(x1 − x′1)

+iα0(q,Ω)|x3 − x′3|]

= iπH(0)
0 {(Ω/c)[(x1 − x′1)

2 + (x3 − x′3)
2]

1
2 } , (154)

where

αp(q,Ω) =
[
ε0(Ω/c)2 − q2

] 1
2 , q2 < ε0(Ω/c)2 ,

= i
[
q2 − ε0(Ω/c)2

] 1
2 , q2 > ε0(Ω/c)2 ,

β(q,Ω) =
[
q2 − ε(Ω)(Ω/c)2

] 1
2 , Re β(q,Ω) > 0, Imβ(q,Ω) < 0 ,

α0(q,Ω) =
[
(Ω/c)2 − q2

] 1
2 , q2 < (Ω/c)2 ,

= i
[
q2 − (Ω/c)2

] 1
2 , q2 > (Ω/c)2 , (155)

and

nε(Ω) = [ε(Ω)]
1
2 , Renε(Ω) > 0, Imnε(Ω) > 0 , (156)

and H(0)(z) is a Hankel function of the first kind.
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The scattered field in the prism is given by the second term on the right-
hand side of (146), which in the far field becomes

H
(I)
2 (x1, x3|Ω)sc =

∫ ∞

−∞

dq
2π

R(q,Ω) exp[iqx1 + iαp(q,Ω)x3] , (157)

where

R(q,Ω) =
1

2iαp(q,Ω)

∫ ∞

−∞
dx1 exp[−iqx1 − iαp(q,Ω)D]

[αp(q,Ω)H(I)(x1|Ω) + L(I)(x1|Ω)] . (158)

Similarly, the transmitted field in the vacuum region is given by the right-
hand side of (148), which in the far field becomes

H
(III)
2 (x1, x3|Ω)tr =

∫ ∞

−∞

dq
2π

T (q,Ω) exp[iqx1 − iα0(q,Ω)x3], (159)

where

T (q,Ω) =
1

2iα0(q,Ω)

∫ ∞

−∞
dx1 exp[−iqx1 + iα(q,Ω)ζ(x1)]

×
{
i[qζ′(x1) + α0(q,Ω)]H(III)(x1|Ω)− L(III)(x1|Ω)

}
. (160)

The equations for the source functions H(I,III)(x1|ω) and L(I,III)(x1|ω)
at the fundamental frequency ω that enter the nonlinear boundary con-
ditions (136)–(137) and (141)–(142) are obtained by setting x3 = D + η,
where η is a positive infinitesimal, in (146) and (147), setting x3 = ζ(x1) + η
in (147) and (148), and using the linear boundary conditions (133) and (134)
at x3 = D and x3 = ζ(x1), respectively. The results are

H(I)(x1|ω) = H(x1|ω)inc +
1
4π

∫ ∞

−∞
dx′1



[
∂

∂x′3
G(ω)

ε0 (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

×H(I)(x′1|ω)−
[
G(ω)

ε0 (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

L(I)(x′1|ω)


 (161)
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0 =
1
4π

∫ ∞

−∞
dx′1


−
[
∂

∂x′3
G(ω)

ε (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

H(I)(x′1|ω)

+
ε(ω)
ε0

[
G(ω)

ε (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

L(I)(x′1|ω)

+
[

∂

∂N ′G
(ω)
ε (x1, x3|x′1, x′3)

]
x3 = D
x′3 = ζ(x′1)

H(III)(x′1|ω)

− ε(ω)
[
G(ω)

ε (x1, x3|x′1, x′3)
]
x3 = D
x′3 = ζ(x′1)

L(III)(x′1|ω)


 , (162)

H(III)(x1|ω) = 1
4π

∫ ∞

−∞
dx′1

{
−
[
∂

∂x′3
G(ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1)
x′3 = D

H(I)(x′1|ω)

+
ε(ω)
ε0

[
G(ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1)
x′3 = D

L(I)(x′1|ω)

+
[

∂

∂N ′G
(ω)
ε (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

H(III)(x′1|ω)

− ε(ω)
[
G(ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

L(III)(x′1|ω)
}
, (163)
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0 =
1
4π

∫ ∞

−∞
dx′1


−
[

∂

∂N ′G
(ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

H(III)(x′1|ω)

+
[
G

(ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

L(III)(x′1|ω)


 . (164)

These integral equations are solved by converting them into matrix equa-
tions. This is done by replacing the infinite range of integration by the finite
range (−L/2, L/2), evaluating the resulting integrals over x′1 by a numerical
quadrature scheme, and finally setting x1 equal to the values of the abscissas
used in the numerical quadrature scheme.

To obtain the source functions at the harmonic frequency 2ω, we set x3 =
D+η, where η is a positive infinitesimal, in (146) and (147), set x3 = ζ(x1)+η
in (147) and (148), and use the nonlinear boundary conditions (136), (137),
and (141), (142) at x3 = D and x3 = ζ(x1), respectively. The resulting
equations can be written as

H(I)(x1|2ω) = 1
4π

∫ ∞

−∞
dx′1



[
∂

∂x′3
G(2ω)

ε0 (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

× H(I)(x′1|2ω)−
[
G(2ω)

ε0 (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

L(I)(x′1|2ω)


 , (165)

Q(I)(x1|2ω) = 1
4π

∫ ∞

−∞
dx′1


−
[
∂

∂x′3
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

×H(I)(x′1|2ω) +
ε(2ω)
ε0

[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

L(I)(x′1|2ω)
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+
[

∂

∂N ′G
(2ω)
ε (x1, x3|x′1, x′3)

]
x3 = D
x′3 = ζ(x′1)

H(III)(x′1|2ω)

− ε(2ω)
[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = D
x′3 = ζ(x′1)

L(III)(x′1|2ω)


 (166)

H(III)(x1|2ω) = Q(III)(x1|2ω) + 1
4π

∫ ∞

−∞
dx′1


−
[
∂

∂x′3
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1)
x′3 = D

×H(I)(x′1|2ω) +
ε(2ω)
ε0

[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1)
x′3 = D

L(I)(x′1|2ω)

+
[

∂

∂N ′G
(2ω)
ε (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

H(III)(x′1|2ω)

− ε(2ω)
[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

L(III)(x′1|2ω)


 , (167)

0 =
1
4π

∫ ∞

−∞
dx′1


−
[

∂

∂N ′G
(2ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

H(III)(x′1|2ω)

+
[
G

(2ω)
0 (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

L(III)(x′1|2ω)


 , (168)
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where

Q(I)(x1|2ω) = 1
4π

∫ ∞

−∞
dx′1


−
[
∂

∂x′3
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 +D

A(I)(x′1|2ω)

+ε(2ω)
[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = D + η
x′3 = D

B(I)(x′1|2ω)

−
[

∂

∂N ′G
(2ω)
ε (x1, x3|x′1, x′3)

]
x3 = D
x′3 = ζ(x′1)

A(III)(x′1|2ω)

+ε(2ω)
[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = D
x3 = ζ(x′1)

B(III)(x′1|2ω)


 , (169)

Q(III)(x1|2ω) = A(III)(x1|2ω) + 1
4π

∫ ∞

−∞
dx′1



[
∂

∂x′3
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1)
x′3 = D

×A(I)(x′1|2ω)− ε(2ω)
[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1)
x′3 = D

B(I)(x′1|2ω)

+
[

∂

∂N ′G
(2ω)
ε (x1, x3|x′1, x′3)

]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

A(III)(x′1|2ω)

−ε(2ω)
[
G(2ω)

ε (x1, x3|x′1, x′3)
]
x3 = ζ(x1) + η
x′3 = ζ(x′1)

B(III)(x′1|2ω)


 . (170)

We note that the functions Q(I)(x1|2ω) and Q(III)(x1|2ω) play the role of
sources in (166) and (167). Equations (165)–(170) are solved numerically by
the approach described earlier.
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When the source functions H(I,III)(x1|2ω) and L(I,III)(x1|2ω) have been
obtained in this fashion, the amplitudes of the scattered and transmitted
fields in the far field can be calculated from (146) and (148), with the results

H
(I)
2 (x1, x3|2ω)sc =

2
√

ε0(ω/c)∫
−2

√
ε0(ω/c)

dq
2π

R(q, 2ω)

× exp[iqx1 + iαp(q, 2ω)x3] , (171)

with

R(q, 2ω) =
1

2iαp(q, 2ω)

∫ ∞

−∞
dx1 exp[−iqx1 − iαp(q, 2ω)D]

×[iαp(q, 2ω)H(I)(x1|2ω) + L(I)(x1|2ω)], (172)

and

H
(III)
2 (x1, x3|2ω)tr =

2(ω/c)∫
−2(ω/c)

dq
2π

T (q, 2ω) exp[iqx1 − iα0(q, 2ω)x3], (173)

with

T (q, 2ω) =
1

2iα0(q, 2ω)

∫ ∞

−∞
dx1 exp[−iqx1 + iα0(q, 2ω)ζ(x1)]

×{i[qζ′(x1) + α0(q, 2ω)]H(III)(x1|2ω)− L(III)(x1|2ω)} . (174)

We introduce the angles of scattering and transmission by

q = 2
√
ε0(ω/c) sin θs , q = 2(ω/c) sin θt , (175)

respectively. Then the total, time-averaged, scattered flux crossing the plane
x3 = const > D can be written as

P (2ω)
sc = L2

c2

128π2ωε0

π
2∫

−π
2

dθs|r(θs|2ω)|2, (176)

where

r(θs|2ω) = 4i
√
ε0(ω/c) cos θsR[2

√
ε0(ω/c) sin θs, 2ω] (177)

and the total, time-averaged, transmitted flux crossing the plane x3 = const
< ζ(x1)min is given by

P
(2ω)
tr = L2

c2

128π2ω

π
2∫

−π
2

dθt|t(θt|2ω)|2 , (178)
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where

t(θt|2ω) = 4i(ω/c) cos θtT [2(ω/c) sin θt, 2ω] . (179)

The efficiency of the second-harmonic generation in reflection is defined
as the total power of the scattered harmonic light normalized by the square
of the power of the incident field and multiplied by the illuminated area S:

I(θs|2ω) = P
(2ω)
sc

P 2
inc

S . (180)

Similarly, the efficiency of second-harmonic generation in transmission is
given by

I(θt|2ω) = P
(2ω)
tr

P 2
inc

S . (181)

The efficiencies defined in this way do not depend on the incident power,
and therefore are convenient to use in experimental measurements of second-
harmonic generation.

For the incident field, we use a superposition of an infinite number of
incoming plane waves,

H
(I)
2 (x1, x3|ω)inc = H0

√
ε0
ω

c

w

2
√
π

π
2∫

−π
2

dθ exp[−ε0ω
2w2

4c2
(θ − θ0)2]

× exp{i√ε0(ω/c)(x1 sin θ − (x3 −D) cos θ} , (182)

where θ0 is the angle of incidence. The magnitude of the total time-averaged
flux incident on the interface x3 = D is then

Pinc =

∣∣∣∣∣∣∣
∫ ∞

−∞
dx1

1
2L2∫

− 1
2L2

dx2Re [Sc
3]inc

∣∣∣∣∣∣∣
= L2|H0|2 cw

16
√
2πε0

{
erf
[√

ε0
ωw√
2c

(π
2
− θ0

)]

+erf
[√

ε0
ωw√
2c

(π
2
+ θ0

)]}
, (183)

where Sc
3 is the three-component of the complex Poynting vector, L2 is the

length of the surface along the x2 axis, and erf(z) is the error function.
The contributions to the mean normalized scattered and transmitted in-

tensities rom the incoherent components of the scattered and transmitted
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harmonic light are then given by

〈I(θs|2ω)〉inc = SL2
c2

128π2ωε0

[〈|r(θs|2ω)|2〉 − |〈r(θs|2ω)〉|2]
P 2

inc

,

〈I(θt|2ω)〉inc = SL2
c2

128π2ω

[〈|t(θt|2ω)|2〉 − |〈t(θt|2ω)〉|2]
P 2

inc

, (184)

respectively.
In the numerical calculations based on the preceding results, we used

the phenomenological nonlinearity coefficients µ(I,III)
α (α = 1, 2, 3) calculated

on the basis of the free-electron model [23,24,25]. Although this model does
not satisfy the energy conservation law, as noted above, it yields analytic
expressions for these coefficients which provide a good fit to experimental
data on second-harmonic generation reflected from a planar silver surface [24].
The expressions for these coefficients are [47]

µ
(I)
1 = −2β

{
A ln
[
ε(ω)
ε(2ω)

]
−B

[
1
ε0

− 1
ε(ω)

]
− C

2

[
1
ε20

− 1
ε2(ω)

]}
,

µ
(I)
2 = 0 ,

µ
(I)
3 = −β

[
1

ε(ω)
− 1
ε0

]
, (185)

and

µ
(III)
1 =

1
3
β

({ε(ω)− 1}{ε(ω)− 3}
ε2(ω)

− 4
3
ln
[
ε(ω)
ε(2ω)

])
,

µ
(III)
2 = 0 ,

µ
(III)
3 = β

[
1− ε(ω)
ε(ω)

]
, (186)

where

β = e/(8πmω2), (187)

with e the magnitude of the electronic charge and m the electron mass,

A = −4− 3α
3ε0α

B ,

B = − 2
3ε0

+
4− 3α
3ε0α

C ,

C =
2
3
2 + ε0α

ε0α
, (188)
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and

α =
1− ε(ω)
ε0 − ε(ω)

. (189)

In Fig. 19, we present the contributions to the mean normalized scattered
and transmitted intensities from the incoherent component of the second-
harmonic light scattered from and transmitted through a rough silver film
of mean thickness D = 50 nm when it is illuminated through the prism
(ε0 = 1.5) at an angle of incidence θ0 = 0◦ by p-polarized light of wavelength
λ = 1.063 µm [ε(ω) = −56.9+i0.6, ε(2ω) = −11.56+i0.27]. The roughness of
the back, random, surface is characterized by the Gaussian power spectrum
(5) and the roughness parameters δ = 7nm and a = 600 nm. The numerical
solution of the dispersion equation (41) for the film with planar surfaces yields
two surface plasmon polaritons at the frequency of the incident light, the real
parts of whose wave numbers are q1(ω) = 1.009(ω/c), q1(ω) = 1.242(ω/c).
The real parts of the wave numbers of the surface plasmon polaritons at the
harmonic frequency are q1(2ω) = 1.046(2ω/c), q2(2ω) = 1.323(2ω/c). q1(ω)
and q1(2ω) are the wave numbers of the leaky waves. The imaginary parts
of these wave numbers are three orders of magnitude smaller than their real
parts, so they will be neglected in what follows.

Four prominent peaks are observed in both reflection and transmission
in the results plotted in Fig. 19. These peaks occur due to the resonant
nonlinear mixing of the surface plasmon polaritons of frequency ω, excited
through the roughness of the metal film–vacuum interface by the incident
light, with the incident light. Through this interaction, the surface plasmon
polaritons are converted into volume electromagnetic waves at the harmonic
frequency 2ω. This process gives rise to four peaks in the angular dependence
of the intensity of the incoherent component of the second-harmonic light,
in reflection and transmission. The positions of these peaks can be obtained
from the equations

k ± q1,2(ω) = q2ω
sc , (190)

k ± q1,2(ω) = q2ω
tr , (191)

where k =
√
ε0(ω/c) sin θ0 is the x1 component of the wave vector of the

incident light, q2ω
sc = 2

√
ε0(ω/c) sin θs is the x1 component of the wave vec-

tor of the scattered second-harmonic light, and q2ω
tr = (2ω/c) sin θt is the

x1 component of the wave vector of the transmitted second-harmonic light.
We note that the process leading to (191) is not mediated by surface plas-

mon polaritons at the second-harmonic frequency since the Gaussian power
spectrum we have assumed ensures the excitation of the surface plasmon po-
laritons of frequency ω, whereas the excitation of surface plasmon polaritons
of frequency 2ω is effectively suppressed. This results because in the latter
case, the wave number of the surface plasmon polariton lies in the wings of
the power spectrum (especially at normal incidence). However, it can be seen
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Fig. 19a,b. The mean normalized scattered and transmitted intensities of the
second-harmonic light generated in the Kretschmann geometry with a silver film
whose roughness is characterized by the Gaussian power spectrum (5). θ0 = 0◦, λ =
1.063 �m, D = 50 nm, ε0 = 1.5, ε(ω) = −56.9 + i0.6, ε(2ω) = −11.56 + i0.27,
δ = 7nm, a = 600 nm;L = 25 �m, g = L/4, N = 400, Np = 1000

from Fig. 19 that even the weak excitation of surface plasmon polaritons
of frequency 2ω gives rise to small leaky peaks in reflection marked by the
dashed lines. The positions of the leaky peaks are given by

q1(2ω) = ±2√ε(ω/c) sin θleaky , (192)

where q1(2ω) is the wave number of the leaky surface plasmon polariton at
the harmonic frequency and θleaky is the angle that defines the positions of
the leaky peaks.

In Fig. 20, we plot the contributions to the mean normalized scattered and
transmitted intensities from the incoherent components of the light scattered
and transmitted at frequency 2ω for the same parameters used in obtaining
Fig. 19 but with θ0 = 5◦. The positions of the resonant peaks are shifted
according to (190), and the right-hand peaks are more intense than the left-
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Fig. 20a,b. The same as Fig. 19 but with θ0 = 5◦

hand peaks. The leaky peaks retain the same positions, and the right leaky
peak is more intense than the left one.

Thus far, we have considered only small angles of incidence. However, it
is worthwhile to study the case where the angle of incidence is optimal for
exciting a surface plasmon polariton. If the angle of incidence is optimal,
the incident light couples directly into a surface plasmon polariton, even if
the film has planar surfaces. The optimal angle is obtained by matching the
x1 component of the wave vector of the incident light with the wave number
of the surface plasmon polariton,
√
ε0(ω/c) sin θopt = q1,2(ω) . (193)

We assume the following parameters characterizing the scattering system:
ε0 = 16, D = 50 nm, λ = 1.063 µm, ε(ω) = −56.9 + i0.6. For these parame-
ters, we find from (193) that q1(ω) = 1.009ω/c and q2(ω) = 4.73ω/c. There
is therefore only one optimal angle, namely, the one corresponding to q1(ω)
in (193), which has the value θopt = 14.611◦. It can be seen from (191) by
using the condition (193) that at the optimal angle of incidence, there must
be a resonance peak in the direction normal to the mean surface in both
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reflection and transmission. We have pointed out earlier that for small angles
of incidence, the positions of the resonance peaks shift according to (191),
so that if the condition (193) for the optimal excitation of surface plasmon
polaritons is satisfied, then one of the right-hand peaks in reflection or trans-
mission occurs at a scattering angle equal to zero.

These qualitative arguments are illustrated by the results presented in
Fig. 21 for the contributions to the mean normalized scattered and trans-
mitted intensities of the second-harmonic light when the angle of incidence
is optimal. The following values were used in obtaining these results: θ0 =
14.61◦, λ = 1.063 µm, ε0 = 16, D = 50 nm, ε(ω) = −56.9 + i0.6, ε(2ω) =
−11.56 + i0.37, δ = 8nm, a = 300 nm. The results plotted in Fig. 21 display
distinct peaks in the direction normal to the mean surface both in reflection
and transmission. A well-defined peak is also present in the retroreflection

Fig. 21a,b. The mean normalized scattered and transmitted intensities of the
second-harmonic light generated in the Kretschmann geometry with a silver film
whose roughness is characterized by the Gaussian power spectrum (5). The angle
of incidence is optimal for exciting a surface plasmon polariton. θ0 = 14.61◦, λ =
1.063 �m, D = 50 nm, ε0 = 16, ε(ω) = −56.9 + i0.6, ε(2ω) = −11.56 + i0.27,
δ = 8nm, a = 300 nm, L = 30nm, g = L/5, N = 400, Np = 1000
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direction, but there is no enhanced transmission peak, because for the pa-
rameters chosen, it should occur in the nonradiative region of transmission
angles. These results, therefore, confirm the existence of peaks in the direc-
tion normal to the mean surface. However, the amplitudes of these peaks can
be very small, especially in reflection.

4.3 Weakly Rough Surfaces

As already mentioned in the preceding section, the angular distribution of the
intensity of transmitted light of frequency 2ω displays a peak in the direction
normal to the mean surface. The origin of this peak, however, needs some
further clarification. So, in the perturbative treatment of second-harmonic
generation in transmission, we will be interested only in the origin of a peak
of the enhanced second-harmonic generation in the direction normal to the
mean surface. Therefore, in this subsection, we will derive an integral equa-
tion only for the transmitted amplitude. We assume again that the surface
roughness satisfies the condition for the validity of the Rayleigh hypothe-
sis, |ζ′(x1)| � 1 [39,40,41]. In this case, the Fourier integral representation
of the transmitted field given by (159) can be continued onto the inter-
face x3 = ζ(x1). The equation for the transmitted amplitude T (q|k) can
be obtained in the following manner. First, we set x3 < D in (146) and
use the linear (when Ω = ω) or nonlinear (when Ω = 2ω) boundary con-
ditions to replace the source functions H(I)(x′1|Ω) and L(I)(x′1|Ω) through
H(II)(x′1, x

′
3|Ω) and ∂H(II)(x′1, x

′
3|Ω)/∂x′3 at x′3 = D. Using the explicit ex-

pression for Green’s function G(Ω)
ε0 (x1, x3|x′1, x′3), (154), we obtain the relation

between the Fourier components of the field and its normal derivative eval-
uated at the interface x3 = D − η, η → 0, inside the film, which has the
form

L(II)(q,D) =
iαp(q,Ω)

ε0
H(II)(q,D) + J0(q|Ω) , (194)

where we have denoted

H(II)(q,D) =
∫ ∞

−∞
dx1e−iqx1H(II)(x1, x3|Ω)x3=D , (195)

L(II)(q,D) =
∫ ∞

−∞
dx1e−iqx1

∂

∂x3
H(II)(x1, x3|Ω)x3=D , (196)

and the function J0(q|Ω) has different forms for the fundamental and second-
harmonic fields:

J0(q|ω) = −2iαp(q, ω)
εp

H02πδ(q − k) , (197)

and

J0(q|2ω) =
∫ ∞

−∞
dx1e−iqx1

[
iαp(q, 2ω)

ε0
A(I)(x1|2ω)−B(I)(x1|2ω)

]
. (198)
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If in (147) we replace H(II)(x′1, x
′
3|Ω) and ∂H(II)(x′1, x

′
3|Ω)/∂N ′ evaluated

at the rough interface x′3 = ζ(x′1) by the source functions H(III)(x′1|Ω)
and L(III)(x′1|Ω) through the linear (when Ω = ω) or nonlinear (when Ω =
2ω) boundary conditions, set first x3 > D and then x3 < ζ(x1), and use the
explicit expression for Green’s function G

(Ω)
ε (x1, x3|x′1, x′3), (154), we obtain

a pair of integral equations

0 =
[
−β(q,Ω)H(II)(q,D) + L(II)(q,D)

]
e−β(q,Ω)D

+
∫ ∞

−∞
dx1e−iqx1eβ(q,Ω)ζ(x1)

{
[β(q,Ω) + qζ ′(x1)]H(III)(x1|Ω)

− ε(2ω)L(III)(x1|Ω)
}
+ J1(q,Ω) , (199)

0 =
[
β(q,Ω)H(II)(q,D) + L(II)(q,D)

]
eβ(q,Ω)D

+
∫ ∞

−∞
dx1e−iqx1e−β(q,Ω)ζ(x1)

{
[−β(q,Ω) + qζ ′(x1)]H(III)(x1|Ω)

+ ε(2ω)L(III)(x1|Ω)
}
+ J2(q,Ω) , (200)

where for the fundamental fields, J1(q|ω) = J2(q|ω) = 0, and for the harmonic
fields,

J1(q, 2ω) =
∫ ∞

−∞
dx1e−iqx1eβ(q,2ω)ζ(x1)

{
[β(q, 2ω) + qζ ′(x1)]A(III)(x1|2ω)

− ε(2ω)B(III)(x1|2ω)
}
, (201)

J2(q, 2ω) =
∫ ∞

−∞
dx1e−iqx1e−β(q,2ω)ζ(x1)

{
[−β(q, 2ω)

+qζ ′(x1)]A(III)(x1|2ω) + ε(2ω)B(III)(x1|2ω)
}
. (202)

Now, if we use the expression for the transmitted field given by (159) and
eliminate the source functions H(II)(q,D) and L(II)(q,D) from (194), (199),
and (200), we obtain a single integral equation for the transmitted amplitude
T (q,Ω) in the form∫ ∞

−∞

dp
2π

MΩ(q|p)T (p,Ω) = −NΩ(q|k) , (203)
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where

MΩ(q|p) = i(1− ε(Ω))
{[

β(q,Ω) +
iαp(q,Ω)

ε0

]
e−β(q,Ω)D

×qp− iβ(q,Ω)α0(pΩ)
iβ(q,Ω) + α0(pΩ)

I[iβ(q,Ω) + α0(pΩ)|q − p]

+
[
β(q,Ω)− iαp(q,Ω)

ε0

]
eβ(q,Ω)D

× qp+ iβ(q,Ω)α0(pΩ)
−iβ(q,Ω) + α0(p,Ω)

I[−iβ(q,Ω) + α0(p,Ω)|q − p]
}
, (204)

and the function NΩ(q|k) is

Nω(q|k) = −4β(q, ω) iαp(q, ω)
ε0

H02πδ(q − k) , (205)

when Ω = ω and is the nonlinear source function when Ω = 2ω:

N2ω(q|k) = 2β(q, 2ω)
[
iαp(q, 2ω)
ε(2ω)

A(I)(q|2ω)−B(I)(q|2ω)
]

+
∫ ∞

−∞
dx1e−iqx1

([
β(q, 2ω) +

iαp(q, 2ω)
ε0

]
eβ(q,2ω)[ζ(x1)−D]

×
{
[β(q, 2ω) + iqζ ′(x1)]A(III)(x1|2ω)− ε(2ω)B(III)(x1|2ω)

}

+
[
β(q, 2ω)− iαp(q, 2ω)

ε0

]
e−β(q,2ω)[ζ(x1)−D]

×
{
[−β(q, 2ω) + iqζ ′(x1)]

×A(III)(x1|2ω)− ε(2ω)B(III)(x1|2ω)
})

, (206)

where A(I)(q|2ω) and B(I)(q|2ω) are the Fourier coefficients of the nonlinear
current and charge density A(I)(x1|2ω) and B(I)(x1|2ω). The first term in
the nonlinear source, (206), is associated with the prism–metal film interface,
and the second is associated with the metal film–vacuum interface.

To solve the linear scattering problem, we seek the solution of the reduced
Rayleigh equation, (203), in the form

T (q, ω) = 2H0G
ω(q|k) iβ(k, ω)

ε(ω)
t01(k, ω)e−β(k,ω)D , (207)
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whereGω(q|k) is Green’s function associated with the three-layer system with
a randomly rough interface between the vacuum and the metal and

t01(k, ω) =
2αp(k, ω)ε(ω)

αp(k, ω)ε(ω) + iβ(k, ω)ε0
. (208)

As for the free metal surface, we define Gω(q|k) as the solution of (83) with
Green’s function G0(q, ω) associated with the planar three-layer structure,
which has the form

G0(q, ω) =
ieβ(q,ω)D[αp(q, ω)ε(ω) + iβ(q, ω)ε0]

D(q, ω)
, (209)

where

D(q, ω) = [αp(q, ω)ε(ω) + iβ(q, ω)ε0][α0(q, ω)ε(ω) + iβ(q, ω)]eβ(q,ω)D

−[αp(q, ω)ε(ω)− iβ(q, ω)ε0][α0(q, ω)ε(ω)− iβ(q, ω)]e−β(q,ω)D . (210)

By following every step of the solution of the problem of linear scattering
described in Sect. 3.3, we arrive at the expression for the transmission am-
plitude

T (q, ω) = H0T0(k, ω) [2πδ(q − k) +G(q, ω)tω(q|k)] , (211)

where

T0(k, ω) = −2iαp(k, ω)
ε0(ω)

t01(k, ω)e−β(k,ω)DG(k, ω) (212)

is the specular transmission coefficient and the operator tω(q|k) is the solution
of (91). The only difference from the solution described in Sect. 3.3 is that
the scattering potential V (ω)(q|k) is given by the function Mω(q|k), (204), in
which one should replace the functions I(γ|Q) by the functions J(γ|Q).

The equation for the transmission amplitude at frequency 2ω coincides
in its form with the reduced Rayleigh equation for R(q, 2ω) of Sect. 3.3.
Therefore, we can immediately write the formal solution,

T (q, 2ω) = G(q, 2ω)Q(q|2k) +G(q, 2ω)∫ ∞

−∞

dp
2π

t2ω(q|p)G(p, 2ω)Q(p|2k) , (213)

where

Q(q|2k) = − iN2ω(q|k)
ε(2ω)

. (214)

In Fig. 22, we present the mean intensity of the second-harmonic
light, calculated by using the small–amplitude perturbation approach, when
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Fig. 22. The mean normalized transmitted intensity of the second-harmonic light
as a function of the angle of transmission θt for the scattering of p-polarized light
through a randomly rough silver film–vacuum interface. The interface roughness
is characterized by the Gaussian power spectrum (5) with roughness parameters
δ = 5nm and a = 113.5 nm. The nonlinear coefficients are given by the free-electron
model. The angles of incidence are (a) θ0 = 22◦, (b) θ0 = 24◦, and (c) θ0 = 26◦.
The optimal angle for excitation of surface plasmon polaritons at the film–vacuum
interface is 24◦

p-polarized light is incident through a prism on a one-dimensional, ran-
dom silver film–vacuum interface, characterized by the Gaussian power spec-
trum (5) with an rms height δ = 5nm and a transverse correlation length
a = 113.5 nm. The mean thickness of the film is D = 55 nm, and the angles
of incidence are θ0 = 22◦ (a), θ0 = 24◦ (b), and θ0 = 26◦ (c). The refractive
index of the prism is n0 = 2.479, so that the optimal angle for the excitation
of surface plasmon polaritons is θ0 = 24◦. The nonlinear coefficients µ(I,III)

1,2,3

were calculated on the basis of the free-electron model [47].
To analyze the main features of the angular dependence of the intensity

of the generated light, we need explicit expressions for the different con-
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tributions to the mean differential intensity of the harmonic light. The ef-
fects of the multiple scattering of surface plasmon polaritons of frequency ω,
which are of interest to us here, are contained in the nonlinear driving term
Q(q|2k) on the right-hand side of (213). The integral term in (213) describes
the multiple scattering of the waves of frequency 2ω and, in particular, con-
tains the effects of the multiple scattering of surface plasmon polaritons of
frequency 2ω. Since these effects do not include a peak in the direction nor-
mal to the mean surface, which is of primary interest to us here, we omit
their contribution to the mean differential intensity. Since both contributions
to N2ω(q|k), and consequently to Q(q|2k) contain the product of the trans-
mission amplitudes T (p, ω)T (p′, ω), by using the expression for the transmis-
sion amplitude T (q, ω) = T0(k, ω)H0[2πδ(q − k) + G(q, ω)tω(q|k)] (211) we
can subdivide each term in Q(q|2k) into three contributions with different
physical meanings. The first contributions, which contain only the product
of δ functions, (2π)2δ(p − k)δ(p′ − k), describe the nonlinear mixing of the
fields of frequency ω which would be specular if the film–vacuum interface
were planar. The part of Q(q|2k) that contains the product of a δ function
and a term with Green’s function, e. g., 2πδ(p−k)G(p′, 2ω)tω(p′|k), describes
the interaction of the “specular” and scattered fields, including the nonlin-
ear mixing of the excited surface plasmon polaritons with the incident light.
Finally, the part of Q(q|2k) that contains the product of two Green’s func-
tions, G(p, ω)tω(p|k)G(p′, ω)tω(p′|k), describes the nonlinear mixing of the
scattered fields and includes the mixing of co- and contrapropagating surface
plasmon polaritons. According to the classification we have just given, we
separate these three contributions to the nonlinear driving source explicitly,
and include all of the roughness-induced corrections to them in the additional
source function Qsc(q|2k), so that we obtain

Q(q, 2ω) =
2ic
ω

T 2
0 (k, ω)H

2
0 [Γ0(k)2πδ(q − 2k)

+Γ1(q, k)G(q − k, ω)tω(q − k|k)

+
∫ ∞

−∞

dp
4π

Γ2(q, p)G(q − p, ω)G(p, ω)tω(q − p|k)tω(p|k)

+ Qsc(q|2k)] , (215)

where the nonlinear coefficients Γi are given by Γi = γ
(I)
i +γ

(III)
i , and explicit

expressions for γ(I,III)
i are presented in the Appendix. The most resonant
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contributions to the intensity of the harmonic light have the form

〈I(θt|2ω)〉res = 512ω3

ε0c4

∣∣∣t10(k, ω)e−β(k,ω)D
∣∣∣2

× cos2 θs cos2 θ0|G(q, 2ω)|2|G(k, ω)|4

×
[
|Γ1(q, k)|2|G(q − k, ω)|2τω(q − k|k)

+
∫ ∞

−∞

dp
2π

|Γ2(q, p)|2|G(q − p, ω)G(p, ω)|2

×τω(q − p|k)τω(p|k)
]
, (216)

where we have defined 〈tω(q|k)t∗ω(p|k)〉 = 2πδ(q − p)τω(q|k), and τω(q|k) is
the averaged reducible vertex function that can be calculated by using, for
example, the pole approximation for Green’s function [5].

The presence of Green’s functions |G(q, 2ω)|2 and |G(k, ω)|4 in (216) leads
to the amplification of nonlinear processes at the metal film–vacuum interface
in the Kretschmann geometry, because Green’s function G(q, 2ω) has poles
at the wave numbers of the surface plasmon polaritons, ksp(2ω) and G(k, ω)
has poles at the wave numbers of the surface plasmon polaritons, ksp(ω).
Thus, when the angle of incidence is optimal for the excitation of surface
plasmon polaritons of frequency ω, the enhancement of the intensity of the
second-harmonic light can reach several orders of magnitude compared with
that for scattering from a single surface. This is true for both the coherent
and incoherent parts of the intensity. When the angle of scattering is optimal
for the detection of surface plasmon polaritons of frequency 2ω, resonance
enhancement of the intensity can also occur. However, this enhancement can
be observed only in the intensity of the reflected light.

The second interesting feature of (216) is the term that contains the fac-
tor |G(q − k, ω)|2. This term describes the second-harmonic generation due
to nonlinear mixing of the incident light with the surface plasmon polaritons
that are excited due to the surface roughness. Its presence leads to the ap-
pearance of strong resonant peaks at q = k ± ksp(ω) and q = k ± k

(p)
sp (ω).

This is the origin of the peak of the strong enhancement of second-harmonic
generation in reflection from a randomly rough metal surface that was first
observed in [48] and analyzed by Deck and Grygier [45] in the framework
of first-order perturbation theory in the small roughness. These peaks of
enhanced second-harmonic generation are due to the resonant interaction of
the incident light and forward/backward propagating surface plasmon polari-
tons excited in a single scattering event. No interference effects are involved
in the formation of the peaks. The main reason for using the Kretschmann
geometry in the experiments [8,9,10,11,12,13] was to excite surface plasmon
polaritons associated with the metal–vacuum (metal–nonlinear crystal) inter-
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face through the ATR phenomenon. Thus, the angle of incidence was tuned
so that k = ksp(ω). In this case, the peaks due to the poles of G(q − k, ω)
move so that the peak due to the mixing of the incident light with the forward
propagating surface plasmon polariton moves into the nonradiative region,
and that due to the mixing of the incident light with the backward propa-
gating surface plasmon polariton moves in the direction of the normal to the
mean surface, q = k− ksp(ω) = 0. The strength and the shape of the peak is
determined by the effective nonlinear coefficient Γ1(q, k). This effective non-
linear coefficient is linear in q for small q. This is the result of the symmetry
of the surface nonlinear polarization that forbids second-harmonic generation
by contrapropagating surface plasmon polaritons [16]. Since the incident light
is the surface plasmon polariton propagating in the forward direction, when
the angle of incidence is optimal for exciting surface plasmon polaritons of
frequency ω, its nonlinear mixing with the scattered surface plasmon polari-
tons propagating in the backward direction is forbidden by this symmetry.
As a result, the resonant peak has an antiresonant shape. The width of the
peak is determined by the decay rate of the surface plasmon polaritons on
the rough interface Im [ksp(ω)] = ∆ tot(ω) = ∆ ε(ω) + ∆ sc(ω), where ∆ ε(ω)
is the decay rate of the surface plasmon polaritons of frequency ω due to
ohmic losses and ∆ sc(ω) is their decay rate due to their roughness-induced
scattering into other surface plasmon polaritons.

The effects of the multiple scattering of surface plasmon polaritons are
contained in the function τ(q|k). As shown in [5,49], because our scattering
system supports two surface plasmon polaritons at frequency ω, the function
τ(q|k) contains a superposition of two Lorentzian peaks centered at q+k = 0
(enhanced backscattering) with half widths ∆ tot(ω) and ∆ (p)

tot(ω). It also
contains Lorentzian peaks centered at q+k± [ksp(ω)−k

(p)
sp (ω)] = 0 (satellite

peaks) with a half width ∆ tot(ω) + ∆ (p)
tot(ω). In these results, ∆ (p)

tot(ω) is
the decay rate of the surface plasmon polariton associated with the prism–
metal interface. Therefore, τ(q − k|k) entering the second term in (216) has
a peak at q = 0. Since this contribution arises due to the nonlinear mixing of
the incident and scattered waves, it describes the coherent generation of the
second-harmonic light by the incident and backscattered radiation, enhanced
due to the multiple scattering of surface plasmon polaritons by the roughness.

The strongest contribution associated with the multiple scattering of sur-
face plasmon polaritons of frequency ω comes, however, from the second term
in (216), which describes the nonlinear mixing of the multiply-scattered sur-
face plasmon polaritons of frequency ω propagating in opposite directions. In
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the pole approximation for Green’s function [5], this contribution has the form

〈I(θt|2ω)〉res = 512ω3

ε0c4

∣∣∣t10(k, ω)e−2β(k,ω)D
∣∣∣2 |G(q, 2ω)|2|G(k, ω)|2

×
(

C4(ω)
∆ tot(ω)

1
q2 + 4∆ 2

tot(ω)
{|Γ2[q, ksp(ω)]|2τ [ksp(ω)|k]τ [q − ksp(ω)|k]

+ |Γ2[q,−ksp(ω)]|2τ [−ksp(ω)|k]τ [q + ksp(ω)|k]
}

+C4
p(ω)∆

(p)
tot(ω)

1

q2 + 4[∆ (p)
tot(ω)]2{

|Γ2[q, k(p)
sp (ω)]|2τ [k(p)

sp (ω)|k]τ [q − k(p)
sp (ω)|k]

+|Γ2[q,−k(p)
sp (ω)]|2τ [−k(p)

sp (ω)|k]τ [q + k(p)
sp (ω)|k]

})
, (217)

where C(ω) and Cp(ω) are the residues of Green’s function at the poles
±ksp(ω) and ±k(p)

sp (ω), respectively. We have not included in (217) the con-
tribution from the possible satellite peaks [49], since their positions are far
from the direction normal to the mean surface. As expected, the result given
by (217) contains Lorentzian factors centered at q = 0. However, the ef-
ficiency of the nonlinear mixing of the contrapropagating surface plasmon
polaritons is determined by the effective nonlinear coefficients Γ2[q,±ksp(ω)]
and Γ2[q,±k(p)

sp (ω)]. Because the nonlinearity of the system is due only to
the film interfaces, these effective nonlinear coefficients are linear in q for
small q. This is the manifestation of the well-known fact that the symmetry
of the nonlinear polarization of a metal surface forbids such processes [16].
As a result, the contribution given by (217) displays a dip rather than a peak
in the direction normal to the mean surface. The depth of this dip depends
strongly on the values of the material parameters and the angle of incidence
of the fundamental light.

5 Conclusions

We have reviewed the theoretical studies of the generation and scattering
of second-harmonic light at randomly rough metallic interfaces. For strongly
rough clean metal surfaces, the study was based on a Monte Carlo type
computer simulation of the problem, in which the nonlinearities of the surface
were modeled using a free-electron model for the polarizability of the metal.
We have found that the angular distribution of the scattered light at the
harmonic frequency displays well-defined dips in the backscattering direction,
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and the results are in quantitative agreement with the available experimental
data [19]. By solving the scattering equations iteratively, we have shown that
the observed features are due to destructive interference between waves that
have been multiply scattered in the valleys of the surface.

The perturbative analysis of the linear and nonlinear processes that occur
on a rough clean metal surface, presented in this contribution, allowed us to
separate different processes of scattering and nonlinear mixing leading to the
experimentally observed features and provided a complete explanation of all
of the features present in the angular dependence of the second-harmonic
generation intensity measured in the experiments of [17] and [18]. The com-
parison with the experimental results of [18], where no distinct dip or peak
was observed, except for a shallow minimum in the direction normal to the
mean surface, suggests that an important role in the surface nonlinear polar-
ization is played by the nonlinear constant µ2. Thus, on the basis of the results
of our analysis, we can conclude that the Agranovich and Darmanyan model
of the surface nonlinear polarization, rather than the free-electron model,
should be used to describe the experimental results. From our results, it also
follows that the nonlinear coefficient µ1, which is the largest nonlinear coeffi-
cient in the free-electron model, should be considerably smaller in value, and
µ2 should have a nonzero value. In principle, a careful comparison of theoret-
ical and experimental results gives the possibility of estimating the nonlinear
parameters entering the expression for surface nonlinear polarization.

Turning now to second-harmonic generation in the Kretschmann ATR ge-
ometry, the theoretical study of this effect was prompted by the desire to re-
solve the difference between recent experimental studies in which a peak in the
angular dependence of the intensity of the transmitted second-harmonic light
was observed in the direction normal to the mean scattering surface [10,13]
and a study in which no peak in this direction was observed [12] and to pro-
vide an explanation for the origin of this peak that refined that given in [10]
and [13]. The perturbative calculations described in Sect. 4.3 have shown
that for a general angle of incidence, the interference effects in the multiple
scattering of surface plasmon polaritons lead, due to the symmetry of the
nonlinear polarization, to the appearance of a dip rather than a peak in the
direction normal to the mean scattering surface in transmission at the har-
monic frequency. However, when the angle of incidence is chosen optimally
for the excitation of surface plasmon polaritons at the metal film–vacuum in-
terface, a much stronger mechanism leads to the appearance of a peak in the
direction normal to the mean interface in transmission. It is nonlinear mix-
ing of the incident light, which in this case is the resonantly excited surface
plasmon polariton, and the backward propagating surface plasmon polariton
excited through the surface roughness that form the peak. No interference
effects are involved in the formation of the peak. Since this peak already ap-
pears in the contribution from single-scattering processes, it is considerably
stronger than the weak feature associated with multiple scattering. When the



Multiple-Scattering Phenomena in the Second-Harmonic Generation 437

angle of incidence is shifted from the optimal, the peak moves away from the
direction normal to the mean interface, so that the weak dip that is due to
multiple scattering effects can be observed. However, the efficiency of second-
harmonic generation decreases significantly as the angle of incidence departs
from optimal.

The computer simulation results for second-harmonic generation in the
reflection and transmission of light through a randomly rough metal film in
the Kretschmann geometry show that for small angles of incidence, four res-
onance peaks occur in the angular dependence of the intensity of the second-
harmonic light, both in reflection and transmission. These peaks arise from
resonance processes in which the incident light, through the surface rough-
ness, excites two surface plasmon polaritons of frequency ω at the metal–
vacuum interface, which propagate in the forward and backward directions
and then interact nonlinearly with the incident light to produce peaks at
angles of scattering and transmission given by (199) and (200). Not all of
these peaks were observed in the results of the small-amplitude perturbation
theory calculations of second-harmonic generation on a weakly rough surface
of a metal film because the focus of these calculations was the peak in the
direction normal to the mean scattering surface. When the angle of incidence
is optimal for exciting the surface plasmon polaritons, as in the experimental
studies reported in [10,12,13], one of these resonance peaks is in the direction
normal to the mean scattering surface, both in reflection and in transmission.
These peaks are well-defined. However, their amplitudes are small. A peak
is also present in the retroreflection direction, whose amplitude, however, is
also small. This is due mainly to the fact that for constructive interference of
multiply-scattered optical paths to occur in reflection, each interfering optical
path must cross a strongly attenuating film at least twice. In transmission,
it must do so only once. No enhanced transmission peak is observed because
it would occur in the nonradiative region.

Thus, the results of both the perturbative and computer simulation stud-
ies of the angular dependence of the intensity of second-harmonic light gen-
erated in the Kretschmann geometry confirm the existence of a peak in the
direction normal to the mean surface in reflection and transmission. The
existence of a peak in the retroreflection direction is also confirmed.
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Appendix

In this Appendix, we present the explicit expressions for the effective nonlin-
ear coefficients γ(I,III)

i :

γ
(I)
0 (k) = t10(2k, 2ω)e−β(2k,2ω)D

{
µ

(I)
3 ik

αp(2k, 2ω)
ε0

β(k, ω)
ε(ω)

f+(k)f−(k)

−2k
[
µ

(I)
1 k2f2

+(k) + µ
(I)
2

(
iβ(k, ω)
ε(ω)

)2

f2
−(k)
]}

, (218)

γ
(I)
1 (q, k) = t10(q, 2ω)e−β(q,2ω)D

{
µ

(I)
3 i

αp(q, 2ω)
ε0

[
k
β(q − k, ω)

ε(ω)
f+(k)f−(q − k)

+ (q − k)
β(k, ω)
ε(ω)

f+(q − k)f−(k)
]

−2q
[
µ

(I)
1 (q − k)kf+(q − k)f+(k)

−µ(I)
2

β(k, ω)
ε(ω)

β(q − k, ω)
ε(ω)

f−(q − k)f+(k)
]}

, (219)

γ
(I)
2 (q, p) = t10(q, 2ω)e−β(q,2ω)D

{
µ

(I)
3

αp(q, 2ω)
ε0

[
p
iβ(q − p, ω)

ε(ω)
f+(p)f−(q − p)

+(q − p)
iβ(p, ω)
ε(ω)

f+(q − p)f−(p)
]

−2q
[
µ

(I)
1 (q − p)pf+(q − p)f+(p)

−µ(p)
2

β(q − p, ω)
ε(ω)

β(p, ω)
ε(ω)

f−(q − p)f+(p)
]}

, (220)
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with

f±(q) =

[α0(q, ω)ε(ω) + iβ(q, ω)]eβ(q,ω)D ∓ [α0(q, ω)ε(ω)− iβ(q, ω)eβ(q,ω)D]
2iβ(q, ω)

, (221)

and

γ
(III)
0 (k) = µ

(III)
3 ik

β(2k, 2ω)
ε(2ω)

α0(k, ω)g+(2k)

−2kg−(2k)
[
µ

(III)
1 k2 + µ

(III)
2 α2

0(k, ω)
]
, (222)

γ
(III)
1 (q, k) = µ

(III)
3 i

β(q, 2ω)
ε(2ω)

g+(q) [kα0(q − k, ω) + (q − k)α0(k, ω)]

−2qg−(q)
[
µ

(III)
1 (q − k)k + µ

(III)
2 α0(k, 2ω)α2(q − k, ω)

]
, (223)

γ
(III)
2 (q, p) = µ

(III)
3 i

β(q, 2ω)
ε(2ω)

g+(q) [pα0(q − p, ω) + (q − p)α0(p, ω)]

−2qg−(q)
[
µ

(III)
1 (q − p)p+ µ

(III)
2 α0(q − p, ω)α0(p, ω)

]
, (224)

with

g±(q) = 1± αp(q, 2ω)ε(2ω)− iβ(q, 2ω)ε0
αp(q, 2ω)ε(2ω) + iβ(q, 2ω)ε0

e−2β(q,2ω)D . (225)
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optical property, 3, 187, 192 
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SEHRS (surface-enhanced hyper­
Raman scattering), 231, 240, 24 1, 

245 



self-consistent effective medium 
approximation (SEMA), 27 

self-similar �paces, 64 

self-similarity, 94, 199 

semicontinuous film, 179 

- metal, 169 

SERS (surface-enhanced Raman 
scattering), 96, 106, 181, 187, 199, 

228, 232-234, 241 

anti-Stokes, 244 

- chemical, 232 

cross section, 239 

enhancement, 242, 244 

enhancement factor, 235, 244 

linear, 242, 243 

- near-field, 220 

�harp resonance, 32, 35-37 

single molecule SERS, 243 

solvable microstructure, 24, 32 

spatial dispersion, 116, 124, 131 

spatial scale-invariance, 94 

spectral representation, 22, 23 

spectroscopy, 236 

specular reflection, 385 

sphere, 98 

spheroid, 98, 100 

cigar-shaped, 98, 100 

- oblate, 98 

pancake-shaped, 98, 100 

- prolate, 98 

statistic, 235 

- Gaussian, 235 

Poisson, 235 

superparamagnetic behavior, 271 

superparamagnetic relaxation, 249 

superparamagnetism, 260 

surface 

- �elf-affine, 352 

surface plasmon, 28, 93, 169, 186, 227 

- localized, 199 

surface plasmon pohtriton (SPP), 330, 

336, :339, 343-345, 347, 348, 350, 360, 

361, 363, 391, 397, 398, 402, 405, 

425, 433 

- band gap, 355 

- elastic scattering, 330, 332, 340, 342 

inelastic scattering, 330, 332, 343 

intensity enhancement, 352 

Index 449 

- localization, 340, 343, 344, 346, 347, 

350, 352, 354 

- localization phenomenon, 332 

- localized intensity enhancement, 331, 

346 

long-range, 360 

- multiple scattering, 333, 343, 346, 

348, 352, 355 

- propagation constant, 331 

- propagation length, 332, 343, 345, 

348 

surface plasmon resonance, 31, 32 

- induced dipole moment, 31 

surface-enhanced Raman, 215 

chemical enhancement, 217, 225 

electromagnetic, 217 

- single molecule, 217 

surface-enhanced spectro�copy 
- single molecule, 169 

surface-enhanced Stokes scattering, 238 

surface-enhancement factor, 240 

tangent plane model, :375 

tapping-mode, 204 

TEM (Transmission E lectron Mi-
croscopy), 189 

- image, 189 

thermal agitation, 252 

third-harmonic generation, 181 

third-order nonlinear coefficient, 79 

third-order nonlinear susceptibility, 41, 

50 

third-order nonlinearity, 41 

threshold 
- percolation, 187-189, 194, 198 

tip 
- apertureless metallic, 204 

- metallic, 203 

TM (Transverse Magnetic), 86 

transition 
- electrical, 186 

- interband, 42, 194, 197 

- intraband, 42 

- percolation, 194 

transmission, 67, 249 

transmittance T, 186, 192 

transparent metal, 76 

trial function, 36 

two-beam coupling, 140 



450 Index 

uniaxial perfect matched layer (UPML) 
absorbing boundary condition, 324 

variational property, 2 1  

Verdet constant, 277 

vibrational lifetime, 236 

weak nonlinearity, 19 

Weiss domain, 250 

Wiener limit, 8 

X-ray photoemission spectroscopy 
(XPS), 192 

Z-scan technique, 127 

zero virtual work, 35, 36 
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